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SUuNG GUEN KiMm

REMARKS ON THE NORMING SETS OF £(™[})
AND DESCRIPTION OF THE NORMING SETS OF £(32)

S. G. Kim. Remarks on the norming sets of L(™I}) and description of the norming sets of
L(313), Mat. Stud. 58 (2022), 201-211.

Let n € Nyn > 2. An element x = (x1,...,x,) € E™ is called a norming point of T € L("E)
if [|z1]| = -+ = ||zn|| = 1 and |T'(x)| = ||T||, where L(™E) denotes the space of all continuous
n-linear forms on E. For T' € L("E) we define the norming set of T

Norm(T') = {(331, ceyXp) € E™: (x1,...,2,) IS a norming point of T}.
By @ = (i1,42,...,%m) we denote the multi-index. In this paper we show the following:
(a) Let n,m > 2 and let [} = R™ with the l;-norm. Let T = (ai)1<ik<n e L(™I}) with ||T]| = 1.
Define S = (bi)1<ik<n € L(™) be such that b; = a; if |a;| = 1 and b; = 1 if |a;| < 1.
Let A={1,...,n} x---x{1,...,n} and M = {i € A: |a;| < 1}. Then,
1 1 1 1 2 2 m m
Norm(T) = U(i1,...7im)€M {((tg ),...,tEIlI,O,tglll,..., 7(1)), (t§ ),..., 7(1)),...,(255 ),...,t% ))>,
1 1 2 2 2 2 3 3 m m
(), (2,200t (), @)

o () YY) (0, ) )

(), (7 ) ) € Norm(S) ).

This statement extend the results of [9].
(b) Using the result (a), we describe the norming sets of every T € L(312).

1. Introduction. In 1961 Bishop and Phelps [2| showed that the set of norm attaining
functionals on a Banach space is dense in the dual space. Shortly after, attention was paid to
possible extensions of this result to more general settings, specially bounded linear operators
between Banach spaces. The problem of denseness of norm attaining functions has moved
to other types of mappings like multilinear forms or polynomials. The first result about
norm attaining multilinear forms appeared in a joint work of Aron, Finet and Werner [1],
where they showed that the Radon-Nikodym property is sufficient for the denseness of norm
attaining multilinear forms. Choi and Kim [3] showed that the Radon-Nikodym property is
also sufficient for the denseness of norm attaining polynomials. Jiménez-Sevilla and Payéd [5]
studied the denseness of norm attaining multilinear forms and polynomials on preduals of
Lorentz sequence spaces.

Let n € N;n > 2. We write Sg for the unit sphere of a Banach space E. We denote
by L("FE) the Banach space of all continuous n-linear forms on F endowed with the norm
|T']] = suP,es,x..xs; |1(x)]. L("E) denote the closed subspace of all continuous symmetric
n-linear forms on E. An element (z1,...,x,) € E" is called a norming point of T if ||z|| =
coo=|lan]l =1 and |T'(z1, ..., x,)| = ||T]-
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For T € L("E), we define
Norm(7T) = {:L‘ = (z1,...,x,) € E": x is a norming point of T}.

Norm(T) is called the norming set of T'.

Notice that = (x1,...,2,) € Norm(7T) if and only if (e;xy,...,€e,2,) € Norm(T') for
some €, = +1 (k=1,...,n). Indeed, if x € Norm(T"), then

T (€121, ..., eqxpn)| = |1+ €T (1, ..., x,)| =|T(21,...,2,)| = ||T],

which shows that (e1x1,...,€e,2,) € Norm(T). If (€121, ..., €,2,) € Norm(T) for some ¢, =
+1 (k=1,...,n), then x = (xy,...,2,) = (el(elxl), e en(enztn)) € Norm(T).

The following examples show that Norm(7") = @ or an infinite set.

o0

Examples. (a) Let T((%‘)ieN; (yi)ieN> = Z .

