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The aim of this paper is to clear up the problem of the connection between the 3D
geometric moments invariants and the invariant theory, considering a problem of describing
of the 3D geometric moments invariants as a problem of the classical invariant theory. Using
the remarkable fact that the complex groups SO(3,C) and SL(2,C) are locally isomorphic, we
reduced the problem of deriving 3D geometric moments invariants to the well-known problem
of the classical invariant theory.

We give a precise statement of the 3D geometric invariant moments computation, intro-
ducing the notions of the algebras of simultaneous 3D geometric moment invariants, and prove
that they are isomorphic to the algebras of joint SL(2,C)-invariants of several binary forms.
To simplify the calculating of the invariants we proceed from an action of Lie group SO(3,C)
to equivalent action of the complex Lie algebra sly. The author hopes that the results will be
useful to the researchers in the fields of image analysis and pattern recognition.

1. Introduction. The issue of the 3D geometric moments is a generalization of the 2D
geometric moment invariants which are widely used as global feature descriptors in the di-
fferent applications for pattern recognition and image analysis. Notice, that by invariance we
mean the invariance with respect to translations, uniform scaling and rotations. In nowadays,
the interest to the usage of the 3D moment invariants is stimulated by the rapid growth of the
3D technologies, see e.g. [1|-]3]. For the first time, the 3D moment invariants of the second
order were derived in the paper [4] and then improved in [5]. In [6], Lo and Don found twelve
invariants of the third order, but as it was shown in |7] there are several interdepended among
them. In the book [8], the authors derived 13 invariants and stated that they generate all
3D geometric moments of the third order. Finally, in [9] a set of 1185 invariants up to order
16 was presented, but these invariants do not form a minimal generating system. However,
finding a minimal generating system of the 3D geometric moment invariants still remains an
open problem. This kind of problems turn out to be a purely algebraic questions which were
studied widely in the 19th century.

Today, there exists a huge massive of the literature on the 3D geometric moments invari-
ants, but a big amount of it is devoted to the application of the invariants, along with the
different ways of their constructions which sometimes are rather elegant and ingenious. For
instance, the methods of the quantum mechanics used in [6], [7] and [10] are very impressive.
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But, those methods based on the rotation group SO(3) are quite complicated and are not
adapted well for the invariants calculations. In this paper, we propose to proceed from the
usage of the SO(3) group to the usage of its locally isomorphic group SL(2). As far as the
complex Lie algebras so3 and sly are isomorphic, the problem of finding of SO(3)-invariants
is equivalent to the problem of finding of SL(2)-invariants. The latter one is a well-known
problem of the classical invariant theory issues, consequentely, the standard classical invariant
theory approaches can be applied.

The aim of this paper is to consider the problem of describing 3D geometric moment
invariants precisely as a problem of the classical invariant theory. We formulated the problem
of the computation of the 3D geometric moments invariants based on the notion of the
algebras of the both rational and polynomial simultaneous invariants of several binary forms.
Our goal is not to find new invariants, we just put together some facts about the geometric
3D moments and presented it from a single point of view.

In this article, we proved that the introduced algebras of the 3D geometric moment
invariants are isomorphic to the well-known objects of the classical invariant theory, namely,
algebras of the joint invariants of the several binary forms. In the rational case, we fi-
rstly applied the standard infinitesimal method to the studying of the geometric moments
and reduced the problem of calculating the SO(3)-invariants to the equivalent problem of
calculating the invariants of its Lie algebra sos.

Though, the geometric moments are not as effective as the orthogonal ones are, but on
the other hand, the 3D Hermite orthogonal moments have the identical forms to those of
geometric moments, see [12].

The paper is arranged as follows.

In Section 2, we review basic concepts of the classical invariant theory and provide the
necessary facts regarding the action of the Lie groups SO(3) and SL(2) and their Lie algebras
503, and sly, respectively on the vector spaces of binary and ternary forms. We introduce
the notions of the algebras of simultaneous rational and polynomial 3D geometric moment
invariants and prove that they are isomorphic to the algebras of joint rational and polynomial
slo-invariants of several binary forms. Also, we presented a system of partial differential
equations concerning those invariants.

In Section 3, we recall the basic notions of the representation theory of the Lie algebras
and present a minimal generating system for the algebra of the 3D geometric polynomial
moments invariants of orders two and three which is expressed in the terms of eigenvectors
of the Casimir operator. Also we derive the formula for the corresponding Poincaré series.

In Section 4, we count out the number of elements in a minimal generating set of the
algebra rational rotation invariants and present such minimal generating set for the rational
invariants of second and third orders.

Throughout this paper SO(3), SL(2) and so3, sl; will denote the complex Lie groups and
Lie algebras

The article is a continuation of the article [13] , which addresses the similar issues for the
2D geometric moment invariants.

2. Preliminary concepts. In this section, we briefly review some basic concepts of the
classical invariant theory, give the necessary facts about the Lie groups SO(3),SL(2) and
their Lie algebras sos and sly. Also, we give the definition of the algebras of simultaneous
rational and polynomial 3D geometric moment invariants and then establish an isomorphism
between these algebras and the algebras of the joint invariants of several binary forms.
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2.1. Basic notions of the invariant theory. Let GL(V') be the group of all invertible
linear transformations of a finite-dimensional complex vector space V. The natural action of
GL(V) on V produces an action on the algebras of polynomial and rational functions C[V]
and C(V). If g € GL(V), F € C[V] define a new polynomial function g - F' € C[V] by

(9-F)(v) =F(g7'v).
If G is subgroup of GL(V) we say that F' is G-invariant if g- F = F for all g € G. The
G-invariant polynomial functions forms a subalgebra C[V]“ of C[V]. The algebra C[V]“
called the algebra of the polynomial G-invariants. In the similar way, we define the algebra
of rational invariants C(V)%.

Let us recall that a derivation of an algebra R is an additive map L satisfying the Leibniz

rule
L(ryry) = L(r)re + r1L(rg), for all 1,79 € R.
The subalgebra
ker L := {f € R|L(f) = 0},
is called the kernel of the derivation L.

