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The problem of optimal control of the system described by the oblique derivative problem for
the elliptic equation of the second order is studied. Cases of internal and boundary management
are considered. The quality criterion is given by the sum of volume and surface integrals. The
coeflicients of the equation and the boundary condition allow power singularities of arbitrary
order in any variables at some set of points. Solutions of auxiliary problems with smooth coeffi-
cients are studied to solve the given problem. Using a priori estimates, inequalities are establi-
shed for solving problems and their derivatives in special Holder spaces. Using the theorems of
Archel and Riess, a convergent sequence is distinguished from a compact sequence of solutions
to auxiliary problems, the limiting value of which will be the solution to the given problem.

The necessary and sufficient conditions for the existence of the optimal solution of the
system described by the boundary value problem for the elliptic equation with degeneracy
have been established.

Introduction. The theory of optimal control of systems, which is described by partial di-
fferential equations, is rich in results and is actively developing nowadays. The popularity
of this kind of research is connected with its active use in solving problems of natural sci-
ence, in particular hydro and gas dynamics, heat physics, diffusion, and theory of biological
populations.

The basics of the theory of optimal control of deterministic systems described by equati-
ons with partial derivatives were systematically described for the first time in the mono-
graph [1]. A papers [2-5] are devoted to the problems of choosing the optimal control of
systems described by parabolic boundary value problems with limited internal, starting and
boundary control. Problems for high-order degenerate elliptic equations in a half-space are
studied in the paper [10]. Under consideration are the questions of the numerical solution by
the finite element method (FEM) of the first boundary value problem for an elliptic equation
with degeneration on a part of the boundary in [11]. In the paper [12] a class of degenerate
elliptic equations with arbitrary power degeneration are considered. The paper [13] shows the
unique solvability of the classical Dirichlet problem in cylindrical domain for threedimensi-
onal elliptic equations with degeneration of type and order. In [14] the Dirichlet problem for
a class of degenerate anisotropic elliptic second-order equations is considered.

This paper considers a boundary value problem with an oblique derivative for an elliptic
equation with power singularities of arbitrary order in the coefficients of the equation and
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the boundary condition for any variables on some set of points. With the help of a priori
estimates and the principle of the maximum, the existence of the unique solution to the
given problem was proved and the estimates of its derivatives in Holder spaces with power-
law weight were established. The obtained result was used to establish the necessary and
sufficient conditions for the existence of optimal control of the system, which is described
by a boundary value problem with internal and boundary control. The quality criteria are
given by the sum of volume and surface integrals.

Problem formulation and main limitations. Let D a bounded domain in R"™ with a
boundary 0D, dim D = n, Q be some bounded domain, @ C D, dimQ < n — 1.

Consider in the domain D the task of finding functions (u(z, ¢1(x), g2(z)); ¢1(x); g2(x))
on which the functional

I(q1, q2) :/Fl(ﬂ?;U(wa%(@a%(@)?%(@)dzf‘i‘

D

+ / o ule, (2, ¢a(2)); g2 () do'S (1)

reaches the minimum in the function class ¢ € V = {q|lg € C*(D), g2 € C***(D), vn1(x) <
q1(x) < via(t, ), var(t, ) < go(x) < voa(x)} of which u(z, ¢1(x), g2(x)) satisfies at = € D\
the equation with a parameter A

(> At a@asz 0u + Ao() = Nl i (2), oe)) = S, r(@), (2)

i,7=1

and on the border of the domain dD boundary condition

lim [ZBk 0w+ Bo(@)u = ¢l ax())] = 0. (3)

r—2z€0D

The order of peculiarities of the coefficients of the equation (2) and boundary condition
(3) at the point P(t,z) € D\Q will characterize the functions s(a,): s(a,z) = p®(z) at
p(x) <1, s(a,x) =1at p(xr) > 1, a € (—o0,0), p(x) = iné]x —z|.
ze
Denote by v, 1, Bi, pi, i € {1,2,...,n}, po, dp real numbers, §; € (—o00, 00), p; > 0, o > 0,
1>0,00 > 0,7 >0, let [[] be the integer part of [, {I} = [—[l], P,(2V), H,(x®) arbitrary poi-
nts of the domain D, () = (:cgl), . ,xf}), o 71;7(11))’ z? = (xgl) . ,xf,l)l, 22 ), 7(21, . ,xg)),

/6 (/817 R Bn)
We define the functional space in which we study problem (1)—(3).