Si%ili € L.(*cy). We claim that Norm(T) =

=1

@. Obviously, ||T'|| = 1. Assume that Norm(7") # @. Let ((xi)ieN, (yi)ieN) € Norm(7).

Then,

1 1
1:‘T(ii ; 7,7,)‘< —|zi| |yi| < —=1,
ien )] < 3 gled Il <3
which shows that |z;| = |y;| = 1 for all ¢ € N. Hence, (2;)ien, (¥i)ien ¢ ¢o. This is a
contradiction. Therefore, Norm(7') = &.

(b) Let T((xi)ieN, (yi)i€N> — 2191 € L4(%¢o). Then,

Norm(7T') = {((:i:l,:z:g,wg, ), (£ Y9, v, - )) €coxco: x| <1, |yl <1forj> 2}.
A mapping P : F — R is a continuous n-homogeneous polynomial if there exists a
continuous n-linear form L on the product £ x --- x E such that P(z) = L(x,...,x) for
every x € E. We denote by P("E) the Banach space of all continuous n-homogeneous
polynomials from F into R endowed with the norm ||P[| = supy, -, [P(z)|.
An element = € E is called a norming point of P € P("E) if ||z|| =1 and |P(z)| = || P]|.

For P € P("E), we define Norm(P) = {x € E : z is a norming point of P}. Norm(P) is

called the norming set of P. Notice that Norm(P) = & or a finite set or an infinite set. Kim
[7] classify Norm(P) for every P € P(?I2), where [2, = R? with the supremum norm.

If Norm(7') # @, T € L("FE) is called a norm attaining n-linear form and if Norm(P) # &,
P € P("E) is called a norm attaining n-homogeneoue polynomial.(See [3])

For more details about the theory of multilinear mappings and polynomials on a Banach
space, we refer to [4].

It seems to be natural and interesting to study about Norm(T) for T € L("E). For
m € N, let I{" := R™ with the the l;-norm and /2, = R? with the supremum norm. Notice
that if £ = [" or [2, and T € L("E), Norm(T) # & since Sg is compact. Kim [6, 8, 10]
classified Norm(T) for every T € L (*1%), L(3I%), L(313) or L,(*13). Kim [11] also classified
Norm(T') for every T € L(*Rj,,), where R} denotes the plane with the hexagonal norm

with weight 0 < w < 1 ||(z,¥) | hw) = max {|y|, |z + (1 — w)|y[} Recently, Kim [9] classified

Norm(T') for every T € L,(313).
In this paper we classify Norm(T') for every T € L(3I?). The main results of this article
extend the results from [9].

2. The norming sets of £("l}"): auxiliary statements.
Lemma A ([10]). Let n,m > 2. Let T' € L(™I}) with
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T((xgl),...,mg)),..., (xgm),...,xnm)» = Z iy oniy, :Ez(ll)xgz)

1<ip<n, 1<k<m
for some a;,..;,, € R. Then ||T|| = max{|a;,..;,,| : 1 < i <n, 1 <k <m}.
By simplicity we denote T' = (ail“'im)1<ik<n L<pen We call ai,..i,, s the coefficients of T
Notice that if |T|| = 1, then |ag,..;, | < 1forall 1 <i <n,1 <k <m.

Lemma B [10]. Let n,m > 2 and T € L(™}) be the same as in Lemma A.
If ((tg”,...,tg”),...,(tgm%...,t,(;n))) € Nom(T) and |ay | < |T|| for 1 < i} < n,
1<k<m, thent'V .. ...+ —o.

Proposition C. Let n,m > 2 and T = (ail...im)
Lemma A with ||T|| = 1. Let d;,...;,,
Norm(T') = Norm(Ty) for Ty := (ail...imcsil...im)

|<in<ni<hem € L(™MI}) be the same as in
=1 1f|a“,m| =1 and 5i1~--im =0 1f|a“,m| < 1. Then,
1<ip <n,1<k<m = E(ml?)