Let now G be a simply connected Lie group acting on V' and let g be its Lie algebra. By
an action of g we understand its representation by preserving Lie products of linear operators
on V. We will extend these operators on C[V] and C(V') as derivatives. The Lie group-Lie
algebra correspondence implies that the condition I € C[V]% is equivalent to L(I) = 0,
VL € g. Thus,

C[V]¢ =C[V]* = () ker L.
Leg
As a linear object, a Lie algebra is often a much easier to work with than working directly
with the corresponding Lie group. We will use this fact later to ease the computation of
invariants.

The classical invariant theory is focused on the action of the general linear group on
homogeneous polynomials, with an emphasis on the forms, mainly binary and ternary ones.
Let us consider two important invariant constructions which illustrate a computational
advantage of the Lie algebras techniques.

Example 1. The space Vj of binary forms of degree d is the vector space

d
d
Vy= {Z (k)akwdkyk | ay € C} .
k=0

The goup SL(2) is a group of 2x2 complex matrices with determinant one. The corresponding
Lie algebra sl, is generated by the matrices with zero trace

h_10 6_01 6_00
—\o =1)> "~ \o o) T \10)

and the following commutation relations [h, e, | = 2e4, [h,e_| = —2e_, [e4,e_] = h.
The elements e_, e, h act on V,; by the derivations
0 0 0 0
Yo oy Tar Yoy
and act on C(V;) by the derivations
d
D => (d- /g)akﬂ— D_ = Zkak 1— H=> (d—2k akﬁ.
k=0 @k k=1 @ k=0
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The polynomial solutions of the corresponding system of differential equations generate the
algebra C[V,]*"2 of invariants of binary form. Since,

[D+, D,] = D+D, _— D,D+ = H
it follows that
C[Vy4]*™ = ker D, Nker D_.

The minimal generating systems of C[Vy]*? were a major object of research in classical
invariant theory of the 19th century. At present, such generators have been found only for
d < 10.
In the similar manner we define an action of SL(2) and sly on the direct sum
W=V, &V, @ D V,.
The corresponding algebras of polynomial and rational invariants are called the algebras
of joint invariants (polynomial or rational) of binary forms and denoted by C[W]*°> and

C(W)%2 respectively. At the present time, the algebras of the polynomial joint invariants
are only known for a few values of ki, ko, ..., k,, see [14].

Example 2. The 3D rotation group SO(3) is the group of all rotations about the origin of
three-dimensional Euclidean space. It is a three-parameters group with the following matrix
realization

cosp —singp 0 cosf 0 —siné cos®y —siny 0
sinp cosp O, O 1 0 ;| siny cosv 0| ,4,6,0 €]0,2n].
0 0 1 sinf 0 cosf 0 0 1

where the parameters 1, 6, ¢ are the Euler angles.
The associated tree-dimensional complex Lie algebra sos is generated by the matrix

0 10 0 01 0 0 0
ee=1—-1 0 0}),e0=10 0 O0}),e5=10 0 1],
0 0 O -1 0 0 0 -1 0
and the Lie brackets are given by commutator, i.e., [e1, es] = —es, [e1,e3] = e, [eg, €3] = —e;.

Let us recall that the space of ternary forms of degree d is the vector space:

d .
Td = { Z (]7 ]{;, l) ang’lQ?JykZl | Qj k.l S (C} s

jtk+l=d

d d!
where ( L l) = AT denotes the multinomial coefficient. The linear functions
IR, J-Re

d .
Z (j 2 l> a1y 2 = g,

jAk+l=d

form a basis of the dual vector space T};. For convenience, it is useful to equal the functions
and the corresponding coefficients a; ;.
It is a well-known, see, for example, [15], that soz acts on Ty by derivations

0 0 0 0 0 0

T — Yy T — 25—, Y- — 2.
dy Yor 0z or’ Yoz oy
It follows that so3 acts on the dual space T by derivatives.
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Theorem 1.
El(aj,k,z) = kajJrl,kfl,l - jajfl,kJrl,l; EQ(aj,k,z) = laj+1,k,171 - jajfl,k,l+17

Es(ajrg) = lajpp10-1 — kajp—141.

In the similar manner, we define an action of SO(3) and so03 on the direct sum
Uy=T, dT3H--- BT,
The corresponding algebras of polynomial and rational invariants are called the algebras of
joint 3D rotation invariants and denoted by C[U,]*** and C(U4)*3, respectively. The number

d is called the order of 3D invariant. More informations about 3D rotations can be found,
e.g., in [15], [16].

An important circumstance that plays a crucial role in this article is a well-known fact
that the complex Lie algebras sos and sl are isomorphic, although the corresponding Lie
groups are not isomorphic. To establish the isomorphism, we introduce new matrices

D+ = 7;€1+€2,D, = iel—eg,H = 22'63 = 2i,i2 = —1,

and
0 2 1 0 + —1 0 0 0
Dy=[—-— 00), D-=|— 0 0], H=2[0 0 1
-1 0 0 1 0 0 0 —1 0
By direct calculations of their commutators, we obtain
[H7D+] = 2D+7 [H7D—] = _QD—’ [D-HD—] =M.

The commutators coincide with the corresponding commutators of the basic elements for
the algebra sly, which establishes the isomorphism.
Note that the operators act on the basis elements of 77} as follows

Dy (ajry) =@ (kajp1—10 = JOj—1k410) T 10401 k0—1 — JOj—1 k141,
D_(ajry) =1 (kaji1p-11 — J0j-1k+10) — L@jp160-1 — JQj—1 ki41)
H(ajng) = 26 (lajpq10-1 — k@jp—141) -
As we will see later, this isomorphism allows us reduce the problem of finding the 3D rotation

invariants to the problem of calculating the invariants of binary forms which is a classical
invariant theory problem.

2.2. Algebras of 3D rotation invariants. In the sequel, we will work with the similarity
transformation group G which is widely used in 3D image analysis and pattern recognition.
The group is the semi-direct product of the space translation group T'R(3), the direct product
of the space rotation group SO(3) and the uniform scaling group R*:
G = (R* x SO(3)) x TR(3).

