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The inverse problem for semilinear Eidelman type equation with unknown time dependent
function in its right-hand side is considered in this paper. The initial, boundary and integral
type overdetermination conditions are posed. The sufficient conditions of the existence and the
uniqueness of weak solution for the problem are obtained.

In this paper we obtain the sufficient conditions of the unique solvability for the inverse
problem for the semilinear Eidelman type equation. Unknown right-hand side time dependent
function is determined from the initial, boundary and integral type overdetermination condi-
tions. The equation contains three groups of variables with different order of differentiation
of its solution with respect to these variables: there are first derivatives with respect to time
variable, second derivatives with respect to the spatial variables and fourth derivatives with
respect to one group of the spatial variables. If the right-hand side function of the equati-
on is known, then the existence and the uniqueness of solution and its properties for the
initial-boundary value problems for the nonlinear Eidelman type equation in bounded or
unbounded domains were considered in |1, 2|, for Cauchy problem in [3]-[5], for Eidelman
type equation with the second time derivative in [6].

Note, that the problems of determination of a parameter in the right-hand side function
of the parabolic equations were studied in |7]-[12], of the semilinear ultraparabolic equations
in [13, 14, 15]. The authors used the methods of the integral equations, regularization and
the Shauder principle |7, 8, 10|, the methods of finite difference approximations, numerical
and iterative methods [11, 12|, the method of successive approximations [13]-[15].

Let D, € R¥ and D, C R’ be bounded domains, their boundaries 9D, € C' and
9D, € C*. Denote: Q@ = D, x Dy, Q, = Q x (0,7), S, = IQ x (0,7), where 7 € (0,77,
T <oo,x €Dy, y€Dy, z=(x,y) €Q, n=Fk+I[, vis the outward unit normal vector to
0D, x Dy, x (0,T).

_ 0} |
0Dy XDy

We shall introduce the space
In this paper in the domain ()7 we study the following inverse problem: find the sufficient
conditions of the existence and the uniqueness of a pair of functions (u(z,t), ¢(t)) that

ou

Vi(Q) = {u: u € Hy(Q), U0, € L*(Q),1,7 € {1,...,k}, 3
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satisfies the equation

n

k
Ut + Z (aij(za t)uwiwj)ﬂmfj - Z (bij(za t>uzi)2j + 0(27 t)u + g<Z> l u) = fl(za t>q(t> + fO(zv t)?

ig=1 ij=1
(1)
the initial, boundary and overdetermination conditions
u(z,0) = up(z), z€Q, (2)
ou
s =05, D, XDy x(0,T) -0 @
/K(z)u(z, t)dz = E(t), t €10,7], (4)

Q

in the sense of definition.

Definition 1. A pair of functions (u(z,t),q(t)) is a weak solution to the problem (1)-(4), if
we L20,T;V1(Q)NnC([0,T]; LA()), us € L*(Qr), ¢ € C([0,T)), it satisfies the equality

k n
/ <UtU + Z ij (2, 1)U, Ve ; + Z bij(z, t)uz,v,, + c(z, thuv + g(2,t, u)v) dzdt =
Q- =1 ij=1

= /(fl(z,t)q(t) + fo(z,t))vdzdt (5)

Q-
for all 7 € (0,7T], and all functions v € L?(0,T; V4(f2)), and the conditions (2), (4) hold.

Let the coefficients of equation (1) and the initial data satisfy conditions:

(A 1): Q5 € C([O,T],LOO(Q>), gt S LOO(QT),
a;;(z,t) > ag > 0 for almost all (2,t) € Qr, 1,7 € {1,...,k};
(A 2): bi; € C([0,T]; L>()), bije € L>(Qr), 1,7 €{1,...,n};

> bij(z,1)6&; > bolé] for all € € R™ and for almost all (z,t) € Qr, by > 0;
ij=1
(A 3): c e C([0,T]; L(2)), c(z,t) > ¢o for almost all (z,t) € Qr,
where ¢j is a constant;
(A4): g(z,t,€) is measurable with respect to the variables (z,t) in Qp for all £ € R?
and is continuous with respect to £ for almost all (z,t) € Qr,
moreover, there exists a positive constant gg, such that
lg(z,t,€) — g(z,t,n)] < go|€ — | for almost all (z,t) € Qr and all £, n € RY;
(A5): fo, fr € C([0,T); L*(Q));
(A6): up € V1(Q);
(A7): K € Vi(Q), lexm € L*(V), K,,., € L*(Q), i,j € {1,...,k}, r,s € {1,...,n};

(A8):  EeH(, /K’uo ) dz.
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Note, that if ¢(t) = ¢*(t), where ¢* € C([0,T]) is known function, then similarly as in [1]
we can obtain the results of the existence and the uniqueness of the weak solution for the
initial-boundary value problem (1)—(3).