Proof. (C). Let (tM,¢t® .. ttm) € Norm(T), where t®) = (¢ ¢$ . tF) for1 < k < m.
Then

_ )] (m)\| , 1) 4(m) - 41 ,(m)| by Lemma B
1= ’T(t ot )’ _‘ > Ay byt + D ity m
|ai/14.47l,lm|<1 iy i =1
1 m 1 m
S el =] E lagnsg i
|ai1mim\:1 \ai/mi/ |<1
1 m

F Y (i ] = [0,

|ai1“'im|:1
(D). Let (W, ¢® ... t™) € Norm(T;). Write 2% = (mgk), o ,JJT(lk)) for 1 <k <m and
T(zW,. ., 2™) =T5(2W,... 2™) + Z iy, 2 al™,

71 im
\ailmim|<1

Let T € L£(™}) be such that
T_ (:13(1), e ,x(m)) =Ty (m(l), e ,x(m)) — Z @iy iy, Mg,

11 im
|ai1...im|<1

By Lemma A, ||T_|| = 1. It follows that

2 |T(0, ) = |0, ST, ),

\ai1.4.im|<1 "
1> ‘T_(t(l),...,t(m))’ = ‘Tg(t(l),...,t(m)) — Z iy, 1) 1)
|ai1..4im|<1

which implies that
1> ‘Tg(t(l),...,t(m>)‘ +’ > i tgj%..tg:)\ = 1+‘ > i, B -tgjf)’.

|ai1...im|<1 |ai1..<im|<1
Thus, Z Qi ooy, tgll) o -tE:) =0 and so
|ai1...im|<1
T(t(l),...,t(m))‘ - )Tg((tg”,...,tgn),...,(tgm%...,t;m))\ = 1.
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The following shows that we can find Norm(7') for every T € L(™I}") if we have known
Norm(S) for every S = (b € L(™7") such that ||S|| =1 = |b;,...;,,,| for every
1< <n,1<k<m.

I S >

€ L(™}) with ||T|| = 1. Define
S = € L("I7") be such that bll...;n’ . if |aj,...,,| =1 and b;,..;,, =1
if |ag,...q,, | < 1
Let A={1,....n} x---x{1,...,n} and M = {(i1,...,im) € A :|ay..;, | < 1}. Then,

Norm(T) = U {((tﬁ”,..., 0,60 e, (), ...,t§3>),...,(tgm),...,tnm))),

(il ..... )EM

Tyt x>

<(t§”,...,t§}>), (220,87 @), (P, ), ..,t;T”))),

712 1

..,((t?),...,t;)),...,(tgm*),...,t;m*l)),(t§m>,.. 0,8 ) )

<(t§1), . ,tnl)), e (tﬁm), o ,t%m))> € Norm(S)}.

F = U {((tf), R IS I 1) N € B 1) BN (2 LI ,t;m)),

((t§1)7...,t21))7(t§2),'-.,tg)_l,o,tﬁfll,...,tﬁ?),(t§3>,...,tn3>), (. ..,t<m>)),

..,((tg”,...,t;)),...,(tgm-”,...,t;m—l)),(tg’n),... 0,8 t“”))
(A7), (1) ) € Norm($) |-

We will show that Norm(7") = F. Note that ||S]| = 1.
(©): Let (10, ttm) = (1, ), (1™, 1) ) € Norm(T).

Since, by Lemma B, tD g 0,
31

m

W e | L) m)
’S(t Lot )‘_‘ Z o byt
|a,/ ‘<1
1 m
+ Z a“Ll Zm 'Ll o ‘ - ’ ail"'l‘rntgl) U tl(m)‘
|a11 7«m| 1 |a11 1m| 1
Thus,
(1) m)\| _ , (1) (m) 1) (m)
‘S(t ’ ‘ ) ail‘ ’;ntll t + Z iy - th tim
las o I<1 laiy - im | =1
=7, [=1=|s

thus (t™,...,t) € Norm(S) and tM=o0,... or t, = 0 for (i},...,4,) € M. Hence,
(31

tm
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(2). Let (tW,...,tt™) € F. It follows that