The introduction of the notion of 2D image moment invariants by Hu in the significant paper
[11] is a vivid example of the application of the classical invariant theory to the pattern
recognition. A way of the generalization of this approach for 3D images was suggested in [4],
[6]. Let F be a set of real finite piece-wise continuous functions that can have nonzero values
only in a compact subset of R3. Let us consider the geometric moments of f € F

Mpar (F (2,9, 2)) = 1y = /Q Pyl f (2, y, 2)dedydz, Q C B,

and the central geometric moment
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tpgr (f(2,9,2)) = tpgr = /Q(fc =)y — 9)(z — 2)" f(,y, 2)dzdydz,

m my my
Whel“e T = 100 7y — 010 7y — 001
m0,0,0 m0,0,0 mo,o, o’

The central geometric moments are already invariants under the translation group. After
the normalization

7]}2,q,fr:M ptq+r=>2,

Ho,0
they become invariants of the scaling group. Therefore, the problem of determining of the
3D geometric image moment invariants can be reduced to the problem of finding SO(3)-
invariants as functions of the normalized central geometric moments. Therefore, in this paper
we will deal only with the normalized SO(3)-invariant functions.

We will consider two types of such functions, specifically, polynomials and rational ones.
Let C[n] and C(n) be the polynomial and rational algebras in countably many variables
{npqr}pﬂﬂ, 2 considered with the natural action of the group SO(3). Denote by C[n]5°®)
and C(n)° ) the corresponding algebras of polynomial and rational moment invariants,
respectlvely. Since these algebras are not finitely generated, then a complete set of invariants
consists of infinitely many invarlants However these algebras can be approximated by the
finitely generated algebras C[n ] ) and C(n ) ) where [n]y = {Mpgr,2 < p+q+r < d}. The
elements of these algebras are called the simultaneous 3D geometric moment (polynomial or
rational) invariants of order up to d. For instance, the invariant

72,0,0 + 70,2,0 + 70,0,25
belongs to (C[n]go(g) and C(n)go(‘?)

Remarkably, in general case, the problem of describing the algebras of the simultaneous
3D geometric moment invariants can be reduced to the well-known problems of the classical
invariant theory. It turns out that the algebras C(n)jo(?’) and C(n)dSO(g) are isomorphic to the
algebras of joint polynomial and rational SL(2)-invariants of some system of binary forms.
The locally isomorphism of SO(3) and SL(2) implies the following theorem.

Theorem 2. The algebras of polynomial and rational simultaneous 3D geometric moment
invariants (C[n]so(?’) and (C(n)jo(g) are isomorphic to the algebras of invariants C[U;]*? and
C(Ud)5[2, respectively. Here Uy = T5, & T35 & --- & Ty, and Ty is the vector space of ternary
forms of order k.

Proof. 1t is sufficient to check that the algebras so3 and sl act by identical derivatives on
C(n)q and C(U,), respectively. Let us consider the action of the element
cos) —sinf 0
sinf cosf 0] € SO(3)
0 0 1

on the normalized moment 7; ;. By the definition, we have

cosh —sinf 0\ '

sin g cosf 0 Npgr = / (x cos 0—ysin O)P(x sin 0+y cos 0)12" f(x)dx =
0 1 @

Yk (z) (j) (cos )P~ F I (sin )4k pp=FHa=dyk+i T f () dx =

q
- Z ( ) <q> (cos )P+ (sin )T gk

J



3D GEOMETRIC MOMENT INVARIANTS 121

where f(z)dz denotes f(x,y, z)dzdydz.
To get the action of the Lie algebra sos we differentiate it by € and, after simplification,
we obtain

d cosf —sinf 0\

E Sin 6 COS 8 0 npvqﬂ‘ = qnp-l-l,q—l,?“ - pnp—17Q+17r'
0 0 1 =0
It is easy to see that this action is identical to the derivation Fj, as it described in Example 2.
In the same manner, we can show that the following elements of SO(3)

1 0 0 cosy —siny 0
0 cosf —sind |, siny cosy 0],
0 sinf cosf 0 0 1

act like the derivations Fy and FE5. Thus, the normalized 3D geometric moment invariants
and the joint sos-invariants of the binary forms are defined by the same system of the partial
differential equations. It implies that (C(n)jo(g) = C(Uy)®s and (C[n]dso(g) = C[Uy)®s. Since,
503 2 sly we get that C(n)5°® 22 C(U,)"2 and C[n)5°® = C[U,)** as required.

The isomorphism has the simple form: a; s, — 7., O

Thus, from the point of view of the classical invariant theory, the problem of the descri-
ption of the algebras 3D geometric image moment invariants C[n]go(g), C(n)go@ can be
reduced to the following two problems.

Problem 1. What is a minimal generativ set of the algebra polynomial joint invariants
C[Ud]5[2 ?
Problem 2. What is a minimal generating set of the algebra rational joint invariants
C(Ud)5[2 ?

Besides, the problem of deriving of 3D geometric moment invariants can be reduced to a
system of differential equations. The last result of Subsect. 2.1 implies the following theorem.

Theorem 3. The algebra C(U,)*" coincides with the algebra of rational solutions of the
first order system of partial differential equations:

. oU
Z (k”ij+1,k—1,z - ]77j—1,k+1,l)8 — = 0
2<j+k+1<d anjvkvl
. U
Z (177141,16,171 - ]njfl,k,l+1>a — = 0.
2<j+k+I<d Tj,ke,0

In the next section we will deal with the algebras C[U]*" and C(Uy)*".

3. The algebra of polynomial invariants C[U,]*. Let us recall some facts about represen-
tations of the Lie algebra sl,.

3.1. Representations of sl,. Let V' be a finite-dimensional complex vector space equipped
with non-trivial linear operators D, D_, H : V' — V, which satisfy the following commutati-
on relations
|H,D,|=HD, —-D,H=2D,, [H,D|=-2D_, [Dy,D_|]=H

Then V' is called a linear representation of the Lie algera sly or sly-module. The vector
spaces 1}, Uy defined above are the samples of sl,-modules. The modules 0 and V' are called
trivial modules. A sl,-module V' is called irreducible if V has no non-trivial sly-submodule. All
irreducible slo-modules, up to isomorphism, can be described with the following construction.
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Let V,, = (ag,a,...a,) be a n+1-dimensional complex vector space and let the linear
operators D_, D, , H :V, — V, act on elements of the basis as follows
D_(ay) = kax_1, Dy (ax) = (n — k)agy1, H(ag) = (n — 2k)ay,.
Let us check that the commutation relation for sl are fulfilled. In fact, we have

[D—, DiJ(ax) = D—_(D4(ar)) =Dy (D-(ar)) = D_((d—k)ap+1)— D (kag—1)
(d k)(k+ Dar — k(d = (k = 1))ar = (d — 2k)a, = H(ax),
[ D-J(ax) = H(D—(ax)) — D(H(ax)) = H(kar-1) — D((d — 2k)ax) =
( 2(]{3 ))ak 1 — (d 2k:)k:ak 1= Qkak 1= QD(CLk)
[H Di)(ax) = H(D+(ax)) =D (H(ax)) = H((d—=k)ar1) =Dy ((d—2k)ar)
= (d=k)(d = 2(k + 1))ax1 — (d = 2k)(d = k)agy = 2D (ax).