CY(v; B; a; D) denotes the set of functlons u : x € D, having continuous partial derivatives
in the domain D \ Q of the form 0¥, |k| < [/], and a finite value of the norm

;v By a; DIl = > llu; v By a5 Dl + (w5 %; B; a; D)y,
K<)
where, e.g., ||u;v; 3;0; D|lo = sup{|u(P)|: Pe D} = ||u; D)o,
(u;; ;a3 D)y = Z [Z sup _sfa+ [l Ds({i}r - ), 7)x

n

x|l = 2@~ 0ku(Py) — Oku(H,)| T (ki )]

=1
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~ (1) 2) k _ gk n _
) - ) ) ) ) Yt ) — M n-
(a,7) = min(s(a,z""), s(a,2'”)), 0; = 0;! Om k| =k ++ k

Assume that the initial problems (1)—(3) satisfy the following conditions:
a) for the arbitrary vector £ = (&1, ...,&,) the following inequality holds

mIEP <Y Ayt 2)s(Bi, 0)s(8, 2)6i85 < mal€]?,
ij=1
where 7y, m are fixed positive constants and s(8;,z)s(8;,x)A;;(x) € C%v;B;0;D),
Bi € (—00,00), s(pi; ¥) Ai(x) € C(y; B;0; D), pi = 0, (o, ) Ao(x) € C%(v; 5;0; D), po > 0,
Ap(z) <A, 0 <\ < oo

b) By(z)s(Bk, ) € CF(v; ;0; D), Bo(x)s(do, ) € C(y;8;0; D), do > 0, Bo(z)|ap >
0, Vector b = {s(B1,2)Bi(x),...,5(8n, 2)B,(x)} forms with the direction of the external
normal 7 to &D at the point P( ) € 0D the angle less than §, 0D € C***, a € (0,1);

&) flr, (@) = Flz) € Co(x; B io; D), ¢(w,qa(x) = B(x) € Ca(3;8:00; D), 7
max{mzax B, m?x(m — i), 00, 5 };

d) functions Fi(x; u; q1), f(z, q1), Fa(x; u; q2), o(x, g2) have derivatives of the second order
with respect to the variables (u; q1; ¢2), which belong as functions of variables z to the spaces
C*(D), C**(dD), v1; € C(D), 112 € CD), vo1 € CT(D), 19e € C™*(D), respectively.

The following theorem is valid.

Theorem 1. Let the conditions a)—c) be fulfilled for the problem (2), (3). Then there is a
unique solution to the problem (2), (3) from space C***(v; 8;0; D) and the inequality holds

llw; 5 8505 D|oga < (|| f; 7 Bs 103 Dlla + 12375 B5 005 Dl|14a)- (4)

To prove Theorem 1, we first establish the correct solvability of boundary value problems
with smooth coefficients. From the set of obtained solutions, we select a convergent sequence,
the limiting value of which will be the solution of problem (2), (3).

Estimation of solutions of boundary value problems with smooth coefficients. Let
D, =Dn{x € D|s(l,z) >m '}, m > 1, be a sequence of domains that, for m — oo
converges to D. In the domain D we consider the problem of finding the function w,,(z),
that satisfies the equation

[Zam )0, s, +Zal )0y, + ao(w) — A}um(x):fm@,ql(x)), (5)

7,7=1
and on the boundary of the domain 9D the boundary condition

lim [Zbk )Ortn -+ bo (@)t = P, 02(a) ] = 0. (6)

r—2z€0D

Here, the coefficients a;;, a;, ag, bg, bp, and functions f,,, ¢, in the domains D,,, coinci-
de with A;;, A;, Ao, By, Bo, f, ¢ respectively, and in the domains D\D,, are continuous
extensions of the coefficients A;;, A;, Ay, By, By and functions f, ¢ from the domain D,,
into the domain D\ D,,, while maintaining smoothness and normality [6, p. 82].

Denote by H'(vy;3;a; D) the set of functions of the space C'(D) with the norm
|t v; B; a; D||; equivalent for each m Holder norm, which is defined in the same way as
|w;~v; B; a; D||;, only instead of the function s(a,x) we take d(a,z) = min(s(a,z),m™) at
a < 0.