_ 1 m)\| — ey (m) 1) (m)| _
L= S0, ) =Y e e ST gt =
|ai,~-i/ |<1 |ai1-~-im|:1
17"""m
— g 1) (m) _ ] — (1) (m)| _
= [smce, ti,1 '--t.:n = 0} = ‘ 5 Qiyooig by ot | =

|ailmim |:1

= )Tg (t(1)7 . ,t(m))‘ — [by Proposition C] _ ‘T(t(l), . 77f(m)) "

which implies that ((tgl), . S)), . (tgm), o ,tq(lm))> € Norm(T). ]

3. Classification of the norming sets of £(*/%). In this section, we fully describe the
norming sets of L(313).

Lemma E. Let (z,y) € Spe. (1) If vt £y| = 1, then |z| = 1 or |y| = 1. (2) Let a,b € R
be such that 0 < |z| < 1,|a| < 1 and |b] < 1. If 1 = |za + yb|, then |a] = |b] = 1 and
sign(zy) = sign(ab).
Proof. (1). Without loss of generality we may assume that |x| > |y|. Hence, |z| — |y| =1 =
|z + [yl [z[ = L,y = 0.

(2). Claim 1. |a| = |b] = 1. Let’s assume the contrary. Then |a| < 1 or || < 1. Notice
that |z| > 0 and |y| > 0. It follows that 1 = |za + yb| < |z||a| + |y||b|] < |z| + |y| = 1, which
is a contradiction. Thus the Claim 1 holds.

Claim 2. sign(xy) = sign(ab). Again assume the contrary. Then sign(zy) = —sign(ab). It

follows that 1 = |xa+yb| = ’x sign(a)+y sign(b)‘ = |sign(y) sign(a)(z sign(a)+y sign(b))‘ =

— lal sign(zy) + [y] sign(ab)| = |lal — Iyl| < max{le], ]yl} < 1, because Jo| < 1,Jy| < 1,
which is a contradiction. Thus the Claim 2 holds. OJ

Let T € L(*%) be of the form

T((M,2), @, 22), (@, 25)) = amnaVeP?2® + agmrVeP 2P + arprVaP el +

+CL212.Z‘§1)I§2)JI§ ) + agzlxgl)l’g)l’g ) + as 1JI§ )xg )I§3) + CL121$§1)$§2)J}5 ) + augmgl)x?)x?)

for some a;j, € R. For simplicity we denote T" = (aijk)i,j,kzl,?
By Lemma A,
IT|| = max {|ai| - 0,7,k =1,2}.

Theorem F. Let T = (azjk) iheta € LEGEZ) for some a, € R € R. Then there exist
aj, € {xai 11,7,k =1,2} such that A1y > Uhee > 0,a%,, > 0,a5, > 0 and

”TH ||( 1]k>zgk 12”

Proof. 1f |agge| > |a111], we consider
1 2 3 1 2 3
Ti((21,24”), (@, 257, (17, 7)) = T((2), 2}"), (25", 217), (237, ).
Notice that ||71] = ||T'||. Hence, we may assume that |ai11| > |agee|. If @117 < 0, we put

1 2 3 1 3
T (2", 23", (2, 2D), (21, 25))) = T((=a{,2i"), (21,2, (2, 2$)).
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Notice that ||T5|| = ||T'||. Hence, we may assume that a1 > 0. If age < 0, we consider
1 2 3 1 1 2 3
Ty((n1”, 25", (217, 27), (o7, 27)) = T (0", =a2"), (2, ), (0, 2)).