Therefore, V, is an representation of sly. The vector space V), considered together with the
indicated action of the operators D_, D, H is called the standard irreducible sly-module. It
is well known, see [19], the an arbitrary sly-module can be decomposed into an direct sum
of the irreducible standard sly-modules. Next, we present an algorithm of decomposing an
arbitrary sly-module into the irreducible submodules. We use the algorithm later to construct
invariants.

Let W be an arbitrary sly-module. For any element w € W the smallest natural number,
denoted ord(w), such that

D(fd(z)(w) # 0, but Dfd(z)+1(w) = 0.

is called the order of w. Since D, is a nilpotent operator, the order ord(w) is defined correctly.

A vector z € W is called a lowest weight vector if the following conditions holds: D_(z) =
0 and H(z) = ord(z)z. Any lowest weight vector defines an irreducible slp-module which is
isomorphic to the standard sly-module. The following theorem holds.

Theorem 4. Suppose z € W is a lowest weight vector. Then the vector space

Vi(2):=(vo(2),v1(2),...vs(2)),s = ord(z),
(s —k)!

where vy(z) = D¥(z), w(z) := 2 is sly-module isomorphic to the standard sl,-

s!
module V.

Proof. 1t is easy to verify by direct calculations that the relations
H(D{(2)) = (s — 2k) D{(2), D_(D{(2)) = k(s —k+1) DI'(2),
hold for all £ < s. Let us construct the standard sl,-module V, with the basis vectors of the
form
v = oy D5 (2), ke€{0,...,s},
for some unknown constants «y € C.
In order the vectors form a basis of Vs, the following two conditions must be satisfied
D_(vg) = kvg—1, Di(vx) = (s — k)vgyy for all k € {0, ..., s}. Since
D_(v) = D_(axD%(2)) = ap.D_(D4(2)) = ah(s — k +1) DI7'(2),
and D_(vy) = kvg_1 = kak,lfol(z), we obtain the recurrence equation for oy,
ap(s—k+1)=ap1, op=1

It follows immediately that
1 (s —k)!
g = .

s(s—=1)...(s—k+1)

. = I
S:
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Let us make sure that the second relation D (vy) = (s — k)vgs1, also holds. We have

L s —k)! s! s—(k+1
D, (vi) = Dy (0 DY (vg)) = ( 5! ) (s —(k+1))! ( (s!

as required which ends the proof. n

))lDiJrl(vo) = (s — k)vpy1,

The theorem below highlights the structures of the sl;-modules 7); and Uy up to isomor-
phism:

Theorem 5. The following decompositions
T; = Vg ®Voga ®Vaggs®--- D V2d74[g], U; = l(()d)Vo @ l§d)V2 & léd)V4 @D léd)V%

d—k
T] if ke {0,1};
hold, where l,(j) = [;k} +1, if 2<k<d;
2 ’ -
0, if k> d.

Since the proof requires some advanced results of the Lie algebras representation theory,
we omit the proof.

Example 3. For small d we have

Uy =T5=2Vo® Vs, U3 =T8T =V D Vo @ VD Vs,
Ui=T,0T; 0Ty =2V Vo @2V, B Vs @ Vs.

Example 4. Theorem 5 implies that the invariants of degree one exist only in the case of
even d. We can write an explicit form for all these invariants. For any d = 2m, we consider

the element
= > (e
d | vy 24,2k, 21 -
j+k+l=m

It is an invariant if the following conditions hold E}(My) = E2(My) = E1(My) = 0.
Let us prove that Ey(My) = 0. We have

d d .
E1(Md) = Z (j L l) E1(a2j,2k,2l) = Z (j L l> (Qka2j+1,2k—1,21_2] a2j—1,2k+1,2l)-

Jjt+k+l=d Jjt+k+l=d
Then
n n
E k| . Ll A2541,2k—1,21 = E k. Ll A2541,2k—1,21 =
jtk+l=n J> 1% jtk+l=n D
k>0
n—1 [s=k71} n—1
= g n 1.1 A2j+1,2k-121 = E n sl A25+41,254+1,21 =
j+k+l=n J5 ! j+s+l=n—1 J> 5
k>0
[m:j+1] n—1 n
= E n 1 I A2m—1,25+1,21 = E m l A2m—1,25+1,21 =
_ m—1,S, _ m,s,
m—i—s—&—é-n m-+ts+l=n
m>

=3

. n
E J ( L l> A5 —1,2k+1,21-
j+k+i=n Js Ry
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Thus

n . n
Z k:(j o l) A2j41,2k—1,21 = Z ](j L l) a25—1,2k+1,21,

jtk+l=n j+k+l=n

and E1(My) = 0. In the same way, we can show that Es(My) = 0 and E3(My) = 0.

For small d we have
My = agp2 + app0 + a200, Mi= aopas+ 20022+ aou0+ 20202 + 20220+ asp0,
Mg = 3a402 + 3as20+ aso0+ 30042 + a0+ 3a204 +6az22+
+3ag,4,0 + ao,0,6 + 300,24,
Mg =6ay40+4as02+4ap20+ asoo+12az42 +4az60 +6as04 + aogot
+12a4992 +4as06 +12a224 + apos +4ap2e6 +6a044 +4aoeo2.

Theorem 5 implies

Theorem 6. The following decompositions hold:
(@) Ch;°® 2 Cls™Vo & "M% @ EPVy @ - @ 1 Vg™,
(i) C(n)5°® 2 iV & IV, & 11V, @ - - - @ 110 Vyy)0.

