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Initial-boundary value problems for parabolic and elliptic-parabolic (that is degenerated
parabolic) equations in unbounded domains with respect to the spatial variables were studied
by many authors. It is well known that in order to guarantee the uniqueness of the solution of the
initial-boundary value problems for linear and some nonlinear parabolic and elliptic-parabolic
equations in unbounded domains we need some restrictions on behavior of solution as |z| — +o0o
(for example, growth restriction of solution as |z| — +oo, or the solution to belong to some
functional spaces). Note, that we need some restrictions on the data-in behavior as |z| — +o00
for the initial-boundary value problems for equations considered above to be solvable.

However, there are nonlinear parabolic equations for which the corresponding initial-boun-
dary value problems are uniquely solvable without any conditions at infinity.

We prove the unique solvability of the initial-boundary value problem without conditions at
infinity for some of the higher-orders anisotropic parabolic equations with variable exponents
of the nonlinearity. A priori estimate of the weak solutions of this problem was also obtained.
As far as we know, the initial-boundary value problem for the higher-orders anisotropic elliptic-
parabolic equations with variable exponents of nonlinearity in unbounded domains were not
considered before.

Introduction. In this paper we consider initial-boundary value problem (in particular,
Cauchy problem) for some elliptic-parabolic equations in unbounded domains with respect
to space variables. It is well known that to guarantee the unique solvability of such problems
for linear parabolic equations, we have to set some conditions on the behavior of the solution
as |z| — +oo. For the first time the result like that was obtained in [24] for Cauchy problem
for the heat equation:

u—Au=0, (z,t)€R"x (0,71, Uli=o = up(x), © € R". (1)

The authors proved that the problem (1) has unique classic solution under the additional
condition on it behavior at infinity:

lu(z, )] < Ae¥™ (2,t) e R x [0,T], (2)

2010 Mathematics Subject Classification: 35K25, 35K30, 35K35, 35K55, 35K65, 35M10.

Keywords: initial-boundary value problem; higher-order elliptic-parabolic equation; nonlinear elliptic-para-
bolic equation; weak solution.

doi:10.30970/ms.59.1.86-105

(© M. M. Bokalo, O. V. Domanska, 2023



HIGHER-ORDERS ELLIPTIC-PARABOLIC EQUATIONS ... 87

where a, A are the constants (that are dependent on ). It was also proven that this condition
is essential, more precisely, it was proven that the problem (1) with ug = 0 has non-trivial
solutions as Ae®*”™ grows when |z| — +oco for any £ > 0. Note, that the restriction (2)
can be interpreted as an analogue of the boundary condition at infinity. Similar results for
broad classes of both linear and nonlinear parabolic equations were obtained in [2, 9, 20]
and others. Also note, that to guarantee the solvability of initial-boundary value problem for
parabolic equations mentioned above we have to impose some conditions on the behavior of
input data as |x| — +oo. In particular, in [24] it was shown that the classic solution of the
problem (1), (2) exists if ug satisfies the condition:

luo(z)| < B,z e R,

where b, B are some constants.

However, there exist nonlinear parabolic equations, the initial-boundary value problems
for which are uniquely solvable without any conditions at infinity. The result like that was
obtained for the first time in [11] for the equation

wy — Au+ [ufP2u=0, (z,t)€Qx(0,T],

where () is an unbounded domain in R", p > 2 is a constant.

Later on the similar results were obtained for other nonlinear parabolic equations, in
particular, in [1, 3, 4, 5, 8, 11, 14, 19].

Nonlinear differential equations with variable exponents of nonlinearity appear as mathe-
matical models in various physical processes. In particular, these equations describe electro-
reological substance flows, image recovering processes, electric current in the conductor with
changing temperature field (see [22]). Such equations were extensively studied in [7, 12, 16,
18, 21, 23] and many other researches. The corresponding generalizations of Lebesgue and
Sobolev spaces were used in these investigations (see [13, 15]).

In this paper we prove the unique solvability of the initial-boundary value problem for the
higher-orders anisotropic elliptic-parabolic equations with variable exponents of nonlineari-
ty in unbounded domains without conditions at infinity. The results obtained here are, in
particular, generalizations and complements of the results from [10], where the nondegenerate
parabolic equations with the constant exponents of the nonlinearity are considered. As far
as we know, the initial-boundary value problem for the higher-orders anisotropic elliptic-
parabolic equations with variable exponents of nonlinearity in unbounded domains were not
considered before.

The paper consists of the introduction and three chapters. In the first chapter we provide
the statement of the problem and the formulation of the main result. In the second section,
we present auxiliary statements that are used in the third section to prove the main result.

1. Statement of problem and formulation of main result. Let n,m be natural
numbers, M is a subset of the set {0,1,...,m} such that {0,m} C M, and M, := M \ {0}.

Let us N denote the number of multi-indices o = (o, ..., a,) of the dimension n (ordered
tuples of n nonnegative integers), the length |a| = a1+ . .+a,, of which are elements of the set
M. Let R™ be the linear space, with the ordered tuples of real numbers x = (1, ..., z,) as its

elements and |z| = (22+...+22)"/2 as its norm. Denote R to be the linear space, composed

of ordered tuples of N real numbers { = (&,...,&,...) = (& |a] € M), the components of
which are numbered with multi-indices of dimension n, having lengths from M and ordered
lexicographically (it means that & = («q,...,a,) precedes § = (B1,...,05,), if |a| < |f]
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or |a| = |B] and aj, > B, where k := min{j|a; # §;}). From now on the 0=1(0,...,0)
will be a multi-index of dimension n composed of zeros. Set [{| :== (3_,1cm ]§a|2)1/ ? for any
¢ € RY. We denote by dv the ordered set of all derivatives D% = %v of the function
v(z),z € G (G is any open set in R™) of orders |a| € M (the orderlng rule is the same as for
the components of vectors £ € RY).

Let  be an unbounded domain in the space R". Assume that the boundary I' := 0€) of
the domain €2 is a piece-wise smooth surface and denote by v a unit external normal to T'.
Let T' > 0 be some fixed number. Set

Q:=Qx(0,7), X:=Ix(0,T).