Notice that ||75]| = ||7||. Hence, we may assume that agee > 0. Thus we may assume that
a1 = Az 2> 0.
If a190 < 0, we put

1 2 3 NI 2 3
To((w”, ), (o7, (@, 27) = (=", 2)), (=, 0?), (27, 27)).
Notice that ||T5|| = ||T'||. Thus we may assume that ajge > 0. If ag2 < 0, we put
NI 3 NI 2 2 3 3

Notice that ||T5|| = ||7'||. Thus we may assume that asi2 > 0. This completes the proof. [

Let W C 5p2 X Spp X Spp. We denote
Sym(W) = {(X, Y, Z2), (X, Z,Y), (Y, X, 2),(Y,Z,X),(Z,X,Y),(Z,Y,X): (X,Y,Z) € W}

By Theorem F, if T' = (@ijk)

iike12 € L(31%), then we may assume that aj;; > g >
0,a122 > 0,a212 > 0.

We are in a position to classify the norming sets of L(®3).

Theorem G. Let T = (a;i), ihetn € L(31%) such that | T|| = 1 with aj;; > age > 0, a129 >
0, as12 > 0. The following assermons take place:
Case 1. |a;x| =1 for all i, j,k = 1,2

1.1. a = 1 forall i, j,k = 1,2

Norm(7T) = {(j:(t,l—t),j:(s,l—s),j:(r,l—r)):0§t,3,r§1}.

1.2. 1 = —agy = az11 = ai21 = a2
Norm(T) = {( i(t,l—t)i(sl—s),( (t,1 — 1), £(1,0), %(s,1 — 5)),
(£(1—1),%(s,1 - D), (£(0,1), £, —(1 = 1)), +(1,0)),
(= (0,1), +(0 e li 0. (% (1 —(1 — 1)), £(0, 1), £(1,0)) :
0<t, <1}
1.3. 1 = ag = —a911 = ai21 = a112
Norm(T) = {( i(t,l—t),i(sl—s),( (t,1—1),%(0,1), £(s,1 — 5)),
(:I:(tl—t) +(s,1—5),£(0,1)), (£ (0,1), + 0,1), (t,—(1—1))),
(:l:( _(1_t)) :l:(l,(), )’(i 7>’ t, (1_t)) (170))'
0<ts <1}
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1.4. 1 = ag = aznn = —a121 = a112
Norm(T) = {(i(o,l) +(t, 1 — ), £(s,1 — 5)),

(£ —1),£(1,0), £(s, 1 — s)),
(i(t,l—t) +(s,1—s),=£(0, ))(i( )
+

i(071)7i<t7_(1 —t))),
(£ (t,—(1—=1)),£(0,1),£(1,0)), (£ (1,0), £(t, —(1 — 1)), £(1,0)) :
0<ts< 1}.
1.5. 1 = ag = az11 = ai21 = —a2

Norm(T) = {(i(o,l) +(t,1— ), £(s,1 — 5)),

(£ —1),£(0,1), £(s, 1 — s)),
(% (1= 1), 4(s, 1= 5), %(1, >)(i< >
+

j:(lv 0)7 j:<t7 _(1 - t))),
(= (1, —(1 — 1)), %(1,0), %(0, 1)), (% (1,0), (1, (1 — £)), £(0, 1)) :
0<ts< 1}.
1.6. 1 = —ag21 = —az11 = a121 = G112

Norm(T) = {( +(1,0), £(,1— 1), (s, 1 — ), (£ (0,1), (£, 1 — £), £(s, —(1 — 5))),
(£ (t,1—1t),£(s,1—5),£(0,1)), (£ (t,—(1 —¢)),£(s,1 — 5),£(1,0)) :
0<ts< 1}.