Therefore, it implies that the problem of determining of the algebra 3D geometric polyno-

mial and rational moment invariants is equivalent to the problem of of determining of the
algebras joint sly-invariants. It appears to be a very difficult problem in terms of performing
calculations and it is quite a challenge to find a minimal generating set for d > 5.
3.2. The algebra of 3D polynomial moment invariants (C['r]]gO(g). Let us illustrate the
above approach with the references to the algebra of 3D polynomial moment invariants of
order two. Since Theorem 5 implies that T = V; @V}, the algebra of 3D polynomial moment
invariants C[y]5°® Cn)5°® is equal to the algebra of sly-invariants C[Vy(ug) ® Vi(vo)]*,
where 1, vy are the lowest weight vectors in the T3 -realizations of the standard sly-modules
Vo and V4. To find such a realization, firstly we need to find the realizations of the standard
basis of V5 and V; on T3 and, then, substitute it into the expressions for the generating
invariants of the algebra C[Vy(ug) @ Vi(vg)]*2. Since V is the trivial sl,-module, it is enough
to find generating elements of the algebra C[Vj(v)]*®2. But C[Vj(vg)]™ is isomorphic to the
classical algebra of invariants of binary form of degree four

aox® + 4a12%y + 6 axx®y® + dasxy® + aqy’.
It is well-known, that the latter is generated by the following two invariants of degree two

and three
ap a; az

S1 = apay + 3a§ —4dajas, So = apgasay + 2a1a2a3 — ag’ — aoag - a%a4 =la; ay azl.
Az a4z a4
In terms of the classical invariant theory, the invariant S; is called the apolar invariant and
the invariant S5 is known as the the catalecticant or the Hankel determinant.
The six-dimensional slp-module T3 is generated by the following elements
15 = (@002, @0,1,1, @0,2,0, A1,0,1, G1,1,0, 42,0,0) -
The operators D, D_, H act on the basis as follows (see Theorem 1):

Di(ajng) =1 (kaji1p—11 — J@j—1pk+10) + i1 p1-1 — 051 k141,

D_(ajr1) =1 (kajs15-10 — jaj—16+11) — (@js1 00-1 — Q1 k141) 5

H(ajk) =20 (lajpr11-1 — kajp—1141) -
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The lowest weight vectors ug, vy of the sly-modules Vy(ug) and Vy(vg) are the solutions of

E_(z)=0, E_ (z)=0, .
the following two systems of linear equations: (2) and (2) respecti-
H(z) =0, H(z) = 4z,
vely. Thus, we obtain
up = Iy = app2 + a0 + 200, Vo =2ap1,1 +(ag02 — aoz20).
The element ug is already an invariant.
Using Theorem 4, we get the standard basis Vy(vp):
. 1 .
Vo = Vg = 2ap1,1 + (a2 — Go20), V1 = ZD+(9EO) = 101,01 + G110,
5D (r0) = = (a0 + 020 — 20200) . 5 = 52 Do) '
Vg = — xg) = —=(a apo0 —2a U3 = — Tog) = ay10 — ta
2 = 5P o 3 (@002 F Go20 200) > U3 = 5 P (To 1,1,0 1,0,15
1 .
vy = ﬂDi(%) =—2ap11+1(—ap20+ aop2)

Substituting v; for a; in Sy, S5 we find invariants I, and I3 :

I, =a0,0,22—ao,o,zao,z,o—a0,0,2a2,0,0 +3 Cl0,1,12 + Cl0,2,02—a0,2,0a2,0,0 + a2,0,02+
+3 611,0,12 +3 G1,1,02,

I3 =2 a2 — 3aop2°a200 — 3 a020°a002 + 12 a0,0.2020000.2,0+
+9 G0,0,2a1,0,12 —18 a0,0,2a1,1,02 -3 a0,0,2a2,0,02 +9 a0,1,12a0,2,0+
+ 54 0,1,141,1,001,0,1 — 3 ao,z,o2a2,0,o — 18 a0,2,0G1,0,12 +9 a0,2,0@1,1,02+
+9a101%a200 + 9a110%a200 + 2a200° — 3ao022a020 + 2 ag20°+

2 2 2
+9ap0200,1,1" — 18ap1,17a200 — 3 a0,2,0a200" -

It is easy to verify that the rank of the Jacobian matrix of Iy, I5, I3 equals 3. In the
section 4 we will show that the algebra C(T,)% is generated by 3 invariants. Thus, we get
that the algebras of polynomial and rational invariants C[T5]*2 and C(73)*" are generated
by the invariants 1, I and I3

ClT)*"> =C[IL, I, 3],  C(Ty)* =C(L, I, I).
We should admit that the obtained result is confirmed by the result of [4], [6], [8] and [20].
obtained by different methods.

In order to obtain the 3D moment invariant it is sufficient to replace a;;; by the normali-
zed moments 7;, in Iy, [ and I3.

As far as the obtained expressions for the invariants are quite cumbersome, we are
interested in finding a simpler representation for them. Let us consider the Laplace operator

1
L=D,D_+D_D, + 57{2 =E?’+ B2+ E2,

which belongs to the enveloping algebra of sly. It can be proved that £ commutes with the
operators Dy, D_, H. Therefore, L is diagonalizable on every standard sly-module.

Let us express the invariants in terms of the eigenvectors of the Laplace operator £. The
operator £ acts on the basis of T3 as follows

£<a0,0,2) =—4 a2,0,0 1+ 8 ap,02 — 4 @0,2,0, ﬁ((lo,l,l) =12 @0,1,1,
L(ao2,0) = 8ago —4aspo—4apps, L(aip1) =12a101,

ﬁ(am,o) =12 41,1,0, ﬁ(a2,0,0) =—4 ap2,0 + 8 @200 — 4 @0,0,2-
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Since Ty = Vo(uo)®Vs(vp), then there exists one eigenvector, let us denote it by eq, associated
with the zero eigenvalue and five eigenvectors ey, es, €3, €4, €5 associated with the eigenvalue
12. The eigenvectors could be found by the standard linear algebra algorithm

€0 = p,0,2 T A0,2,0 + A20,0, €1 = A0,1,1, €2 = A0,2,0 — 40,0,2;
€3 = a10,1, €4 = A11,0, €5 = A2,0,0 — @0,0,2-
Then the invariants I, Is and I3 are expressed in a much more compact form:
2 2 2 2, 2
I =ey, Iy =3ei+e;—esex+3e5+3e; + e5,
I; = 9¢3ey—18eies+54 +2e3—3ese3—18e5ea+9eiea—3ezea+9ese5+9e] e5+2¢
3.3. The algebra of polynomial invariants C[Us;]*2. We note, that the case d = 3 is

much more complicated than the case d = 2. For d = 3 we have the following decomposition
of the sly-module Us