Theorem 1. Under the conditions (A 1)—(A 6) and ¢* € C([0,T)) there exists a unique weak
solution u* to the problem (1)—(3), i.e. u* € L*(0,T;V1(2)) N C([0,T]; L*(Q)), u} € L*(Qr),
it satisfies (2) and the equality

k n
/ (ufv + Z i (2, )y 0 Ve + Z bij(z, t)ul v, + c(z, t)u"v + g(z,t,u*)v) dzdt =

o 1,j=1 1,j=1

= [(500°®) + folz, 1)z (6)

Qr

holds for all T € (0,T] and all functions v € L*(0,T; V1()).
The derivative u; has the estimate

/ (u2dzdt < MO( / (o(2))? + 3 (W0 () + 3 (o 0y (2))?)do+
O 2 i=1 ij=1
b [0 02 + R0 ), 7)

Qr

where the constant M, depends only on the coefficients of the left-hand side of the equa-
tion (1).

Now we shall obtain an auxiliary problem to problem (1)—-(4). Denote:

Q

A(t) = /K(z)fl(z,t)dz, B(t) := F'(t) —/K(z)fo(z,t)dz,

n

Clzyt) = Y (K, (2)aig (2 ) )oia; — Y (Ko (2)bis(2,1))s + K (2)e(z, ).

i,j=1 i,j=1

Let (u(z,t),q(t)) be a weak solution to problem (1)—(4). From (4) it follows that

/ K(u(z )z = B'(1),  te[0.T]. (8)

By using equality (5) with v = K(z) and (8), we get

T k

/E/(t)dt +/ ( Z ij (2, 1) Ko, (2) Uz, + Z bij(2, 1) K., (2)uz, + c(2,t) K (2)u+
9 o, Nid=l ij=1
+g(z,t, u)K(z))dzdt = /(fl(z,t)q(t) + fo(z, 1)K (2)dzdt, T € (0,T]. 9)

Qr
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After integrating by parts in (9), in view of the condition (A 7), we obtain

T T

/ B(t)dt + / (C’(z,t)u—i—g(z,t,u)K(z))dzdt: / A(t)qg(t)dt,

0 Q-

for all 7 € (0, 7). Therefore
A(t)q( +/( (z,)u+ g(z,t,u) K (z))dz, te0,7]. (10)
Q

Lemma 1. Let the conditions (A 1)~(A 8) hold, and a;j.., € C([0,T]; L*(Q)), bys, €
C([0,T); L3(2)), i, € {1,...,k}, r,s € {1,...,n}. The pair of functions (u(z,t),q(t)),
where u € L*(0,T;V1(Q)) N C([0,T); L*(2)), us € L*(Q7), ¢ € C([0,T)), is a weak solution
to the problem (1)—(4) if and only if it satisfies equality (5) for all v € L*(0,T;V1()),
7€ (0,7) and (2), (10) hold.

Proof. The necessity is proved.

Let u* € L*(0,T; V1())NC([0,T]; L*(Q)), uf € L*(Qr), ¢* € C([0, T]) and they satisfy
equality (5) for all v € L2(O, T;V1(2)), 7 € (0,7) and (2), (10). Then u* is a solution to the
problem (1)7(3) with ¢* instead of ¢ in (1).

We set E*(t) = [, K (z,t)dz, t € [0,T]. In exactly the same way as in the proof of
necessity, we obtam

k

/T(E*(t))’dt—l—/ (< Z(aij(zvt) wiw; (2))wsz; + Z i (2, ) K, (%)) +c(2,t) K (2 )>u*+

i,j=1 1,j=1

T

—i—g(z,t,u*)K(z)) dzdt = /(fl(z,t)q*(t) + fo(z,t))K(2)dzdt, te[0,T]. (11)

T

On the other hand ¢*(¢) and u*(z,t) satisfy (10), and therefore it is easy to get the following
equality

T

/E’ dt—l—/((i:amzt vy xlx]+z bij (2, 0) K., (2))s: + (2, ) K (2 ))u*+

i,7=1

T

—i—g(z,t,u*)K(z)) dzdt = /(fl(z,t)q*(t) + fo(z,t))K(2)dzdt, te[0,T]. (12)