1.7. 1 = —ag1 = ag11 = —a121 = a112

Norm(T) = {(:lz (t,—=(1—=1)),£(1,0),%(s, —=(1 — 3)))7
Zf

(£ (t,1—1¢),£(0,1),£(s, —(1 = s)) ) (:l: 1—1),£(s,—(1 —s)),%(1,0)),
(£(t,1—1),%(s,1—s),£(0,1)), (£ +(1,0), +(¢,1 - 1)),
(:I:(O,l),i(() 1), :I:( 11—t )) 0<t, s<1}
1.8. 1 = —agy; = ag11 = @121 = —a112
Norm(T') = {(i(t —(1—t)) i( 0),£(0,1)), (£ (¢, —(1 —¢)), £(0,1),+(1,0)),
(£ (¢, 1—1t),£(1, ,0)), (£ (¢,1—1¢),£(0,1),+(0,1)),
(£ (1,0),£(1,0), £ t—(l—t ), (£(0,1),£(0,1), £(¢t, —(1 — 1)),

(£ (1,0),£(0,1), £(t, 1 —t)), (£ (0,1),4(1,0), £(t,1 — t)),

(£(1,0), £t 1 —1t),£(1,0)), (£ (1,0), (¢, (1—t)),i(0,1)),

(£(0,1), £, 1 —1¢),£(0,1)), (£ (0,1), £, —(1 — 1)), £(1,0)): 0 < t,s < 1}.
1.9. 1 = a9 = —az11 = —a121 = a112
Norm(T) = {( +(t,—(1—1)), (s, —(1 - 5)), £(1,0)),
(£ (t,1—1t),£(s,1—5),%(0,1)), (£(1,0),£(1,0), £(t, 1 — 1)),
(£ (1,0),£(0,1), £(t, —(1 —t))), (£(0,1), £(1,0), £(¢, —(1 — 1)),
(£(0,1),£(0,1), £(t,1—1): "0 < t,5 < 1}
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1.10. 1 = age1 = —ag11 = a121 = —a112

Norm(T) = {(i (t,—(1— 1)), i(l 0) +(s,—(1 — 9))),
(£ (t,1—1¢),£(0,1), i(sl—s)( +(t,1—t),%(1,0)),
(4 (1,0),(, —(1 - 1), £(0,1)), (£ t—<1—t>>i<10>),
(£ (0,1), £(t, 1 —£), (0, )) O<ts<1}

1.11. 1 = age1 = ao11 = —a121 = —a112

Norm(T) = {(i (1,0), £(t, —(1 — 1)), £(s, —(1 — 5))),
(i(ovl)vi(tvl_t)vi(svl_S))’(i( 1_t> ( ) (1 0))
(£ (t,—(1—1)),%(1,0),£(0,1)), (£ (¢, —(1 —t)), £(0,1), £(1,0)),
(£ (8,1 —1),£(0,1),£(0,1)) : 0< t,5 < 1}.

1.12. 1 = —ag = —ag1 = —ai21 = 112

Norm(T) = {( (0,1), £(t,1 — £), (s, —(1 — 5))),
(£ (t,1—1),£(0,1), £(s, —(1 = 5))), ( (t,1—1t),£(s,1 —s),£(0,1)),
(£(1,0),£(1,0), £(t, 1 — 1), (£ +(t, —(1 - 1)), £(1,0)),
0)

(& (t,—(1 — 1)), £(1,0), (, )).ogt,sg1}.

1.13. 1 = —ag = —agn1 = a121 = —a112

Norm(T) = {( +(0,1), £(, 1 — 1), £(s, —(1 — 5))),
(£ (¢, —(1=1)),£(1,0),%(s, —(1 = 5))), (£ (£, (1 = ¢)), £(s,1 — ), £(1,0)),
(£(1,0),£(0,1),£(t,1 —¢)), (£ (1,0), £(¢, —(1 — ¢)), £(0, 1)),

(£ (t1—1),4£(0,1),£(0,1)): 0< t,5 < 1}.
1.14. 1 = —ag = az211 = —a121 = —a112

Norm(T) = {( (1 +(t,—(1 — 1)), £(s,—(1 — 5))),

0), (¢,
(£(0,1), £, 1—1),£(0,1)), (£ (¢, 1 —1t),£(s,—(1 — 5)), £(1,0)),
(£ (¢, —(1—1)),£(1,0),£(0,1)), (£ (¢, 1 —¢),£(0,1), (s, —(1 — 5)),
(1(1,0),1(1,0), (,—(1—t))).0§t,s§1}”.