Assume that
(P) p: Q — R is a measurable function such that

p =essinfp(x) > 2, p" :=esssupp(r) < oo.
zel €N

(B) b: © — R is a measurable and bounded function, b(x) > 0 for a.e. € €2, and there is
an open set Qg # & such that b(x) > 0 for a.e. © € Qq, and b(z) = 0 for a.e. x € Q\ Q.

Consider the problem: find a function u: Q@ — R that satisfies (in a certain sense) the
equation

)+ Y (=)D (2t 0u) = > (DD fu(xt), (1) €Q,  (3)

|aleM laje M

the boundary conditions

o _

— =0 i =0,m—1 4

a]/] E ) ] 7m ) ( )
and the initial condition

u(z,0) = ug(x), =z € Qy, (5)

where a,: QxRN = R, f,: Q = R, |a] € M, ug:  — R are given functions, which satisfy
certain conditions that will be discussed later. Further the formulated above initial-boundary
value problem for the equation (3) with boundary conditions (4) and the initial condition (5)
will be briefly called the problem (3)—(5).

An example of the equation (3), which we examine here, is

(b(z)u); + (—A)"u + c(x, t)|u|p($)_2u = f(z,t), (z,t) € Q, (6)

where functions b and p satisfy conditions (B) and (P) respectively, and ¢: @ — R is a
measurable, locally bounded function, moreover ess infg ¢ > 0.

We will consider the weak solutions of the problem (3)—(5). Let us introduce the necessary
notation and make appropriate assumptions about input data of this problem.

First of all let us introduce the functional spaces we will need next. Let G be any domain
in R", r: G — R be a measurable function such that r(z) > 1 for a.e. z € G, moreover
if 7”(95) > 1 for a.e. x € G, then r'(z),z € G, is a function defined by the equality ﬁ +

,(z) = 1 for a.e. z € G. Let L,()(G) be the linear space of (classes) measurable functions

v: G — R for which the functional p¢,.(v) == [ |v a )|"®)dx takes finite values, with a norm
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vl L)@ = inf{\ > 0|pg(v/A) < 1}. This space is a Banach space and is called generalized

Lebesgue space or Lebesque space with variable exponent (see, for example, [13]). Note, that

if r(z) =1 = const > 1 for a.e. x € G, then || - [z, ) = || - |z, (c)- It is known that if

1 <essinfr(z) <esssupr(z) < oo,
zeG zeG

then the conjugated space to L,()(G) can be identified with L,/ (G). We define the space
L,y(D) similarly to L,.(G), where D = G x (0,T), with the functional pp,(w) =
ff lw(z,t)["® drdt instead of pg..(v).

We denote by Bd(£2) the set of all possible bounded subdomains of the domain 2. Let
p: © — R be the function given above (see condition (P)). Denote by Ly 1c(€2) the linear
space of (classes) measurable functions v: 0 — R, which restrictions to an arbitrary domain
Q' € Bd(2) belong to Ly (), with a system of seminorms {[ - ||z, € Bd(Y)}.
This space is a complete linear locally convex space. We introduce a complete linear locally
convex space Lp(.) oc(Q) With the system of seminorms {||- |1, @ x| € Bd(S)} similar

t0 Lp()10c(Q2). Note that the sequence {v;}7°; weakly converges to v in Ly( () (respecti-
vely, in Ly 10c(@)), if for any domain €' € Bd(Q) the sequence {v]|o/}7°; (respectively,
{ullorxo,m }121) weakly converges to vl (respectively, to v|ax(o,r)) in Lp)(€) (respectively,
in Ly (Q’ (0,77))).

For arbitrary ' € Bd(2) the H™ (') := {v € Ly(Q')| D*v € Ly(€), |a| < m} denotes
the standard Sobolev space with the norm |[v||gm @) == ([, o <m | Dv|2dz)'/?. We will
also consider the space H".(Q) := {v € L3 10c(Q)| D € Ljoc(Q),]al < m}, which is a
complete linear locally convex space with the system of seminorms {|| - || gm ) |2 € Bd(£2)}.
The sequence {v;} converges to v in the space H" () i o) converges
to U’Q, in the spaces H™(QY') for any Q' € Bd(2). Let C*(Q2) (respectively, C*(§Y'), when
Y € Bd(f2)) be the linear space consisting of m times continuously differentiable and finite
on €2 (respectively, on ') functions. Suppose that C™(Q) be the linear space consisting of m
times continuously differentiable on Q functions that have bounded supports, that is, their
supports are compact sets in . Denote the closure of the space CT(€2) (respectively, CT(£Y),

C

when ' € Bd(Q2)) in H(Q) by H m (Q) (respectively, H n.(€)) and the subspace of the

space ;ch (Q) consisting of functions with a bounded support by ];”C”(Q)
For arbitrary ' € Bd(Q) the H™%(Q' x (0,T)) 1= {w € Ly(Y x (0,T))|D*w € Ly( x
(0,7)),|a| < m} is the a standard Sobolev space with the norm

T 1/2
ol amoarxory = ( > \D%]%dt) .

0 Q lalsm

loc
ch is completely linear locally convex space with the system of seminorms {|| - || grmo(e/x(0,1))|

Q' € Bd(Q).} The sequence {w;} converges to w in the H">"(Q) i Q’X(O,T)}
oo I the H™ (Y x (0,T)) for any Q' € Bd(Q). Denote by H " (Q)
(respectively, H™%(Q' x (0,T)) for any ' € Bd(f2)) the subspace of the space H(Q)

(

(respectively, H™(Q' x (0,T))) consisting of functions w such that w(-,t) EHIOC( )
respectively, ;F”(Q’)) for a.e. t € (0,7).