T

It follows from (11), (12) that

T

/ (E*(t) — E(t))dt = 0, T € [0,T]. (13)

0

Integrating (13) with the use of the equality £*(0) = E(0) = [, K (2)uo(2)dz, we get E*(t) =
E(t), t € [0,T]. Hence, u*(z,t) satisfies (4). O
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Denote:

fo = sup/(fl(z,t))de, o=
[0,T] A

xi=o+ 2C0 + 2g0 — 1, M1 = fgeaT, M2 =

0, if cg 4+ go > 0,5;
2<1_00_g0>7 if CO+g0§0757

M,y
min{2ag, 2bg, >}’

2
Myi=—F t))%d 2 [ (K(2))d
o= e e [(CG oz [
(0,7] Q Q
1
Mj := M, My mi T
4 14 i { min{2ag, 2by, >}’ }

Theorem 2. Let the conditions (A 1)~(A 8) hold, a;jz.., € C([0,T];L*(2)), by, €
C([0,T); L*(2)), 4,5 € {1,...,k}, r,s € {1,...,n}, and A(t) # 0 for allt € [0,T]. Then
there exists a unique weak solution to the problem (1)-(4) in the domain Qr.

Proof. Case 1. First we consider the case, when 7' is such a number, that M, < 1.
FExistence (case 1). In order to prove the existence result we use the method of successive
approximations. We construct an approximation (u™(z,t),¢™(t)) to the solution of problem
(1)—(4), where the functions ¢™(t), m € N, satisfy equalities

t

q'(t) =0,
At)g™(t) = B(t) +/C(z,t)um_ldz+/K(z)g(z,t,um_l)dz, t€0,T], m>2 (14)
Q Q

and u™ satisfies the equality

k n
/ <u§”v + Z i (2, ) Uy Vo + Z bij(z, t)ul v, + c(z, t)u™v + g(2,t, um)v> dzdt =

i,j=1 4,j=1
= [0 + oz O)edzdt, m=1, 7€ 0.T) (15)
QT
for all v € L*(0,T;V1(Q)), and the condition

-

u™(z,0) = up(z), z €. (16)

Theorem 1 yields that for each m € N there exists a unique function v € L*(0,T; V1(2))N
C([0,T); L*(2)), us € L*(Qr), that satisfies (15), (16).

Now we show that {(u"(z,t),¢™(t))}5>_, converges to the solution of the problem (1)—(4).
Denote

w™ = wm(z,t) = um(z,t) —u" (2, ), () = q™(t) —¢™Ht), m>2.
It follows from (16) that w™(z,0) =0, z € 2, m > 2. Hence, from (15), we get

k

1 n
5 / (w™(z,7))%e dz + / (%(wmf + ) ag(z ) (wi, )P+ bz, wlwl+
Q

i,j=1 i,j=1

T
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ez, ) (™) + (9=, £ u™) — gz, um—1>>wm) e Otdzdt =

= /fl(z,t)rm(t)wmeatdzdt, 7€ (0, 7], m>2. (17)
QT

Then, taking into account (A 1)—(A 6), that under the hypotheses (A 4)

/(g(z,t,uml) — gz, t,u™ H))wmdzdt < go /(wm1)2dzdt, 7€ (0,T], m> 3,
Qr Q-

and that

T
/fl(Z,t>7’m(t)wm6_atdZdt < %/(wm)2€_atd2«dt 4 % /(T’m(t))zdt,
@ 0

Qr
from (17) we get inequalities

/(wm(z, 7))2e dz + / (2@0 i (wZ;?Ij)2 + 2by Zn:(wZ)Q + %(wm)Q) e *dzdt <

0 O- 2,7=1 =1

T

< fQ/(Tm(t))Qe_atdt, 7€ (0,T], m>2.