Us =Ty & Ty = Vo(vo) ® Va(z0) ® Va(yo) @ Vs(uo).
Suppose the sly-modules Vg, Vs, V4, Vi are given by their standard bases

Vo(vo) = <Uo>, Vz(ﬂfo) = (3707351>$2>, V4(yo) = <y07ylay2ay3>y4>7
Vﬁ(uo) = <U0>U1,U2,U3>U4,U5,U6>-

Proceeding as above, we again find the lowest weight vectors vy, xg, 1o, ug by solving systems
of linear equations. Further, by using Theorem 4 we obtain the following realization of all
these sls-modules in Us

Vo = Qg,0,2 T Qp,2,0 T G2,0,0,
To = o3 + Q021 + A201—1 (G012 + ao30 + a210),
r1 = 0102+ 120+ 30,0, T2 = —To,

Yo=2a011+17 (a002—a020) ,y1=0110+ia101,
7

Yo 3 (2 2,0,0—10,0,2 —Go,z,o) s Y3=Y1, Y4 = —Yo,

Uy = G0,0,3—3 Qp2,1 1+ 1 (610,3,0—3 a0,1,2) , Ul = a1,02 — G1,2,0 — 2 Z'611,1,17
1 )

Uy = 5(4 A201 — Ap03 — Aoz2,1 + @ (ap12 + aoso —4az10)),

uz = 5(2 as00 — 3a102 — 3A120), Uy = —Ug, Us = Uy, Us = —TUp.

Here w indicates the complex conjugate to w.

Recently, the minimal generating set of polynomial invariants for the algebra C[Vo &V, &
V)™ was calculated, see [14], in the symbolic form. The minimal generating set consists
of 195 invariants and their degrees grow up to 15. Therefore, a minimal generating set of
polynomial invariants of the algebra C[T3]*®2 consists of 196 invariants. These invariants can
be calculated explicitly using author’s Maple package [17] or by expanding the transvectants
listed in the paper [14]. In appendix we present only the first 13 invariants.

Substituting the realizations of the standard sl;-modules in the invariants expressions,
we get the explicit expressions for the invariants of the algebra C[T3]"2. In order to obtain
the 3D moment invariant it is sufficient to replace a;x; by the normalized moments 7; ;.
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For example, the 3D geometric moment invariants of low degrees have the form

By = m0,02+M0,2,0 + 12,00,

B = 10,022 =10,0.270,2,0—110,0,272,0,0+3 M0,1,1°+10.2,0° —10,2,012,0,0 + 3 N1,0,1°+
+ 3111071200

By = 10,0,3°+210,0,3M0.2,1F2 10,0372,0,1 + No,1,2°+270,1,270,3,02 Mo,1,2772,1,0F
+ 270217201 + 030" + 2703.0M2,1.0 + M.02° + 271027120 + M20°+

+ 2712,0M3,00 + T2,01° + T2,10° + M3,00° + Mo21” + 271,0,2713,0,0,

By =1n003" — 31M003M0.2,1 — 3M0,0372,0.1 + 670,1.2° — 370127030 + 670,217 —
—370.2.1M2.01—3170.3.072.1,0+70,3.0° =3 1M1.0.271.2.0—3 71.0.273.0.0 — 3M0.1,272.1,0+
+67m120° — 3M,2,01300 + 672,01° + 672,1.0° + M300° + 1571117 + 6710,2°

All of the 196 invariants can be obtained in a similar way as above.

In the book [8], the 3D moment invariants @y, ..., ;3 were presented, in particular, the
first degree invariant ®; and the invariants ®9, 4, 5 of degree two. These invariants could
be expressed in terms of the invariants By, Bi, Bo, B3 as follows

B2 + 2B, o 3By +2B;3

\1112307@2: 3 Y 4

,(I)5 = BQ.

The Poincaré series of the algebra C[T3]*® calculated by using Maple package (see [18])
has the form

slo _ Po246(2) _
PIEIL™2) = a0 = 2P0 - 2P0 = PP = 2P

=14+244224+823+262*+5325+1462°+30527 + 70428 +14172° + - -

where
Po2as(2) = 228 + 2% + 922 + 13223 + 37222 + 51 221 + 91220 + 119219+

+181 218 + 208 217 4+ 277 216 + 283 215 4 311 21 + 283 213 4+ 277 212+
+208 21 4181210 411929 + 9128 + 512" + 3725 + 1325 + 924 + 23 + 1.

Therefore, the algebra C[n]3> consists of one invariant of degree 1, namely By. Also, there
exists four linearly independent invariants of degree two, namely B3, By, By, Bs, eight linearly
independent invariants of degree three etc.

4. The algebra of rational invariants C(U;)*2. Concidering applications, the rational
invariants are more interesting applications than the polynomial ones. In the paper [9], a
set of 1185 of the 3D rotational moment invariants up to the sixteenth order was presented.
However, these invariants do not form a minimal generating system and setting a minimal
generating system is still remaining an open problem.

In the following theorem we find the cardinality of a minimal generating set of the algebra
of 3D rational rotation invariants.

Theorem 7. The number of elements in a minimal generating set of the algebra of the

d+3
rational invariants C(Uy)*2,d > 2 is equal to ( _i: ) —T.
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Proof. Since the group SL(2) as an affine variety is three-dimensional one, then, the transcen-
dence degree of the field extension C(U,;)%°® /C equals to

tr deg C(U;)%°®) = dim U; — dim SO(3).

Thus, the algebra C(U,)*" consists of exactly dim U, — 3 algebraically independent elements.
Taking into account that

d d
k+2 d
dimUd—B:Zdide—S:Z( ;F )—3:( ;:3)—7,

k=2 k=2

which is equal to that to be proved. [

In particular, for d = 2,3 we have three and thirteen invariants, respectively. These
results are confirmed by the results in [8]. For d = 2, it implies that the algebra C(U;)®* is
generated by the invariants Iy, I and I3.

A system of 13 invariants of the algebra C(Us3)*? was presented in [8].

The authors claim, without proof, that these invariants are independent. Below we
present another system of 13 invariants for C(Us)*2 and prove that all these invariants
are independent.