For the norm ||u,;7; 8; a; D||; correct interpolation inequalities.



OPTIMAL CONTROL IN BOUNDARY VALUE PROBLEM 79

Lemma 1. Let u,, € H***(v; 3;0; D). Then for arbitrary e, 0 < € < 1, there is a constant
c(e), that the inequalities

tm; v; B; 0; D2 < e (um; v; 85 0; D)ata + (€)|[tm; Do,
C
|1wm; v; 85 0; D1 < €lltm;; B;0; D2 + gllum; Dlfo (7)

hold.

Inequality (7) is obtained by the lemma proof scheme [7]. When conditions a)—c) are
satisfied there is the unique solution to the problem (5), (6) in space H*™*(~; 3;0; D), ([8],
Theorem 2.20, p. 233). Let’s estimate the norm ||u,,;v; 8;0; D||2+a-

The theorem is correct.

Theorem 2. If the conditions a)—c) are satisfied, then for a solution of the problem (5), (6)
we have

[tm; 7; B3 0; Dllasa < (| fins7: 8527 Dlla + l9m; v; 857 Dlliva + lum; Dllo), — (8)
where the constant ¢ does not depend on m.

Proof. Using the definition of the norm and inequality (7), we have
[t 73 85 0; Dl 240 < (14 %) (tm; 7: 85 0; D)2+ (€) [1ttm; Dllo,

where ¢ is an arbitrary real number from (0,1). Therefore, it is enough to estimate the
seminorm (u,;7y; 3;0; D)ayqo. The definition of the half norm implies the existence points
Py (W) and H,(x®) in D, for which the inequality is correct

1
§Hum;7;ﬁ;0;DHz+a < E(um), 9)

Blun) = > | S 2y #)d(aly = 8,), Dlal) — 2l
|k|=2 r=1

n

X0ty (Pr) — Oy (Hy )| T d(—EiBs: af)} .

=1

If ]az(«l) - xg)\ > %d(fy — By, @) = N, &1 is an arbitrary real number, € € (0, 1), then
E(um) < 2e7 % [tm; v; B 0; Dll2.

Using interpolation inequalities (7), we find
E(up) < e¥(Um;7; B 05 D)ata + (&) [tm; Dllo- (10)

Let [z — 2P| < N. We will assume that d(v, %) = d(v, 2V). Let |z, —&,| < 2N, € € 8D
abo |x — &| < 2Nn. Consider a ball K(a, P) of radius a, a > 4Nn, containing points P;, H,
centered at some point P € dD. Using the boundary smoothness of 9D, one can straighten
0D N K(a, P) using a mutually unique transformation = = ¢ (y) |6, p. 155], suth that the
domain II = D N K (a, P) passes into the domain II;, for which y, > 0.

Let us put u,(z) = v,(y). Let us assume that P, H,, E, d(y,2") pass during this
transformation into Ry, M,, By, di(y,y™M).
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Let us denote the coefficients of the equation (5) and boundary conditions (6) in the
domain IT; by r;(y), 7:(y), ro(y), l(y), lo(y). Then v, will be the solution to the problem

[z”: 745 (R1)0y,0,, — )\} um(y) = 2": [rij(Rl) — rij(y)} Oy, Oy, U — Zn: 1i(t, y) Oy Uy —

—ro(y)vm + fm(¥(y), a1 (¥(y))) = Fn(y), (11)
Zlk(Rl)aykvm|yn:0 = (Z le(R1) = Uo(y)] 0y, vm—

=Gn (y)

yn=0

~lo(y)vm + Pm((y), a2(0(1))) (12)

yn=0

In the problem (11), (12) let us make a replacement vy, (y) = wm(2), 2z = di(Bi, y™)ys,
i € {1l,...,n}. Then the function W,,(z) = n(z)w(z) will be the solution to the problem

[Z ri;(R1)dy (B, y™M)da (85, yM)0,0., — /\} W, —=

ij=1
- Z rij(Rl)dl (6’&7 y(1)>d1 (6]7 y(l)) [aziwmazj‘n + 8Z]wmazln]+
ij=1
twm > i (Ra)di (B, y™M)di (85, y)0:,0.m + nFn(2) = F(2), (13)
ij=1
> (R dy (B, y™M) 02 Wi 20 = [Zlk(Rl)d1(5k7y(1))Wm8zm+
k=1 k=1
#1Gn(3)|sn0 = G (=) 200, (14)
where 2= (di (81,5 M)z, dy (B yD)z), 2 = di(Biy M)y,