0

Therefore,
T
/(wm(z,r))zdxdy < M, /(rm(t))th, 7€ (0,7], m > 2, (18)
Q 0
and
X . T
/ ( Z(w;’zxj)z + Z(wZ)Q + (wm)2> dzdt < My /(rm(t))2dt, 7€ (0,T], m>2. (19)
o, Nig=1 i=1 )

Formulae (14) for ¢t € [0,T] and m > 3 imply the equalities

A(t)r™(t) = /C’(z,t)wm_ldz+/K(z)(g(z,t,um_1) —g(z, t,u™ ?))dz. (20)
Q Q

We square both sides of these equalities and integrate the result with respect to ¢, then with
the use of hypotheses (A 4) we obtain

/(rm(t))th < My /(wml)dedt, m > 3. (21)
0 Qr
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It follows from (21), (18) and (19) that

/ V2dt < M, / (rmL (1)) 2dt < (M) / (r2(1))2dt, m >3 (22)

It is easy to find the estimate

(r"™(t))* < Ms /(wm_l(z,t))de, te[0,T],m > 2, (23)
Q

from (20). Further, with the use of (18), from (23) we get

T 2
1 1
[P ()] < M2 M2 /ml t)dt | , tel0,T],m>2. (24)

0

By using (24), (22) and the assumption M, < 1 we can show that the estimate

m+s m+s
lg™ () = g™ (1); C(0, TN < D 7 (1) (o, TN < M2M2 > ) L2(0,7)|| <
1=m-+1 i=m-+1
[ O S M M2M o
< My Mg M,? |lr?(t); L0, T)|| < TH r?(t); L*(0, 7)) (25)
i=m+1 — My

holds for all s € N, m > 3. Besides,

k

/(Z( Zﬁf— oy —i—Z T —u (um+s—um)2)dzdt <
Qr =t
m+s
<Y ( (a1 Dot o)t <
i,j=

p= m+1
m—+s T m—+s
<M, ) /rp dt < My Y MPE|r*(2); L2(0,T)|° <
p= m+1 p=m+1
MMm 1
< |2t L0, 7)), seN, m>3 (26)
1— M,
and
m+s m+s
/( (2, 1) —u™(2,7))%dz < Z /prT V2dz < M, Z /rp
Q p= m+1 p= m+10
MMm 1
<1—|| 2(t); L2(0,T)||>, 7€ (0,T], s€N, m>3. (27)

ST M
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It follows from (25)—(27) that for any ¢ > 0, there exists mg such that for all s,m € N,
m > my, the inequahties g™ (t) — ™ (t); C([0, T)|| < &, [Jum™ts —u™; L2(0,T; V1i(Q))]| < e
and [[u""* —u™; C ([O T); L*(Q))|| < € are true. Hence, the sequence {¢™}°°_, is fundamental
in C([0,77), {u _, is fundamental in L?(0, T; V1(2)) N C([0,T]; L*(2)) and, therefore, as
m — 00

u™ — win L*(0,T; Vi(Q)) N C([0,T); L*(Q)), ¢™ — ¢ in C([0,T)). (28)

Now, from (7) we obtain that

Jwryazie < ato( [ (ante1? + 3t 21+ S (e (7)ot

Qr Q =1 7,j=1

+ [0 o7 + R t))dzdt), (20)

Qr

From (28) it follows that {¢™}5°_; is bounded, therefore the right-hand side of estimate (29)
is bounded with constant independent on m, so,

u™ — uy weakly in L*(Qr). (30)

Taking into account (28), (30), from (14) and (15) we get that the pair (u(z,t), ¢(t)) satisfies
the equation (10) and the equality (5), and by virtue of Lemma 1 (u(z,t), ¢(t)) is a solution
of the problem (1)—(4) in Qr.

Uniqueness (case 1). Assume that (uq)(2,t),qq)(t)) and (ue)(2,1), q@)(t)) are two soluti-
ons to problem (1)-(4). Then the pair of functions (4(z,t),q(t)), where @(z,t) = u@(z,t)—
u2)(2,1), 4(t) = quy(t) — qe)(t), satisfies the condition u( 0) = 0, the equality

k n
/ (@ + Z ij (2, 1)Uz, Vo, + Z bij (2, t)tz,v,, + c(z, t)uv+

3. ij=1 ij—=1
+(g(z b ugy) — g@tu))ﬂwt‘/ﬁzt()MMtremT] (31)
o

for all v € V1(Qr) and the equality

A(t)q(t) = / (C’(z,t)ﬂ+K(z)((g(z,t,u(l)) g(z,t, ue )))dz t € 10,17, (32)

Q

holds. After choosing v = @ in (31) we get
k n
‘/(ma+}:%xawwww2+}:@xan@ﬂ%+d%wwf+
o, ij=1 ij=1

+(g9(z,t,uy) — g(z,t,u2))u )dzdt /f1 z,t)q(t)adzdt, T € (0,T]. (33)
ol
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It is easy to get from (32) and (A 4) inequality

/ (G(t))2dt < M; / (@)2dzdt, (34)

Qr

From (33) by the same way as from (17) we got (18), (19), we find the following estimate:

/ (i)2dzdt < min{ M, T, My} / (G(0))2dt (35)
Qr 0

and taking into account (34) from (35), we obtain (1 — My) [, (@)*dzdt < 0. Since My < 1,
we conclude that fQT (@)2dzdt = 0, hence, upy = u) in Qr. Then (34) implies ¢(t) = 0, and,
therefore, q1)(t) = q2)(t) in Q7.