In the Sect. 3.3 we found an explicit form for each of the thirteen polynomial invariants
of the algebra C[Us]*2. Though, the expressions for the invariants are quite cumbersome, we
will express them in terms of the eigenvectors of the Laplace operator £. The operator £
acts on the basis of 7% as follows:

L(aoo3) = 12a0p3—12a201—12a021, L(aos2) =20a012—4a210—4a030,
L(apz1) =20ap21—4as01—4a00s, L(aoso)=12ap30—12a012—12a2;1,
L(a102) =20a102 —4aspo —4a120, L(a120) =20a120—4aseo—4a102,
E(GQ,O,l) =20 a2,0,1—4 @0,0,3—4 ap,2,1, ﬁ(a2,1,0) =20 Cl2,1,0—4 a0,1,2—4 @0,3,0,

L(aso0) =12a300—12a102—12a129, L(a111) =24a11,.

Let us recall that T3* = VQ(y()) 5P, V6(u0)‘ Let C1,C2,C3 and bl, bQ, bg, b47 b4, b5, b7 denote the
eigenvectors of £ in the vector spaces Vs (yp) and Vg (uo), respectively. We find the eigenvectors
by the standard linear algebra algorithm:

€1 = Q0,0,3F00,2,11+02,0,1,C2 = Qp,1,2+00,3,0F021,0,
€3 = a1,02+01,20+030,0,01 = @003 — 3021,
by = —3ap,12 + ap3,0,b3 = a1,
by = a1,2,0—0a1,0,2, bs = a2,0,1—00,2,1,

b = az1,0—00,1,2,b7 = as 00 — 3 a1

The eigenvectors for the spaces Vy(ug) and Vy(x() we already found in Subsect. 3.2. Now,
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let us express the above thirteen invariants in terms of the eigenvectors. We have

od = ey,

dv, = 1?4y’ +c3?,

dvy = 3e2+ex’—eseat+3 e3?+3 642+652,

dvs = b12—3 bsby+by>—3 bgba+15 by +6 by* —3 bybr46 bs>+6 bg> +b72,

tr; = 9e,%ey,—18 61265—|—54 eijeses+2 ey3—3 65622—18 63262+9 es2es+9 63265
+9es’es+2 e5°—3 e5le,,

try =c12eq+c12es—6 e10109—6 30301 —2 o’ ea+co2es—6 e403co+c32ea—2 03265,
try = 2b1%ea+2 by e5+3 €1baby +60 e4bsby +3 e3b1b4—21 bybsea+9 by bses

+3 €1b6b1+3 e3b1b7—4 by ea+2 by es+60 babses—12 e4boby+3 €1babs+12 bobgey
+9 bobges+3 e4bobr—90 byeqby—90 e4bsbs—90 bybges+60 byerbr—18 byes

+63 e3b5b4—27 e4b6bs+9 bybrea+12 bybres+27 bs*ea—18 bs”es— T2 e, bgbs
—9bg2es—18 bg2es—12 eqbsbr+2 by2ea—4 brles—9 by’ es—12 esbs by,

try = c1bieatcibies+2 e1cabi+2 esc3bi 42 e1¢1ba—2 cobyes+caboes+2 e4c3b9
—10 e4b3¢1—10 bgcges—10bsejcs+2 esc by —8 eqcobs—4 bycses+3 bacses+bscies
—4 bscres+2 e1cobs—8 e3c3bs+2 e1¢1bg+3 bgcoea—4 bgcoes+c3bres—2 c3bres
—8eyc3bg+2 e3c1b74+2 eqcaby,

chy = 2bic1’ =3 co?c1b1—3 by —3 eabycy 242 byco® —3 bycsco+30 bycacscy
—3¢12byc3+12 92byc5—3 bycs® —3 bsc 3 —3 o’ e1bs+12 by sy —3 bgeacy 2 —3 bgca®
+12bgcs®ca—3 12 c3br—3 o2 c3br+2 ¢3°by,

chy = b1°c1? =3 ¢y%b1” —3 b1 3> —2 cobycy by —40 bacaczby —2 bybycse; —3 bybsey
+19 %1 bs—by c3bs—2 bgcaciby —2 by ezbrer —3 by* 1 2 +bo o —3 by 3

+8 boby3ea—2 Cobocibs+19 bgbacy 2 —3 babgca® —bocs2bg—2 bycsbrca—25 bs® ey
—25 b3 0y® —25 by e3> +60 bycabycy +60 bycacsbs+60 bybgescy —40 bycabrey

+2 ¢9?by> —4 by® 3% —42 bsbyczey +18 bgbycacat19 bybrey —co*bybr—3 bycs®by
—28 ¢52b5%+2 b5 232 +48 bgeabs 148 by csbre; —28 b2 e 2 —4 b o> +2 b2 5

+8 bgCsbrca—3 b2 12 =3 ¢o2b72 4052072 —40 bybycser —28 by% e 2 —4 bs? ¢, 2,

chs = biei’es—biejeses+biereses—bies?es—boer2es—byeieses+baeses”
—b3es’es+bgeses’+bseses>+bses?es—bsesles+byer > +byereses—2 byeres’
—byeres—2byeseseqtbieseses—2 bser2es+bseieaes—2 bseqeses—bseseses
+bsesestbses 42 bger2es—bger eaes+2 bgereses+bges’es—bgeseses—bges®
+breres® —breres”+hreseses—bgeses® +baeres’,

chy = 21222 =5 c12eses+9 c1?es’ 42 c1%e5> —6 e cicaeat-12 €1¢1 e

—18 ¢ycze1e4+12 e30301€9—6 €3¢3C1 €5 —Co 60>+ ene5+9 co2es’+2 coles?
—18 cycgere5—6 e4C500e9—6 e40300e5+9 321242 52602+ 52 eses — e

—18 C1Co€3€4,
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chs = b1 =6 b13b5+7 ba?b12—36 bgbaby >—50 by by 2457 by2b1 2 —36 bybrby

+57 b2b1 247 b72b1 2 —36 by>bs by +60 bsbobaby —40 bybabrby +128 bebabsby

+160 bsbgbab1+60 b3bgbrby —206 by>bsby +88 bybrbsby+24 bs*by —136 b2bsby
by —6 bgba® —50 by? by +12 by2bs® —6 by 2babr+57 by>bs? +-bs>ba> +7 by by
+150 bs?babg—340 b3bababy 460 bybobrbs+4 boby>bg—52 bobsbrbg— 136 bgbabs>
+24 bybg> —6 babr2bg+625 by 4200 b3 20,2 +150 b32b7by+200 bs2bs2+200 bs b
—50 bsb7* —240 b3bgbsbs +160 bybgbrbs+16 by +24 by by 4137 by?bs*+17 bgbs>
+b4%b72—T6 bybrbs®+4 b*bsby—6 b7 by4-16 by +32 b2 b5 2 +12 by bs

+16 bg*+12 b2br 2+ +b5%b1 2150 by bsby —6 by bsby .