1.15. 1 = ag = —ag11 = —a121 = —a112

Norm(T) = Sym ({(i (1,0), (8, —(1 — ), £(s, —(1 — 5))),
(£(0,1),£(0,1), £(t,1—1): 0 < t,5 < 1})
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1.16. 1 = —ag = —ag11 = —a121 = —a112
Norm(T) = { (% (1,0), %(t, ~(1 = 1)), (s, ~(1 = 5))).
(£(0,1),£(t, 1 —t),£(s, —(1 = s))), (£ (£,1 = 1), £(0,1), £(s, = (1 — 5))),
(£ (t,—(1— 1)), £(1,0),%(s,—(1 — 5))): 0< t,5 < 1}

Case 2. |a;;x| < 1 for some i,j, k= 1,2

Let M = {(i,j,k) : |agk] < 1} and define S = (bir), ine12 € LCIR) be such that
biji = i if (4,7, k) ¢ M and b;j, = 1 if (4, j, k) € M. (Notme that S is included in Case 1.)

2 2 3 3 1 1 3 3
Then, Norm(T) = [J {(# i, (17, 87), (1, 67)), (11" "), e, (87, 47)),
(i,5,k)eM

1,0 2) (2 1 2) ,(2 3) ,(3
(480, (0,68, e, )+ (5, 687), (17,48, (187, 167)) € Norm(s) },
where e; = (1,0),e5 = (0, 1).
Proof. Case 1.

Note that 1 = a111 = Q9292 = A122 = 4212 and

1 2 3 1 2 3 1 2
(@, ), o2 0), (10 269)) = 0P 1 o)

—|—1:g ):cg ):cg?’) + agzlxg )zz:g )a:g ) + a9 xgl)x?)xg ) +a 21:(:5 )xé )xf’) + a112x§ )xg )1:53).

We should consider sixteen subcases such that asoy = +1,a911 = £1,a191 = £1,a110 = £1.
Let ((t(l) tg)) (t(z) t(z)) (t(?’) t(?’ )) € Norm(7T'). Without loss of generality we may assu-
me that t > 0 for every k = 1,2, 3. It follows that

L [T, 6820, (67, 690)] = 4] 22+ a1t )
+\t(21)| }tgg)(amtg?) + a22175§2)) + té?)) (t§2)+§2)) \

Suppose that tgl) =1.
Then,

1= ’t + (112175% )> -+ té )(allgt@) +t Ht ‘ ’t —+ a121t52)| + |tg3)’ |a112t§2) + th) .
If 1Y = 1, then [t + a101t$”| = 1. Thus
(59,657, (@5, 57), (1, 457)) = ((1,0), (t, a1z (1 = 1)), (1,0)) for 0 <t < 1.
If tgg) = 0, then tgg) = ‘almt?) + t§2)\ = 1. Thus
(7,69, (128, (19,457)) = ((1,0), (t, ar2(1 = 1)), (0,1)) for 0 <t <1,
If0 < t§3) < 1, then 0 < tg?’) < 1 and by Lemma E(2),

1= |t + aots? | = |arnat® + 157). (1)
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Suppose that tgl) = 0.
Then, tgl) =1 and

1= [t (aant? + agmt?) + 18 (¢ + 67| = [£9] Jagnnt?® + gt ] + 62| |12 +187).
If t§3) =1, then {agnt?) + aggltg)‘ = 1. Thus
(0,680, (12, 69), (1 45)) = ((0,1), (aant, ass (1 — 1)), (1,0)) for 0 <t < 1.

