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Let h be a real-analytic function on the neighborhood of some compact set K on the plane,
and let f(y) be the Fourier—Stieltjes transform of a complex measure of a finite total variation
without singular components on the Euclidean space. Then there exists another measure of fini-
te total variation with the Fourier—Stieltjes transform g(y) such that g(y) = h(f(y)) whenever
the value f(y) belongs to K.

1. Introduction. It is well known that for each absolutely convergent Fourier series F(t)
such that F(t) # 0 for all ¢ the function 1/F(t) also has an absolutely convergent Fourier-
series expansion (the Wiener Theorem). Its natural generalization is known as the Wiener—
Lévy Theorem (see, for example, [11], Ch.VI):

Theorem 1. Let

F(t) = Z ¢, e2mimt

neL

be an absolutely convergent Fourier series, and h(z) be a holomorphic function on a nei-
ghborhood of the closure of the range of F'. Then the function h(F(t)) admits an absolutely
convergent Fourier series expansion as well.

Clearly, for h(z) = 1/z we get the Wiener Theorem.

The next variant of this theorem for functions on R is also known as the Wiener—Lévy
Theorem (see for example [1|, Ch.IIT or [8], Ch.I)

Theorem 2. Let f(y) be the Fourier transform of some function f € L'(R), and h(z) be a
holomorphic function on a neighborhood of the closure of the range of f such that h(0) = 0.
Then there is a function g € L'(R) such that its Fourier transform §(y) coincides with

h(f(y)).

This theorem admits a generalization to functions from L!(G), where G is an arbitrary
locally compact abelian group, and one can replace a holomorphic function h by any real-
analytic function. Next if we replace here the absolutely continuous measure f(z)dz by a pure
point measure ) . a,0y, (s, as usual, means the unit mass at the point s) with > |a,| < oo,
we obtain the Wiener—Lévy Theorem for Dirichlet series. On the other hand, for each locally
compact abelian non discrete group G there exists a measure p with a finite total variation
such that values of its Fourier transform /i is separated from zero on the dual group G (hence
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the function 1/z is holomorphic on the closure of the set fi(G)), but there is no measure v on
G such that its Fourier transform © = 1/fi. Also, the requirement of the real-analyticity is
necessary for most groups G (in particular for G = R%) to fulfill the Wiener—Lévy Theorem

(see [9], Ch.5, 6).

The local form of the Wiener—Lévy Theorem is of great interest for our study (see [8],
Ch.6):

Theorem 3. Let G be a locally compact abelian group, let S be a compact subset of the
dual group G, let f € L* (G), and let h(z) be a holomorphic function on a neighborhood
of the closure of the set f(S). Then there is a function g € L'(G) such that its Fourier

N

transform §(y) coincides with h(f(y)) for ally € S.

In our article, we also consider local versions of the Wiener-Lévy theorem, which are in
a certain sense stronger than Theorem 3.

2. Notations and preliminaries. Before formulating our results, it is necessary to recall
some definitions.

Denote by M(G) the set of complex measures on the locally compact group G with a
finite total variation ||u||, by M4(G) the set of pure point measures from M (G), and by M4
the set of measures from M (G) containing only pure point and absolutely continuous (with
respect to the Haar measure) components, i.e., without singular components. The Fourier
transform of © € M(G) is defined by the equality

Aly) = /G (—opu(ds),  yel,

where G is the group of characters on GG, and (z,y) means the action of the character y on
x € G. In particular, in the case G = R? we have

fi(y) = / de‘m@’y)u(dw), y € R,
R

where (z,y) means the scalar product of = and y. If the measure y is absolute continuous
and p(dz) = f(x)dz, we will also write

fo)= | fa)e o,
R4

Furthermore, a complex-valued function h, defined on an open set V C C is said to be
real-analytic on V' if to every point z € V' there corresponds the expansion

[e.9]

h(§ +in) = Z crn(€ —Rez)f(n—Im2)", & neER, cn€C, (1)

k;n=0
which converges in some disc
D(z,r.) ={(&,n) € R*: [¢ —Rez|*+ |n — Imz|* < r?}.
Note that series (1) converges also in the ball

B(z,r.) ={(&n) € C*: |¢ = Rez|* +|n —Imz[* <r7},
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and for any intersecting balls B(zy,71) and B(za,79) the set
B(Zl, 7"1) N B(Zg, TQ) N RQ = D(Zl, 7’1) N D(ZQ, 7”2)

is the set of uniqueness for analytic functions of two variables. Therefore, if the function h(z)
is real-analytic in a neighborhood of some compact set K C C, then it has a continuati-
on to the neighborhood |J, , B(z,7.) C C* of K as an analytic function of two complex
variables &, n.