We will also consider the space H™*(Q) := {w € Laoc( Q)| D*w € Lajoe(@Q), |a| < m}, whi-

converges to w
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We define the function b: Q — R by taking b(z) := b(z) if z € Qo, and b(z) := 1, if
r € Q\ Q. For any Q' € Bd(Q) we denote by L?*(b; ) the linear seminormed space of
functions w: Q' — R such that w = b~"/?v, where v € Ly(€), with seminorm [|w| 120y ==
([ b(x Pdaz) , and by L2 .(b; Q) a linear locally convex seminormed space consisting
of measurable functlons w: 2 — R, the restrictions of which to an arbitrary ' € Bd((Q2)
belongs to L*(b; ('), with the topology given by the system of seminorms {|| - [|r2(s0)|€Y €

Bd(Q)}. It is easy to verify that the space L2 (b;Q) is a completion of the space ﬁ]{gc(ﬁ),
and if b(z) > by = const > 0 for a.e. z € Q then v € L% _(b;Q) iff v € L2 _(Q).
The space C([0, T]; LE . (b;2)) is a space of functions w(z,t), (z,t) € @, such that for an

arbitrary bounded subdomain €’ of the domain 2 (that is ' € Bd(f2)) their restrictions
to @ x (0,T) belong to the space C([0,T]; L*(b;€?’)) with the norm HwHC(

[OyT];L2(b;Q/)) =
maxe(o,7] ||w(t)|| z2p0). The space C([0,T]; LL (b;Q2)) is a complete linear locally convex

space with a system of seminorms {|| - ||c(o,m;0m:0)) € € Bd(£2)}.

Now let us introduce the conditions on the input data of the considered problem.

Let us A, where p is a function that satisfies the condition (P), be the set of ordered tuples
(aa) == (ag, ..., q,...) of N real-valued functions defined on @ x R", which are numbered

by multi-indices of dimension n having lengths from M and ordered lexicographically, and
the components of the set (a,) satisfy the conditions:

(A;) for every a, |a| € M, function a,(x,t, &), (2,t,€) € Q x RY | is Caratheodory type that
is the function au(z,t,-): RY — R is continuous for almost every (z,t) € @Q , and
function a, (-, -, €): @ — R is measurable for every £ € RY, moreover a,(z,t,0) = 0 for

a.e. (x,t) € Q;
(A5) the following inequalities hold for a.e. (z,t) € Q and any £ € R :

lag(e, )] < hg(e,t) (0 Il + Il ) + ggla, 1),

|a‘€M0
’aa($7t>£)| < ha(%t)’f‘ +ga(x>t)’ ’Oé‘ € Mo,
where hy, € Loojoc(@), |a| € M, g5 € Lp’(~),loc(©)7 9o € La1oc(Q), |a| € My;

(A3) there exist constants By > 0 and By > 0 such that the following inequality holds for
each a, |a| € My, almost all (z,t) € Q and any ¢ and 7 from RV :

1/2
]aa(ac,t,f) - @a(%t;ﬁ)’ < <Bl Z |§Oé _7704|2 + B2|£ﬁ_ 776‘2) )

‘Ol|€M0

(A4) there exist constants K; > 0, Ky > 0, K3 > 0 such that the following inequality holds
for a.e. (z,t) € Q, for any £ and n from RY :

Z (aa(z,t,8) — an(z,t,0))(€a — Ma)

laleM
> K Y e — al? + Kol — gl + Kslég — 1l

|0¢‘€M0

moreover, if one of the two following conditions is met: By > 0 or p™ > 2(n+1)/n,
then Ky > 0.
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Remark 1. If M = {0,m}, p* € (2;2(n+ 1)/n), then, in particular, the elements of the
set A, are tuples (a,), whose components are functions ag(z,t,&) = ag(x,t)|&P@ 2,
ao(z,t,€) = oz, )0, (2,t,€) € Q x RN, for every a,|al = m, where ay,|a| € M, are
measurable bounded positive and zero-separated functions. By the way, we will get equation
(6) for one of these tuples (aq).

Let Fp10c(Q) be the set of the ordered arrays of N real valued functions (f, := (f5,- - -,
fa,-..) defined on @), which are numbered in the same way as the components of the elements
of the set A,, and satisfy the condition:

(F) fﬁ € Lp’(-),loc(@) fa S L2 100( ) ’CY| S MO

Denote - . - .
Upioe(@Q) :=H2(@Q) N Ly 10e(Q) N C([0,T; L2 (b5 2)).

Let us say that the sequence {v;,}22 | converges to v in Uy, j,.(Q) if for each domain €' € Bd(Q)
the sequence {uv |, T)}ZO:1 converges t0 v|qrx (o) in H™O(Y % (0,T)) N Ly (' x (0, 7)) N
C([0,T7; L*(b; Y)).

x (0,

Definition 1. Let (a,) € A, (fa) € Fpioe(Q) and ug € L2 (b;9Q). A function u € U, 10(Q)
is called a weak solution to the problem (3)—(5), if it satisfies the initial condition (5) (as
element of C'([0, T]; LZ.(b;2))) and the integral equality

loc

// —burpp’ + Z ao(x,t, 6u)D Wp d:(:dt // Z faD*dxdt (7)

lajeM laleM

for any ¢ € POIZ”(Q) N Ly (Q), ¢ € CH0,T).

We consider the existence and uniqueness of the weak solution to the problems (3)—(5).
In order to formulate and prove the corresponding result, we use the following notation: for
arbitrary R > 0

Qp s a connected component of the set QN {x € R"|[z| < R}, T'g:=0Qx,
QR = QRX (O,T), ZR = FRX (O,T)

Theorem 1. Let p satisfy the condition (P), (a,) € Ay, (fa) € Fpi0e(@) i ug € L2 (b;€2).
Then the problem (3)—(5) has unique weak solution and it satisfies the following estimate
for any R, Ry such that R > 1,0 < Ry < R/2:

rnax} / b(x)|u(z,t)| dat—f—// Z |Du(x,t)]* + K|u(z, t))* + |u(x, )P x)}dxdt <

te[0,T

QR QR ‘O‘|€M0

0

< Cl{Rn_ﬁ +// Z | fo(z,1) | + | f5(z, t) |p x)}dxdt—l—/b(x)‘uo(x)‘zdx}, (8)

Qr  lol€Mo Qr

where ¢ = pt, if Ko =0, and q € (2;p”|U{pT} is arbitrary if Ky > 0, and C} is a positive
constant depending only on b, By, Bo, K1, Ko, K3, p~,p™,n,m,q.