() = {1 ze Hl/;,0<n( ) <1,
TN 0z ¢ B 1080] < cdi (k).
D= {z: ]2 — z§1)| <4ontdi(v,y"), i€ {1,...,n}}.
Coefficients of the equation (13) and boundary conditions (14) limited to constants, do
not dependent on R;(y!)). Therefore, using Theorem 7.3 from [9, p. 77|, for arbitrary points

Si(W) e H1(12, Sy(£@)) € Hl(/2 we have
60 — €O12102un(S1) — P2em ()] < cED g+
3/4
1
+||G£?}L)HCH"‘(Hé}Lﬂ(zn:O)) + ||wn§ Hé/i”) (15>
Using the properties of the function 7(z), inequalities (7), we obtain
HES ] o my < edi (2 + )7, D) (lwm; 71 0 0; Hy |z + llwm: Hi llo+

(1)
H|Fmi 75 0:27; Hij o), (16)
||G%)||cl+a(H§}lm(zn:0)) < Cldfl(@ + )7y, y(l))x
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(lewms 7> 0 0; Hy ylla + llwmi Hyjillo + [1Gims ¥, 0575 Hy) [l 4a)- (17)
From the definition of the space H?T*(v, 8;0; D) we deduce
callwmi ¥, 0 0; H 410 < et ¥, B3 05 Tagalle < cslleoms v, 0505 H{J) I,

Ty = {z € 1L |z; — 2V | < 46n~d(y — B;,zW), i e {1,...,n}}.
Let us substitute (16), (17) in (15) and let us return to the variable x. We get

E(um) < c(|Fn; v, 8527 Ty jalla + |G v, B3 7; Tsjall 140+
F [t v, B3 05 T pall2 + [[tem; Tsall0), (18)

To find norms ||F; 7, 8527 Ts/4llas [|Gmivs 873 Ts/4ll14a it is sufficient to evaluate the
seminorms of each term of the expressions F,, G,,. Using inequalities (7), we obtain

| s s B 29 Tsjalla < calll fn; 7, B3 27 Tajalla + [t Tsyallo)+

+52|’“m5%550;T3/4H2+a (19)
G 7, B 73 Tayalliva < cslloms v, 857 Tsyalliva + |tm; Tsyallo)+
+esllum; s 85 0; Tajall2ta (20)

Substituting (19), (20) in (18) we find

E(um) < cs(||fmi 7, 8527 Tapalla + l0mi 7, B 75 Tayalliva + |[tm; Ts/4llo)+
Fealltm: v, B85 0; T3/4] 240 (21)

Consider the case |z,—&,| > 2N or |t —&| > 2Nn, £ € 0D. Let Té(l) ={z € DH:cl-—xgl)\ <
46N'}. In the problem (5), (6) let us make the replacement u,,(z) = V,,(t), t; = d(B;, v™M)x;,
i € {1,...,n}. Then the function Wi (t) = Vin(t)mi(t) will be the solution of the problem

n

> ay(P)d(B, zM)d(;, 210y, 0, WY — AW =

ij=1
= Z a;;(P)d(5;, 37(1))d(5j> $(1))[ativmatj771 + atj Vi Orm |+
ij=1
+Vin Z aij(Pr)d(B;, w(l))d(ﬁju SC(I))@@Q% + 771F7(nQ) (%v) = Frg)(t>7 (22)
ij=1

> be(P)d(Br, #D) 0, WD |op = [Zbk<P1)d<6k,x<”>vmatkm+
k=1 k=1

+m G2 D |lop = G (1) oo, (23)

where

n

FP(x) = [ai(P1) — aij(2))0n,0r, tim — Zaz’(ﬂf)axium — ao(T)um + fin(2, 1 (),

ij=1
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n

G (@) =D [be(Pr) = 0u(2)] 0, ttm — bo (@)t + (2, 12(2)),

ij=1
=" f6H5270<m<><1
mit) =
0, & Hy),|0km| < cxd ™ (|k]y,zD),
2):{15-"— : |§4(5n 1d(’y,x( )7i€{1,--.,n}},

= (A By, ey, . d (B, 2Ot), Y = d(B;, 2V,

The coefficients of equation (22) and boundary condition (23) bounded by constants,
independent of P;(z")). Therefore, using Theorem 7.3 from [9 p. 77] and evaluations (7.8)

from [9, p. 77|, for arbitrary points S;(7(")) and Sy(7?)) € H® the inequality is valid

1/2
[0 = O3V (7 D) = V(1) < el FD (@) g+
2
HIGD gy + [Vons Hyfollo).