3. Main results.
Theorem 4. Let yu be a measure from M,4(R?), let h(z) be a real-analytic function on a

neighborhood of some compact set K C C. Then there is a measure v € M,4(R?) such that
for every y € RY satisfying fi(y) € K we have 0(y) = h(ji(y)).

In particular, if h(z) = 1/z or h(z) = 1/|z|* for |z| > € and h(z) = 0 for |z| < /2, we
obtain the following result:

Corollary 1. For any u € My4(R?) and ¢ > 0, a > 0 there are measures v., V. € M,q(R?)
such that in the case | (y)| > € we have U:(y) = 1/i(y), Puc(y) = 1/|@(y)|*, and in the case
A(5)] < /2 we have pa(y) = dau(y) = 0.

Note that the pre-image of K with respect to the mapping h may not be compact set
in R?, so our result does not follow from Theorem 3.

The reasoning in the proof of Theorem 4 also provides the following statement:

Theorem 5. Let G be a locally compact abelian group, p be a measure from My(G), K
be an arbitrary compact set on the complex plane, and h(z) be a real-analytic function on
a neighborhood of K. Then there is a measure v € My(G) such that, for every y € G for
which [i(y) € K, we have v(y) = h(ji(y)). The support of the measure v lies in Ling supp p.

Here supp p stands for the set {z € G: p({z}) # 0} if p € My(G).

For the case G' = R? and holomorphic A on a neighborhood V' C C of K Theorem 5 was
proved in [2]. In [2| and [4] we applied the results of this type to study Fourier quasicrystals
(about this theory see, for example, [5], [6], [7]). For another application of Theorem 5 to
Kahane’s property of discrete sets see [3].

4. Auxiliary lemmas and their proofs. We will use Schwartz’ space S(R?) of rapidly
decreasing O°°-functions on R? with the topology defined by a countable number of norms

}, n=0,1,2...

The Fourier transform is a continuous linear one-to-one mapping of S(R?) onto S(R?), and
the set of C*-functions with compact support is dense in S(R?) (see [10]).

o

T
0xy Oz,

Na(p) = sup {(1 +lz])", max ()

z€R4

Lemma 1. For every f € L*(R?) and every € > 0 there is v € S(R?) such that || f —v||;1 < e
and v has a compact support.
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Proof. Take f; € L*(RY) such that || f — fil|z1 < £/3 and f; has a compact support. The
convolution fy = f; x ¢ with a suitable C*°-function ¢(z) > 0 with support in a small ball
such that [, p(2)dz = 1 has the properties ||fo — fil|;r < &/3 and f, € S(R?). Therefore,

fg € S(RY) as well, and there is a sequence of C*°-functions with compact supports that
converges to fo in the space S(R?). Let {v,} be the images the functions from this sequence
under the inverse Fourier transform. Clearly, v, — f» in the space S(R?), therefore,

[ f2 = wnller < sup(1 + &)™ | fo(w) — va()] /d(l + o) e <
R R
< C(d) Ngy1(fa —vy) = 0 as n — oo.
Hence, ||fo — vn||r < /3 for a suitable v, and || f — v,][11 < €. O

Lemma 2. There is a constant C = C(r,d) such that for every v € S(R?) for which
suppv C B(0,7), we get

d
[v][r < C(r,d) (H@Hoo +) ||(0l/0y§)ﬁ\loo> ,
j=1

withl =d -+ 1 for odd d and [l = d + 2 for even d.
Proof. We have

(y) = /Rd v(z)e 2@V dy, (81/8yé)@(y) = (—27rz')l/ xé-v(a:)e_%i(x’wda:, j=1,...,d.

R4

Hence, v(z)(1 + Z?Zl |z;|") is the inverse Fourier transform of the function

0+ () S

J=1

Since supp v C B(0,r), we get

d
dx
v <O |0llee + 8l81-1900/
ol < (H o+ 2 N800l | T o T e e et

with a constant C' depending on d and r. O
Lemma 3. Let T(0,7) be C*®-function in variables © = (0y,...,0y) € RY and 7 € [0,1]?,
and let T(©, 1) be periodic with periods 1 in each coordinate 0, ...,0y. Then its Fourier
series

T(O,7) =Y b(r)e™®O k= (k... ky),

kezN

is absolutely convergent and ), |by(7)| < C' uniformly in 7.