2. Auxiliary statements. In this section, we present the statements that will be used in
the next section to prove the main result.
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Proposition 1 (|13, 15]). The following inequalities hold for any R > 0 and arbitrary
v € Lp()(Qr) :

min { (p2(®))"""", (0pr ()"} < 02,0y 0m < max { (0®)"", (ppr(0)) "},

pT

2

. - + -
mm{(HvHLp(~)(QR))p ) (HUHLp(~)(QR))p } < ppr(v) < ma’X{(HUHLp() QR)) ’ (HUHLI’(‘)(QR))

where

po (v / ol )P dadt, (ol g = A > Olopn(v/A) < 1},
Qr

Lemma 1. Let the number R, > 1 and functions veH"™ (QR*)HL W (Qr.), 95€ Ly (QR,),
Ja € La(Qr.), || € My, be such that

// —bu’ + Z JaD*Yipldadt =0 (9)

QR* |O¢‘€M

for any ¢ € H™(Qpg.) N Ly (Qr.), ¢ € CHO,T).

Then v € C([0,T]; Lg(b QR)) V R € (0, R,) and for arbitrary functions 6 € C'([0,T)),
w € C™(Q), suppw C Qp for some R € (0, R,), and any numbers t|, ty, 0 < t; < ty < T,
the following equality holds

Q(tg)/b(x)|v(:v to)Pw(z)dxr — 0(t, )/b(x)|v($ t1)[Pw(x)do—

0
// (z)|v(z, t)|*w(x)d'(t dxdt+2// ZgaDO‘ (vw)Odzdt = 0. (10)

lajeM
Proof of Lemma 1. We will use the scheme of the proof of Lemma 1 in [6] and Lemma 1
" [;]i'rst of all replace the variables in the identity (9) such way
u=20t—-"T/2), tel0,T], wel-T,T], (11)

(then t = (s 4+ T')/2) and put

_ _ ~ _ ol (p+1)/2), it pe(=T.7);
T e G R, = {o, it we (1),
~ _ )9l (u+T)/2), if pe(=T,7T);
Golz, 1) == {O, it (LT.T). z € Q.. (13)

As a result, we get the identity:

[t ne@z e + 2 Y e D o@e]dda =0 (1)

|oleM
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for any ¥ € H™ () N Ly (), @ € CY(=T,T).

Let k be any natural number. Let us replace the variables in (14)
s=Mepty, p€[=T,T), se[-NT,NT|=[-T—-2/k,T+k/2]|,

where Ay := 14 2 > 1 (then = s/A;). As a result, we get equality

T+2/k
/ / [—b(x)a(x,s/xk)w(x)a(s) 2w Y 'g]a(x,s/)\k)Daw(a:)gﬁ(s)] drds =0 (15)
—T—2/K2% lajeM

for any ¢ € H™ () N Ly (), § € CH =T — 2/k, T + 2/k).

Let wy(t) = Ce?™/®=D if |t| < 1, and wy(t) = 0, if |t| > 1, where C' > 0 is a constant
such that fj;o wi (t)dt = 1. It is obvious that w; € C°(R) i wy(t) > 0 for all ¢t € R. For an
arbitrary p > 0, we put w,(t) = p~'wi(t/p), t € R. It is known that the functions w,, p > 0,
are called mollifiers. It is easy to verify the correctness of the following chain of equalities

—+00 “+o00

- d - d
/ v(x, s/)\k)%wl/k(r —s)ds = — / v(x, S/)\k)%wl/k(T —s)ds =
i
= / v(z, 8/ p)wr k(T — s)ds, T €R. (16)
T

Let us take in (15) @(s) = wiu(7—s) in (15), s € (=T —k/2,T+k/2), where 7 € [-T,T].
As a result, taking (16) into account, we get

[ o)) 00 + 3 gusten)Do@]de =0, re-T1), (7

Q. |aleM
where
+o0
vz, T) = / 0(z, 8/ \e)wr /(T — 8)ds = / v(z, 8/ A )wr k(T — 8)ds,
—00 |s—7|<1/k
+o0
Gak(z,7) = (2)\k)_1 / Go(x, 8/ A )wi k(T — 5)ds = (QAk)_l / Ga(x, 8/ A )wi k(T — s)ds,
—00 |s—7|<1/k

(z,7) € Ax [-T,T], |a| € M, and ¢ € H™(2,) N L,y(€2.) is an arbitrary function.
Let us show that
Ukk—>i7 mn Lp(.)(G*). (18)
—00

At the same time we will use the notation for convenience: p; := p~, ps := p*. As the space
C(G.) is dense in Ly (G.) (see, e.g., [13]), then there exists a sequence of elements {v;}7°,

of the space C(G.) such that [[v — vz, (c.) — 0 as | — +oo. Taking this into account and
using Holder’s inequality, we have the following:
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/ log(, 7) — 0(z, 7)|P@dadr =

//‘ / 0,5/ A )wiyp(T — 8)ds —v(z,T) p(z)

G |s—7|<1/k

//‘ / O(x, s/ k) — (@, 8/ M) | wijn(T — )ds+

Gy |s—7|<1/k

dxdr =

+ / [0, s/ Ak) — i, 7/ Ai) Jwor (T — 8)ds+

|s—7|<1/k
e, /) — B 7]+ [z, ) — e )] | dedr <

//U / O(x, 5/ M) = i@, 5/ M) wr(T — s)ds

Ge  |s—r|<1/k

¥ / B, 5/ M) — T, 7/ )| wi (- 5)ds

|s—7|<1/k

p()
+

p()

+

+|o(z, 7/ M) = Ou(, T |p )+}5l(x,7) —’ﬁ(x,r)‘p(x)} dxdr <

<0 [// / e, 5/Me) — il 5/ M) [P ) x

Gy |s—7|<1/k
/(2 p(z)—1
X < / |1y (T — s)|p( )ds> dxdr+
|s—7|<1/k

pi
+ max ( max (@, /M) — ﬁl(x,T/Ak)D - mesG .+
1€{1,2} \z€Qy,s,7€[-T—1/k,T+1/k],|s—7|<1/k

pi
+ max ( max |v(z, 7/\) — Uz, 7-)|> -mesG,+
i€{1,2} \aeQ, ,re[-T,T)