Case 2. Let now T > T3, where T} is such a number, that M, < 1.

FExistence (case 2). Let us divide the interval [0, 7] into a finite number of intervals [0, 7},
[11,2T4], ..., [(N = 2)Ty, (N — )T, [(N —1)T},T), where NT; > T. In the case 1 of this
proof, we obtained that there exists a unique solution (u1(z,t), ¢1(¢)) to the problem (1)—(4)
in the domain Q7.

Now, we shall prove that there exists a unique weak solution for the problem for equati-
on (1) with conditions (2), (4) as t € [11,2T}] and with the initial condition u(z,7}) =
ui(z,11), z € Q, in the domain Qp op, = Q x (71,271). Let us change the variables
t =7+ Ty, 7 €[0,71] in this problem. Denote qo(7) = ¢(7 + T1), U(z,7) = u(z, 7 + T1),
agyl‘)(sz) = a;;(z, 7+ Th), bg?@ﬁ) = bij(z, 7+ T1), WV (2,7) = c(z,7 + T1), gV (2,7,U) =
gz, 7 + Ty,u(z, + T0)), fOz71) = flz,7 +T1), EV(r) = E(r + Ty). For the pair
(U(z,7),q0(T)) we obtain the problem

n

k
U- + Z (ag)(z,T)waj)zin — Z (bl(-;)(Z,T)Uzi)zj +cW(z, 1)U+

i,j=1 6,j=1
+9 (2,7 U) = A2 7)0() + £ (27), (57) € Qny (36)
U(Z,O) :'Lbl(Z,Tl), Z € Q, (37)
Uls,, =0, Ou =0, (38)
v 8D xDyx (0,T})
/K(Z)U(z,T)dz =EW(r), T[0T (39)

Q

It is obvious that all coefficients of the equation (36) and functions fl(l)(Z,T), fél)(Z,T),
ui(z,Ty), EW(r) satisfy the same conditions as functions from (1) and (4). Therefore,
from the result for the case 1 it follows that there exists a unique weak solution to the
problem (36)—(39) in Q7,, and, thus for the problem for the equation (1) with conditions
(2), (4) as t € [T1,2T1] and with the initial condition u(z,71) = ui(z,71), z € Q, in the
domain Qr, o1, Denote it by (us(z,1), g2(t)). Following similar reasoning on the intervals
[271,3T4], ...,[(N — 1)Ty, NTj], we prove the existence and the uniqueness of weak soluti-
ons (ug(2,t),qr(t)), k =3,..., N, in the domain Qu_1yr = Q x (k= 1)1, kT1), k =
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INVERSE PROBLEM FOR SEMILINEAR EIDELMAN TYPE EQUATION 57

N =1, and Qv_1yn, 1 := Q2 x (N —1)T3,T), of the inverse problem for the equation

(1) with conditions (2), (4) as t € [(k — 1)T1,kTy] and t € [(N — 1)T3,T], and the initial
condition u(z, (k — 1)T1) = ug_1(z, (k — 1)T1), z € Q . It is obvious that a pair of functions
(u(2,1),q(t)), where

(ul(zvt)a if <Z>t) € QTI;
UQ(Z,t), if <Z7t) S QTLQTl;

u(z,t) = o
uN—l(Z7t)7 if (Zat) € Q(N—Q)Tl,(N—l)Tla
\UN(Za t)» if (27 t) € Q(N*l)Tl,Ta
'ql(t), if t € [0,T1];
q2(t), if t € [T,217);
q(t) =

;];V.—l(t)a 1ft € [(N —=2)11, (N = 1)T1],
Lan(t), ifte[(N-1)T,T],

is a weak solution for the problem (1)—(4) in the domain Q7.

Uniqueness (case 2). The proving of the uniqueness of solution for the problem (1)—(4)

in case 2 is based on the schemas of proof of the uniqueness (case 1) and existence (case

2).

10.

11.

[]
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