Theorem 8. The set of the following 13 invariants

Od, dVl, dVg, ClVg7 tI‘l, tI'Q, tI‘g, tI‘4, Chl, Chg, Chg, Ch4, Ch5

is a minimal generating set of the algebra C(U3)*.

Proof. 1t is enough to prove that the elements are algebraically independed. Let us consider
the Jacobian 13 x 16-matrix of the polynomial set

dod Dol dod  Dod
(960 861 o (%6 81)7
8 d’Ul 8 d’Ul 8 d’U1 8 dUl
860 861 o abg 867
Dchy dchy  dchy dchy
0 0 b, ob
0 06]25 0 06}7115 0 Cﬁ5 0 0]77/5
(960 861 o (%6 5’1)7

It is sufficient to show that the rank of the matrix is equal to 13. After substituting the
following expressions

€y — 1,61 = 1,62 = 23, €3 — 53,64 = 97, €y — 151, bl = 541, b2 = 661, b3 = 827,
by = 1009, by = 1193, b = 1427, by = 1619, ¢; = 227, ¢y = 311, c5 = 419,

into the Jacobian matrix, we get a matrix whose entries are all numbers. Then, by direct
calculation with Maple, we obtain that its rank is equal to 13. It implies that the Jacobian
matrix has the maximal rank equal to 13 which proves the theorem. O

Applying the same scheme, we can find the minimal generating sets of higher orders, for
instance, the minimal generating sets of order four consists of 28 algebraically independent
invariants.

5. Conclusion. In this article, we reviewed the 3D geometric moment invariants in the terms
of the classical invariant theory. We divided all invariants into two types by introducing the

notions of the algebras of simultaneous rational and polynomial rotation invariants C[n]50(3)

and (C(n)cslo(g) up to order d where 7 is a set of normalized moments which are already
invariants under the scaling and translations. In addition, we proved that these algebras are
isomorphic to some classical object of the invariant theory, that is, to the algebras of join
invariants of binary forms C[U,]%*® and C(U,)°*®). Further on, we used Lie infinitesimal
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method and reduced the problem of calculating the invariants of the group SO(3) to the
equivalent one of calculating the invariants of the Lie algebra sl,. From the computational
point of view, it is much more simpler problem dealing with polynomial derivations.

In the rational case we count out the cardinality of the minimal generating set of the
algebra (C(Ud)SL(Q) and present such minimal generating set for invariants of the degrees two
and three. Also we found the explicit form of the series of the invariants of the degree one
of an arbitrary order, which plays an important role in different applications as a low-order
moments which are less sensitive to noise than the higher-order ones.

The author hopes that the results will be useful to the researchers in the fields of image
analysis and pattern recognition.

As we have seen, in contrast to the 2D case, there is no satisfactory description of 3D
rotational invariants of arbitrary order, and the problem of finding the basis of such invari-
ants is hopeless. In our forthcoming researches, we are going to present another invariant
constructions, which seems to be an effective way of describing of 3D image moments.

6. Appendix. A minimal generating set of the algebra of rational invariants

CVo®Va® V@ V).
deg | Invariants #
1 Vo 1
2 ToZa—217, Yoya—4 yr1ys+3 Yo,
U0U6—6 U1U5+15 u2u4—10 U32 3
3 | Yoyeya—voys®—y1 Yat2 y1y2ys—y2°, 4

202Ys—4 ToT1Y3+2 ToTayo+4 11%Ys—4 112271 +22%Y0,
UUsYs—2 UoUs Yz —4 U U3Y4+6 Ui UsY3—2 UL UYL +3 U Y4
—9 Us s Yo 16 Ustus Y1 HUatigyo+8 Uusys —4 ustays —4 ususys
— 4 uzusyo+3 s Yo+ oUs s

UTaYs—2 u1T1Ys—4 ur2y3+8 U 1y3+6 usXay2—2 usr1Yo
—4u3xoy1+6 ugToYo+8 UusT1y1 s T2y —4 us oY1 —4 UsTOY3
+ugToYo+usToys—12 uzx1ys,

4 UoT> —6 UL 21292 +3 UaToTo’ +12 Ug 1 °To— 12 UL T 5
+3 s’ wo+12 ugwor 2 —6 usxo T FUsTod —8 Uz,
UpUaT 22 —2 UgUsT1 Ta+UgUeT1 > —4 U UsTo®+6 U U T 1Ty

—2 U UsT1 2 —2 U UgToT1+3 Ua’ L% —4 UgUs T To—8 UsUs ToTo

+6 UsUs T T1+UsUeTo2+6 Us?ToTa+2 Us? T2 —4 UstyToT,

+2 U U LT —UaUa L1 2 —4 Usts To2 43 s’ 02,

UoY1Ya®—3 UoYoysya+2 Uoys® —u1Yoya® —2 ury1ysya+9 urya>ys
+5 uaYoysya—15 uay1 yoya+10 ugy1ys® — 10 ugyoys 410 usy: *ya
+15 ugyoy2ys — 10 ways *ys+usyo>ya+2 usyoy1ys—9 usyoys”
—U6Yo Y313 UsYoY1 Y2 —2 Uey1° —5 Usyoy1Ya+6 usy1*ya,
T0*Yoya— L0 Y32 —2 ToT1 Y1 Ya+2 ToT1Y2Y3+2 ToT2y1Ys + T1°YoYa
—9312?J22—2 T1T2YoY3+2 x1x2y1y2+x22yoy2—a:22y12—6 u1y2y32
—2T0TaYys?,

U U U U —Uo U Us > —UoU3 > U +2 U U U Us — UoUs® — U7 2UsUg

+2 Uq U UsUg—2 Ug Ul Us —2 Ug Us>Us+2 Ug Usthy® —Us Ug+Usg™
g2 u4® —3 ugus®ug +ur 2us 2 +2 ustusus.
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