/ [0z, 7) = 0(x, 7 |’” )dxdT} = Cy[I1(k,1) + LI(k, 1) + Is(k, 1) + I,(1)],  (19)

where C, := 4771, Here we used the corollary of discrete Holder’s inequality

m m 1/q m 1/¢
S < (z|ai|q> (zw) | 20
=1

=1 =1

where m € N, a; > 0,b; > 0,4 = 1,m, ¢ > 1, when m = 4 and ¢ = p(z),b; = 1, that is
inequality

4 p(z)
(Z%) < 4p@ Z\azlp a; >0,i=1,4, forae. x¢€q,.
i=1

Let € > 0 be a sufficiently small real number. We show that for sufficiently large values
of k € N, the right-hand side of the inequality (19) is smaller than e. Given that |w;/4(t)| <
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k - ﬁixwl(z) = C3k, t € R, where C5:= r\n|axw1( z) > 0 (Cj5 is a constant which does not
z|<1 z|<

depend on k), thus

< / ‘Wl/k(T _ S)}p’(a:) p(z)—1 / ‘w1/k Z)p(x)—l <

|s—7|<1/k |Z|<
/(2 (z)—1 (z)—1
g( / || )dz)p < (Cyk)P@ (2k‘1>p — (2C4)PDk/2 < Cuk,
|z\<%
where Cy := Ir%ax}(QCg)pl /2. Using the Cauchy-Buniakovsky-Schwarz inequality we have the
ie{1,2

following estimates:

1(k, D) // / v(x,s/\g) — v(x, s/ Ak) ‘p( ds)

Gy |s—7|<1/k

! (z)—1
><< / ‘wl/k(T—s)‘p( )ds>p dxdr <

|s—7|<1/k

< Oik // / (, s/ M) — Bl s/ ) [P ds)dxdT -

Gy |s— T|<1/k

= s+7’—z s—z—l—Tds—dz}:

= Cyk // /] (24 7)/A) — T, (z+T)/)\k)}p(z)dz>d:EdT:

= Cyk /dZ/d:E/| Z—G—T/)\k>_vl< (Z—i-T)/)\k)‘p(x)dT:
:[(Z+T)//\k=t, T =Nt — 2, dr:Akdt]g

T
< 20\ / da / |52, t) — u(x, £) [P dt = 20,0 / / |5(x, t) — T, £) [ dwdt
Qi T G

(note that Cy is a constant that does not depend on k and [). From this and taking into
account the fact that [[v — 4|z, c.) — 0 as I — +o0, and sequence {A\;} is bounded it
follows based on the statement of Proposition 1 the existence of [y € N such that

(k. 1) < 204)\k/ (5, £) — Ty (2, £) [t < % ke N. (21)
2
Then
L(l) = //\a,o(x,t) — B, )" drdr < - (22)
40y
G«

As 7, € C(G,) and G, is a compact, and therefore the function 7, is uniformly continuous
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on G,, then there exists ko € N such that for all k > ky the following estimation takes place:

pi
I(k,lp) := max ( max |00 (2, 8/ M) — 'ﬁlo(x,T/)\k)D mesG, < i,
i€{1,2} \oeQu 5,7€[~T—1/k,T+1/k],|r—s|< 4C,
(23)
Di e
I3(ly) == max( max v (T, 7/ X)) — Uy (2, T ) mesG, < —. 24
(lo) ie{1;2} xem,TE[—T,T]‘ (5 7/ ) = i )l 40, (24)
From (19) when [ = [y, taking into account (21)—(24), we get
//|vk(x, T) — 'ﬁ(x,T)’p(I)dxdT <e Vk> k.
Gy
Since € > 0 is an arbitrary number, we get what we need.
Similarly as (18), we can prove that
Ukk—>—o>05 in Hm’()(G*), %7’“k_>—o>ofg%‘G* in Lp/(,)<G*), (25)
ga’kk—>—o>o§a n LQ(G*>, |O€| S Mo. (26)

Let k and [ be arbitrary natural numbers. Then from equality (17) we get

/ [b(a) (o2, 7) 0@) + 3 ol VD) |de =0, T e [-T.T], (1)
Q laleM
where vkl(x 7) = vz, 7) — v, T)y Gakt(z,7) = Gak(,7) — gau(z,7),(z,7) € G, ¥ €

H™(6) (2.) N Ly(y(§2) is an arbitrary function.
Let w € C"(Q)), suppw C Qp,. For arbitrary 7 € [—T,T] let us put in (27) ¥(z) =
vg(z, T)w(z), z € Q. As a result, for 7 € [T, T] we have

[b(x)(vkl(m,T)) g (2, 7) Z Gagi(x,7) (vkl(x,T)w(x))}dx =0. (28

laleM

D—

Let § € C*([-T,TY). For every 7 € [—T,T] multiply (28) by 6(7) and integrate obtained
equality with respect to 7 from 7 to 7o (=1 <7 <75 <T'). Then we get

T2

: / o(ryule) - [ oloute,r)Pde)drs

Q

+ Z //ga (T, T) vkl(x T)w(x))Q(T)dxdT =0,

‘Oé|EM7.1 Q
whence, using the partial integration formula and multiplying the obtained equality by 2,
we obtain

9(72)/b(w)|vkl(x,72)|2w(m)dx—0(7’1)/b(:p)|vkl(m,7'1)|2w(x)dx—

Q Q

—7/b(:l:)]vkl(x,T)]2w(x)9’(7)da:d7+
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2y / / Gousa (0, 7)D* (v, 7w () 0(7)dxdr = 0. (29)
laleM 7
Let us take in (29) 0(7) = 1, if 7 € [0,T], (—=T) =0 and 0 < 0(7) < 1, |0/(7)] < %, if
€ [-T;0), and w(x) > 0,z € Q, w(x) = 1, if x € Qr, where R € (0, R,) is any fixed
real number, and w(z) = 0 if x ¢ Qp,, where Ry = (R + R.)/2. Then from (29) (by setting
7 =T, =1 €[0,T]) we can easily obtain the inequality

ng};}/ (z)|vp (2, 7)[Pd < 2// Z |Gt (z, 7) D (vt (z, T)w () |dwdr

Qg |aleM
2 2
—I—? b(x)| vk (x, 7)|*w(x)dxdr. (30)
Gr,
Let us estimate max fﬂ (z)|vg(z, 7)|Pdx similarly and as a result we get an estimate