If ¢ = 0, then 5 = [¢” + 57| = 1. Thus

1 1 2 2 3
(9, 49), (#5242, (¢ 657)) = ((1,0), (£, 1~ 1),(0,1)) for 0<¢ < 1.
10 < ¥ <1, then 0 < £ < 1 and by Lemma E(2),
1= |6L211t5 ) + CLQQlt ‘ }t 2) t(2)| (2)

Suppose that 0 < tgl) < 1.

Then 0 < tél) < 1 and by Lemma E(2),

1= ‘t(3) (t( ) + alglt@)) + t(3) (anztgz) + th))| = ’tgg) (a211t§2) + a221t§2)) + té )(t(2) + t(Q))}

(3)
We will only give the proof of 1.8 because those of the other subcases are similar.
Let 1 = —ag1 = ag1 = a121 = —ano.
Suppose that tgl) = 1 and 0 < tg ) < 1
By (1), 1= |t +t57| = |~ +7|. By Lemma E(1), 1 = L or [t = L. If ¢{?) =
then 1 = [t — ¢ \ and
(57 87), (0, 657), (117, 157)) = ((1,0),(1,0), (1, =(1 = #))) for 0<t< 1.
If [t&] = 1, then 1 = [t/ + ¢5”| and
1,0 2) (2 3) ,(3
(57657, (87, 857), (157, 167)) = ((1,0),0,1), (1,1 = 1)) for 0 <t < L.
Suppose that tgl) = O and 0 < t( ) < 1.
By (2), 1= [tV — 57| = [t + 57| 1 Y = 1, then 1 = 1Y +¢{] and
(1) (1) ( ) 1(2) (3) (3) _ _
((tl >t2 )7(t1 7t2 )7(t1 7t2 )) ((071)7(170)7(t71 t)) for O0<t<l
If [t&] = 1, then 1 = [tV — 5| and
e 2) (2 3) ,(3
(A7, 267), (2, 657), (17,457)) = ((0,1), (0, 1), (£, ~(1 = 1)) for 0 <t <1,
Suppose that 0 < tll) < 1.
By (3), 1 = [tV + &) + & (7 + )| = [Pt — ) + 1P P + )] By
Lemma E (1), \t@)t( ) +t( ) =1 or \t<3)t‘ F | = L
Let [t 4657657 | = 1. Thent@) P =1or |t 3)} = LI = 1 we get |11 —4V] = 1.

mewﬁémwﬂéMMK@»—«,ofwMqumDMOStsx
If ‘téz)tg)} =1, then 1 = ’tgl) + tgl)‘ = 1. Therefore,
(57, 659), (12 45, (¢ 457)) = (.1 = 1),(0,1),(0,1)) for 0 <t < 1.
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Let [¢7¢8 — P13 = 1. Then |¢6Pt%| = 1 or [¢£P¢] = 1. 1f [tV = 1 we have
1= }tgl) — tgl)} = 1. Thus
(17, 467), (1, 657), (17 457)) = (¢, —(1 = 4)),(0,1),(1,0)) for 0 <t < 1.
It ‘tf)t(;’)} =1 one has |t( ) (1)| 1. Hence,
(7,857, (11,65, (11, 657)) = (8,1 >,<1,o>,<o,1>) for 0<t<1.
Therefore, Norm(T) = {( (t,—(1—1)),£(1,0), £(0, 1) ,(i t,—(1—1)), £(0,1), =(1,0)),
1

(

(£ (6= = 0),£1.0,£0,0), (£ (1 = ),£0,1).£(0. 1>) (£ (1,0),£(1,0),
(1 — t))) ( (0,1),£(0,1), £(t, —(1 — t))), ( + (1,0),£(0,1),£(t,1 — t)
1 )

(20, 1), (1, 0), 2(, 1)), (H(1,0), %(2, 1), £(1,0)), ((1,0), (2, (1)), +(0, 1
The proof of Case 2 follows from Proposition D. This completes the proof. O

N—

)
)
<i (0,1), £(t,1 — 1), £(0, 1)), (i (0,1), =(t, —(1 — t)),i(l,O)) 0<ts< 1}
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