Given the properties of the function (), definition of the space H?™®(v;;a; D) and
repeating the reasoning in obtaining the inequality (21), we find

1 1 1
E(um) < ([l fmi 7, B: 27 Tyl + loms . 857 Ty jll v + [l1ams T2 llo) +
1
+55Hum77767 OaTg(/z);H2+o¢ (24)

Considering inequalities (9), (10), (21), (24) and choosing €, €4, €5 small enough, we get
an estimate (8). O

Let us find the estimate of the norm ||w,,; D||o.

Theorem 3. If u,, is a classical solution of the problem (5), (6) in the domain D and the
conditions a)—c) are satisfied, then for u,,(x) we have

13 Dllo < max{]| fin(ao — A) ™% Dllo, Ibg " ems Dllo}- (25)

Correctness of estimates (25) is established by analyzing all possible locations of the
positive maximum and negative minimum of the function w,,(x).

Proof of Theorem 1. Since

| fns ¥ B 27; Dlla < || f:7; 85 10 Dllas  [0m: 75 857 Dll14a < cll;v; B:00; D144,

using estimates (8), (25), we obtain
[m; ;85 05 Dllaa < c(I1f;7: B85 03 Dlla + 119373 B; 003 Dll14a)- (26)

The right-hand side of the inequality (26) does not depend on m, and sequences {Wéf )} =
{d(|k|y; ) TT, d(—kiBi, 2)| 05w ()|}, |k| < 2 uniformly bounded and uniformly continuous.
According to Arcel s theorem, there are subsequences {Wr(,f&)}, uniformly convergent to W *)
at m(j) — oo. Passing to the limit of m(j) — oo in problems (5), (6), we obtain that
u = W© is the only solution of the problem (2), (3), u € C?***(v;;0; D) and correct
estimation (4). O



OPTIMAL CONTROL IN BOUNDARY VALUE PROBLEM 83

The problem of optimal control. For the solvability of the problem (1)—(3) construct
a sequence of problem solutions, the limit value of which will be the solution of the prob-
lem (1)—(3).

Consider in the domain D the problem of finding functions (u,(x, ¢ (x),g()); ¢1(x);
¢2(x)), on which the functional

g a) = / P (2 (2, 01(2), 42(2)): 1 (&) dr

D

+ / P (2, 41 (%), 42(2)); g2(2)) S (27)

reaches the minimum value in the function class ¢ € V, where u,(x,¢1(z), ¢2(z)) satisfies
equation (5) and the boundary condition (6).
We assume that conditions a)-d) are fulfilled, when performing which for any ¢ € V' there
is a unique solution to the problem (5), (6) from the space C?T(v; 3;0; D) satisfying (4).
Denote by (G%) (x,8), G (x,€)) from [8, p. 234] the Green’s function of the problem (5),

(6).

OF; (5 um; OF (3 U
ng = [PRE B G i+ | %Gw(mm,
D oD
OF1(; Upy; OF5(; U
() = [ B G g 4 [ AU B g gy,
D oD

Hi (& Um, M, qr)
Hz(f; Upn, A2, (12)

AM(6) fn(€5 q1(E)) + Fr(&; um, qu),
A(§)em (€, 2(§)) + F2(&; ums g2),

¢V = (qgo),qé )) is an optimal management, um(x,qﬁo),qéo)) is an optimal solution of the
problem (5), (6), (27).

The theorem is valid.