Te[-T
of the value max fQR (x)|vi(z, 7)|?dx as the right side of the inequality (30). On the
S R

basis of (18), (25) and (26) the right-hand side of the inequality (30) goes to zero as
k,l — 400, then the left-hand side does too. So, the sequence {bl/%k‘cR}:; of elements of

the Banach space C'([—T,T]; L2(Qg)) (from now on Gg := Qg x (=T, T)) is fundamental
Cri bl/2v|G in Ly(GR),
Uk‘GR " E‘GR in C([=T,T); Lo(b; Qr)), and therefore it is clear that we have v|GR
—00

C([=T,T); Ly (b;Qg)), where R € (0, R,) is an arbitrary number. Hence, taking into account
(11)—(13), we get that v € C([0,T]; La(b; Qr)) V R € (0, R,.).

Now let us put in (17) ¥(z) = wvg(z, T)w(x)0(7), € Q, for any 7 € [-T,T], where
w € C™(Q), suppw C Qp,, 0 € C’l([—T, T]) Using the same reasoning as when we got (29),
we obtain a similar equality (29) with k instead of kl, 7y = t;, 7o = to. Having passed to the
limit in this equality as kK — oo and taking into account (11), we get (10). O

in this space, and therefore convergent in it. But since b/ 2%‘

Remark 2. If ’U|QR «01)€ Lo (O, T, Hm(QR*)) and the conditions of the Lemma 1 are fulfi-

lled, then v € C’( 0, T7; La(£2 R*)) and the equality (10) holds with w = 1. It easily follows
from the proof of Lemma 1.

Lemma 2. Let R, > 1, (aa) € A, and for every | € {1,2} functions (fo;) € Fpioc(Q),
ugy € L3 (b;Q) and u; € Uy 0c(Q) satisty the initial condition

ul(gjv O) = Uovl(l'), HAS QO N QR*v (31>

and integral equality

/ / —buppg’ + Y ao(w,t, o) Daw dazdt / / > faiDppdudt (32)

Qr, laleM |aleM

for any 1) € ;Im(QR*) N Ly (Qr,), ¢ € CH0,T).
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Then any numbers R, Ry such that R > 1, 0 < 2Ry < R < R,, satisfy the inequality

max / |u1 x,t) (x,t) ‘ dx—l—// Z |Dau1 x,t) ug(x,t)‘2+

t€[0,T
QRO |O£‘€M()

+K2|u1 x,t) — us(x,t) ‘ + |u1 z,t) — us(x, t)‘ ]dxdt<

<Cl{ ”qz+// > | faalzt) - ol )" + | f5 (2 t) — fogxt}p }dxdt+

QR |Oé|EMO

+/b(x)‘u071(x) — uo,g(x)fdx}, (33)

QR
where q and C are the same as in Theorem 1.

Proof of Lemma 2. Set v := u; — uy. From the integral identities obtained from (32), we get,
respectively, for [ =1 and [ = 2

// - bU@DgO T Z aa z,t, 5U1) - aa(flf t 5U2))Daw¢] dxdt =

QR* I |€M

// > (fad = fa2) D pdadt

|ojeM

for any ¢ € POI;”(QR) N Lyy(Qr,), ¢ € CL(0,T). Hence, on the basis of Lemma 1, we get
0(ty) | b(z)|v(z,ts)*w(x)dz — 0(t,) / b(x)|v(z, 1) Pw(x)ds—

QR* QR*
// z)v(z, t)Pw(x)d (t)dodt+
t1 Qg,
[2)
+2 Z (aa(z, t,0u1) — an(z,t, 6us)) D*(vw)fdadt =

tl QR* |0£‘€M
to

- / / S7 (fat — four) D (o), (34)

tl QR* |a‘€M

where 6 € C’l([O,T]), w € C™(Q), suppw C QO for some R € (0, R,), t1,t, € [0,T] are
arbitrary.
Let Ry and R be any numbers such that 0 < 2Ry < R < R,, R > 1. Set

) (R = |2P)/R, if |z] < R;
Sla) = {0, if || > R.

Let us take t; = 0, t, = 7 € (0,71, 0(t) = 1, t € [0,T], w(z) = ¢*(z),r € €, in (34),
where s > m is a sufficiently large number (it is obvious that if s > m we have (* € C"(Q),
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suppC® C Qr). As a result, we get the equality

/b($)|v($77)|zcs(x)dx + 2// Z (an(z,t,0u1) — an(z,t, dus)) D (v¢®)dzdt =

Qg QT |oleM

—2//2 fal—fagDa(v()d:cdtJr/ Yo (x) — uga(x)| ¢ (x)de,  (35)

laleM

where QF := Qg x (0,7).

Now we note the following. Let v € H|'.(Q), o € Z7, |a| € Mo, go € Looc(2). It is
obvious that

/gaDa(ﬁgs)d:ﬂ:/gaDO@Csdx—l—/ga(Da(ﬁcs) —DaﬁCs)dx. (36)

Q Q Q

Taken into account Lemma 3.1 from [1], we have

/ga(Da(UC) D*v¢® dx<e/|ga| (de—l—e/ Z ’Dﬂ'ﬁ‘ CCdx

Q 18]=lct|
e) / [o]¢* 1, (37)
Q

where € > 0 is an arbitrary number, C,(g) > 0 is a constant which does not depend on R.
So, from (35) based on (36), (37) we will get

/ () |v(x, 7)[*¢ (= dx+2// > (aa(@,t,0u1) — ag(x,t,0up)) D*v( dadt

Qg |a|EM
// Z !aa x,t,0ur) — aq(z,t, dus) ! CCdxdt
|a|€M0
—l—el// > | far = fas|” Cd:cdtJral// > D¢ dadt
|a|€M0 |CY‘€M0
+C5(e; //W > ¢ Qld:cdt
1€ Mo
+2// > fan = fa2l D*[¢* d:cdt+/ Yo (x) — uga(x)| ¢ () da, (38)
|aleM

where £; > 0 is an arbitrary number, C5(¢1) > 0 is a constant which doesn’t depend on R.
Let us evaluate the terms of the inequality (38). Using the condition (A4) and taking
into account that v := u; — uq, we get