Theorem 4. Let the conditions a)-d) be fulfilled. Then
1) If Oy Hy(&; U, Mis i) > 0, k € {1,2}, then ¢© = (v1,(2), v21(2)) is an optimal control;
2) If Oy Hy(& tm, Mis ) < 0, k € {1,2}, then ¢ = (v12(z), vop(w)) is an optimal control;

3) If Oy, H1(&; U, A1y q1) > 0, Oy Ha (&5 U, A2; q2) < 0, then q(o) = (vi1(w), vo2(x)) optimal
control;

4) If aqul(&Um,)\l;%) < 0, 5q2H2(§;Um>)\2;Q2) > 0, then q(o) = (V12($),V21(1')) IS an
optimal control.

Proof. Consider case 1). Let Ag = (Aq1, Ag2) be an arbitrary increase of management ¢ =
(q1,q2)- By Auyy, = A gyt + Ay, u we denote the increase of the function u,, (z, ¢1(x), g2(x)).
Then A, u,, in the domain D be the solutions of the corresponding boundary value problems

|: Z CL” ax,a:rj + Z az axl + CLO ) A Aqkum = 6k1 Alh fm(l', qQ (l’)),

i,0=1
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lim [Zb ), A\ gt + Do )Aqkum] = 0k D om (T, g2()), (28)

r—2z€0D

where §; ; is the Kronecker symbol, k£ € {1, 2}.
According to Theorem 2.20 from |8, p. 233| there is the Green’s function of the problem
(28) and increases A, u,, are represented by the formulas

Aqlum_/G%)(maf)Amfm(’f;%(f))dfaquum_/Gg)(maf)qugpm(f;%(f))dfs' (29)
D oD

Let us consider the increase of functional

A1, ¢2) = Do I(q1,q2) + Do I (1, o) (30)

We use Taylor’s formula, then

OF OF
Aq,J:/ {a A gt + O(| A gt )+5k1<8_1Aq1+0(\Aq1! ))}dw+
D
OF, OF
+/ [aUQAQk“m+O(|Aqk“m| H‘”@(a 500+ 0(100)) | d.5. (31)
oD

Substituting (29), (31) in (30) and, while changing the order of integration, we find

AI(q1,q2) = /[aqul(f;Um; A ) Aq + O(|Aq )] da+
D

[ 00 (6 i i )50+ O L5
oD

If g = vi(z) and 0, Hy > 0, then for sufficiently small Ag; we have Al(g,q2) > 0,
ke {1,2}.

Let ¢\ is optimal management, that is AT > 0. Let us check the fulfillment of condition
1) of Theorem 4. If 9, Hy, 0,,H> are sign variables, that is 9, H; > 0 on D*, 9,,H> > 0 on
I''T € 9D and 9,,H; < 0on D\ Dt, 9,,Hs < 0 on 0D \ T, then using the mean value
theorem, we have

NI(q1,q2) = 0y Hy(xF5 0, AT, f)/Aqldx—

‘athHl(x aumaAm7q1 / AC]1d$+aq2H2( ; :7_17)\+ /AQQd-r_
D\D+

|aqu2(CC 7um7 m7q2 / Aqu S+/O ‘A(h d:C—I—/O |AQZ
OD\T'

With Agy small enough sign AT is determined by the first four terms of the sum. The
difference of the first two terms changes sign AI depending on the values mes DV, mesT,
Aqp. At rather small values mes D™, mesT" and Ag, > 0 we have AT < 0 and vice versa
AT > 0, if the values are small mes(D \ D), mes(0D \ I') and Ag, > 0. So, functional
I(q1,q2) does not reach the minimum.

Finding the optimal control ¢(® in other cases, which depend on the sign of the values
Og, H, is proved similarly. O
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Let the conditions of Theorem 4 not be fulfilled. Then the following theorem is correct.

Theorem 5. Let the conditions a)-d) be fulfilled. In order for the control ¢*) = (q§°), qéo))
to be optimal, it is necessary and sufficient that the conditions are fulfilled:

. ‘ . . .0 ..
1) functions Hy(&; U, Ak, @) In arguments g, have in the point g, ’ minimum values, k €

{1,2};

2) for an arbitrary vector (e,(:), e,(f)) # 0 the inequality holds
05ka(x; U qk)(eggl))2 + 20, O, Fre (25 Uy qk)e,(:)e,(f) + 83ka(x; U qk)(e,(f))2 > 0.

The proof of the Theorem 5 is conducted using the methodology of work [4]. Passing to
the limit in the problem (5), (6), (27) as m(j) — oo we obtain the optimal solution of the
problem (1)-(3).
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