// Z ao (T, t,0ur) — aq(z,t, 5u2)) (D Uy — Do‘ug)gsd:vdt >

|ojeM
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/ K1 |Dv|* + Ks|v]? + Kg\v|p<x>] Cddt. (39)
|a|€Mo
Using the condition (Ag), we obtain
// Z !aa x,t,0uy) — aq(x,t, dus) ! Cdxdt <
|a|€M0
Y / / (B0 Y 1D + BuloP ) ¢*dr. (40)
|a‘€M0
Further we use Young inequality
(41)

jab| < ela|” + &1 b7,

where a,b € R, e > 0,7 > 19 = . Note that since ¢ 71 = (5_1)ﬁ for v > 1, the

function (1,4+00) 3 v — ¢ ~T s descendmg if0<e<l
By applying inequality (41) with v = 2, we get

// 3" far = fa2llD™|C0 da:dt<//|f01 Frallel¢odudt+

laleM
// > D] Csd:vdt—l-—// Z | ot = fa2?¢Cdadt, (42)
|a|€M0 | ‘GMO
where €5 > 0 is an arbitrary number.
Let (z,t) € Qg be any point such that v(z,t), p(x) are defined and p~ < p(z) < p™.
> 72 — o) p(z)

Let us put in inequality (41) a = |v(z, ¢)[2¢7 (z), b = (7 *(z), v = 57 = s
e=-¢e3€(0,1),7 € My. As a result, we get the following inequahty
(a) 42, ¢RI (@) <

2 2ip(x)

< e3fu(@, PO (@) + 25 7O ()

for almost every (x,t) € Qg. Let us integrate it, assuming that s >

_ 2 ip(x
()dedt+e, " / / ¢ () dadt, (43)
<

[o(a, ¢ () < eslo(x, "¢

27(”]” @) for of almost all

(x,t) € Qg. As a result, we get

[[ vt npes@asar < o, [[ w0
Qr Qn

where €3 € (0,1), 7 € My, s > 2mp2
Let q € (2,p7]. It is obvious that L, (Qr) C L¢(Qr). Similarly to the previous one, we

//]vxt 2052 da:dt<54//|va:t 9¢° (2)dadt + ¢4 2//Cs x)dxdt, (44)

where g4 > 0 is arbitrary, i € My, s > 2mq/(q — 2).
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We will also use the following estimate based on (41):
/ | fou(@,t) = foalz, )][v(@, 1)|¢° (@) dwdt < 65/ o, )¢ (@) dadt+
QR QR
tes” / / | f2 (s t) = fo(a, )¢ (@) dadt, (45)
Qf
where €5 € (0,1) is an arbitrary constant.

From (38) on the basis of (39)—(43), (45) for sufficiently small values of €1, ..., €5, we
obtain

/b(x)|v(m,7)|2§5dm+//[K1 Z |Dv(x,t)|* + (2K — o)|v(z, t) >+
Qk

Qg |al€ Mo
+mwwﬁmﬂ¢@mmug%}://Gﬁﬂ%@mﬁ+
i€ Mo Qr
+Cy //( Z | fon(z,t) — fw(:c,wt)\2 + | for (2, t) = foala, t)| “”)gS(x)dxdtJr
QR ‘Oé|€M0
+ [ o) (2) = woala) P (46)
Qr
where s > ?;f‘f ; is an arbitrary constant; Cg, C; are positive constants depending only on

p,pT, m,n, By, By, K1, Ky, K3,5; 0=0,if B, =0, and 0 = Ks, if B, > 0, and therefore,
based on our assumption, Ky > 0.
Note that

2mp~ - 2mp(z) S 2ip(x) 2ip™T - 2p™

pm =2 ple) =2 pla)-2 " pt -2 pt -2
for almost every (z,t) € Q, i € M. It is easy to see that 0 < ((z) < R when x € R" and
((xz) > R— Ro when |z| < Ry. Considering what we mentioned above and, in particular, the
fact that 0 < 2Ry < R < R,,R > 1, we get the following from (46)

wax [ b Par+ [[[5030 ID0f + % = o)l 0P+

t€[0,T]

QRO QRO Ial GMO

p+
+ Ko (, t)|p(f)} drdt < CyR" 734

+Co //( > |faala,t) — far(@ )" + | fo, (x,t) — fa,g(x,t)\p/(r))d:cdtjt
Qr

|| € Mo
+ / b(@)|uo () — uga ()| dr, (47)

where Cg, Cy are positive constants depending only on p~, p™, m,n, K, Ky, K3, B and B,.
From (47) we easily obtain the inequality (33) with ¢ = p*. Note that we have assumed
until now that K, > 0.
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Let Ky > 0. Take any ¢ € (2, p~|. Directly make sure that for an arbitrary point (z,t) € Q
such that v(z,t) and p(z) are defined and p~ < p(z) < p*, the next inequality is correct

Kslo(z,)” + Kslo(z, )" > Kalo(z, )|, (48)
where K4 = min{ K5, K3}. From (38) based on (39)-(42), (44), (45) and (48) and reasoning
similarly to the above, we will get (33) with g € (2,p7]. O

Corollary 1. Let R. > 1, (aa) € Ay, (fa) € Fpioe(Q), uo € Looe(). Suppose that the
function w € Up)c(Q)) satisfies the initial condition w(x,0) = uo(z), © € Qo N Qp,, and
integral equality

/ / —bwipg' + > aa(x,t,0w) Daw dycdt / / > faDYpdadt (49)

Qr. |laleM |laleM

for any ¢ € Hm(QR )N Lyy(QR,), v € CLO,T).
Then the inequality, that differs from the inequality (8) only in w instead of u, holds for
any numbers Ry,R such that R > 1,0 < 2Ry < R < R,.

3. Proof of main result.

Proof of Theorem 1. Let k be any natural number. Let u; be a function from the space

H™ Q1) N Lyoy(Qw) N C([0,T]; Ly(b;€%)), which satisfies the initial condition
u(z,0) = ug(x), x € Qo N Q, and the integral equality

/ / —bugpg’ + Z ao(z, t, Suy) Daw d:zcdt / / > faDYpdadt (50)

|oleM lajeM

for any 1) € H" () N Lypy (), ¢ € CL(0,T).

The proof of the ex1stence of the function uy is based on the Faedo-Galerkin method. The
uniqueness of this function is easy to prove by considering Remark 2 and using the condition
(A4). We will extend the function u;, to @ by zero for each k € N, and keep the same
notation wuy to this extension. Let us show that the sequence {uy}72, contains a subsequence
that converges to the weak solution of the problem (3)—(5).

Let k and [ be arbitrary natural numbers such that 1 < k£ < [, and Ry, R be any real
numbers such that 0 < 2Ry < R < k—1, R > 1. Suppose that ¢ be a real number that
satisfies the corresponding conditions from the statement of the Theorem 1 and the condition
n—2q/(q—2)<0.

Let € > 0 be any however small number. Let us fix an arbitrarily chosen value Ry > 0
and choose the value R > max{1;2R,} to be so large that

CLR"2/072) < ¢, (51)

where ¢, C; are the constants from formulation of Theorem 1 and the condition n —2q/(q —
2) < 0 holds (clearly that Cy does not depend on R, and R). Based on Lemma 2, with
R, = R+ 1, for any natural numbers £ > R+ 1 and [ > k we get

wivs [ b uele 1) — (e, o) + // 3 D% unet) - Due )+

t€[0,T
QRO |O£|EMO

+lug(z, t) — wlz, t)[P ”} drdt < CyR"~24/(a4=2) (52)
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From (51), (52) it follows that the left side of the inequality (52) is smaller than e. This means
that {u ‘QR }Zo_l is a Cauchy sequence in H™°(Qg,)N Ly, (Qr,)NC([0,T7; La(b; Qg,)). Since
oS k=

Ry > 0 is an arbitrary number, it yields the existence of a function u € Up, ¢ (@) such that

U — U n p 10(;(@) (53)

k—o0

Now note that, based on the condition (Ajz), we have

// Z |aa (2, t,6ur) — an(z,t,6u } dadt <

QRrg |a|€Mo
g(N—l// B1 Z\Dﬂuk—u] +BQyuk—u\}dxdt Ry > 0. (54)
Qry |Bl€e Mo

Since Ry is arbitrary, it follows from (53) and (54) that

aa(o,o,5uk(o,<>))k—>aa(o,<>,5u(o,<>)) in Lye(Q), |af € M. (55)
—00

Now we will show that there exists a subsequence {ukj}ji of the sequence {uk}:o:l such

that

1
aa(o,o,6ukj(o,<>))J;>Oa6(o,<>,5u(o,<>)) weakly in Ly () 10c(Q)- (56)

Let Ry > 0 be any number. From Corollary 1 for any k > 2R, (k € N) we have estimate:

trerﬁ% / ‘Uk x,t) ‘ dx +// |€ZM ’Dauk x,t) ‘ + |ug(x t)\P ]d:cdt < Co(Ry), (57)
QRO @ 0

where C1o(Rp) > 0 is a constant that does not depend on k.
Based on the condition (Az) and inequality (20), taking into account (57), we have

/ }aﬁ(x,t,(5uk(x,t))|p/($)dxdtg

QR
//‘h z,t)( Z | D%y, )| 7Y@ g (z, 1) [P )+ g5z, t) ‘p Jdzdt <
QRO |a\€M0
- (x)
< [ Wlrate 0P + )5 (2 10"l O + st P+
QRO ‘CX'EM{)
+gg(, 1)) dadt < C1y(Ro), (58)

where C1(Ry) > 0 is a constant that does not depend on k, but may depend on Ry.
On the basis of (53), (58) and the condition (A;), taking into account the reflexivity of
the space Ly (.(Qr,), we can conclude that there exist a subsequence {uk } of a sequence

{uk}:ozl and functlon Xo € Ly (-),10c<Q) such that

ukjjjou, aa(o,oﬁuk].(o,o,))j:z aa(o,o,5u(o,<>,)) almost everywhere on @, (59)
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ag (o, , 5ukj(°v<>))J:>OX6(O’<>) weakly in Ly () 10c(Q). (60)
From (59) and (60) (see [17]) we obtain
Xg(0,0) = ag(o, 0, du(o,0)). (61)

Let ¢ € H'(2) N Ly)(2). For every j > jo, where j, € N is such that suppy) C O, » given
the definition of wy;, we have

/ / buk Yo'+ ) aa(w,t, duy,) D W dxdt / / > faD*odadt. (62)

lajeM laleM

Consider in (62) the limit as 7 — +o00, taking into account (53), (55), (60), (61). As a result,
we get (7) for a given function . Since v is an arbitrary function, we have proved that u is
a weak solution of the problem (3)—(5).

Let us prove the uniqueness of the weak solution of the researched problem. Assume the
contrary. Let uy, us be (different) weak solutions of the problem (3)—(5). Lemma 2 (R, is an
arbitrary number) yields

/ |u1(x,t) — u2(x7 t)}p(x)dxdt < Oan—zq/(q—m7 (63)
Qr,

where Ry, R are arbitrary constants such that 0 < 2Ry < R, R > 1, and ¢ > 0 is such that
n —2q/(q — 2) < 0 (the constant C; > 0 does not depend on Ry and R). Fix Ry > 0 and
consider the limit of (63) as R — 400. As a result, we get that u; = us almost everywhere
on Qr,. Since Ry > 0 is an arbitrary number, we have that u; = uy almost everywhere on Q).
Thus, we have proved the correctness of the problem (3)—(5). O

Conclusions. We have considered one class of higher orders anisotropic elliptic-parabolic
equations, defined in unbounded domains with respect to the spacial variables and such
that initial-boundary problem for them are uniquely solvable without any restrictions on the
behavior of the solution and the growth of the input data at infinity. The studied equations
have variable exponents of nonlinearity and, accordingly, their solutions are taken from the
generalized Lebesgue and Sobolev spaces. In our opinion, the class of equations studied here
can be extended while preserving its basic properties.
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