Proof. We have
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Integrating this equality twice in parts over each variable 6; such that j € J(k) = {j: k; #
0}, we get

bu(T)| < sup [[ (—4=°k5)"'0° /002 | T(©,7)|.
©meN+2 |\ S 250

Taking into account that every derivative of T'(0,7) is uniformly bounded in 7 € [0, 1], we
get the estimate
bp(7)] < Cmin{1, k; 2} -+ min{1, ky*},

where C' depends on neither 7 nor k. This estimate implies the assertion of the lemma. []

5. Proofs of the main theorems.

Proof of Theorem 4. Let U be an open set in C? such that h has a holomorphic continuation
to U as a function of two complex variables. Set ¢ < (1/13) dist(K,0U). Let ¢(|z|) be C*-
differentiable nonnegative function with support in B(0, ) C C* such that [, (|¢])m(d¢) = 1
(here m(d¢) means the Lebesgue measure in C?). Consider C*°-function

H(z) = / e MO = Cymicc),

If dist(z, K) < 8¢, we get

H(z) = /IC = Q(<hm(ac)

Since an average over any sphere of a holomorphic function of many variables equals the
meaning of the function at the center of the sphere, we obtain that H(z) = h(z) on the set
{z: dist(z, K) < 7e} and H(z) = 0 on the set {z: dist(z, K) > 10¢}.
Let
= fdaH—Zan s f € LYRY, Z]anl<oo

Using Lemma 1, take a function v € S(R?) such that || f —v||z1 < € and supp 9 is a compact
set. Pick N < oo such that ) lan| < €, and define the measure s = ) ', a,0,,. Note

that
= Z ape 2Ty,

n<N

n>N n= 1

Since ||u — vdx — s||;1 < 2¢, we see that ||i(y) — 0(y) — 5(y)|| L~ < 2. Put

ay) = Re(d(y) +5(y)), Bly) = Im(i(y) + 5(y)).

Consider the function

1 H(Cl + iCQ)dC1dC2
Fly) = — .
) (2mi)? /|a(y)—¢1:35 /|B(y)—C2:3€ (Gt — Refi(y)) (G — Tm fi(y))

If i(y) € K, then dist(a(y) + i5(y), K) < 2¢. Therefore,

E={(C,¢): [G—aly)] <3e, |G = Bly)| < 3e} C {z: dist(z, K) < Te},
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and H(z) = h(z) in a neighborhood of £. Using the Cauchy integral formula for the po-
lydisk £, we obtain

F(y) = h(Re iu(y) +iIm (y)) = h(i(y)).

Furthermore, we have for all y € R?

+ 3ee’™ Zﬁ(y) + 136627”72)952627”(7’1-1-72)
d7'1 dT2.

_|_ 3563m7'1 — Re u( ))( ( ) + 3€€3m7—2 o IIIl/J,( ))
" Re/ily) — aly) Im ji(y) — A(y)

: 2 ‘ 5

‘ Jee2min ‘ < /37 ’ 3ee2ritz < /37
we get
! - i Re ji(y) — (y)\" (Im a(y) — By) \*
1 — Belly—aly) ) (1 _ Imily)-5y) — 3ee2min 3 e2mit 5
3ee’™T1 3ee2miT2 P,g=0

therefore, the function F(y) is equal to

i (Reﬂ(y)—a(y)) <Imﬂ ) / / (y, 11,7 +D(y771,72)dﬁd727
3e e2mi (pT1+4q72)

p,q=0

with

Aly, 11, m2) = H(0(y) + 3(y) + 3ee®™™ +i3ee®™™) — H(3(y) + 2™ + i3ee”™™),
D(y,m1,72) = H(5(y) + 3e*™™ +i3ce™™).

Define two measures on R?
Ar(@) = 1/2 (u(w) = v(@)dz — s(x) + p(—2) — v(-2)dz — s(—2) ),
A(@) = (1/20) (ple) — v(@)de - s(z) — p(~2) — v(-2)dz — s(~2))
It is easily seen that ||Agr|| < 2e, ||A7]| < 2e, and
Ar(y) = Refi(y) — a(y), Ai(y) =Im a(y) — B(y).

Since the Fourier transform of convolution of measures equals the product of the Fourier
transform of the measures, we get

(2)

[(Ar/3e)™ % (\1/3e)"] = (Re ly) — a(y))p (Img(y?zg_ 5(y)>q‘

3e

Also, the variation of convolution of measures does not exceed the product of variations of
the measures, hence

[(AR/32)™ = (Ar/3e)™|| < (2/3)"". (3)

On the other hand, since supp A(y, 71, 72) C supp ¢ and A(y, 7, 72) is C*° function, we
see that A(y, 1, m2) € S(R?). Therefore there exists u,, ,(z) € S(RY) such that i, ., (y) =
A(y, 11, 7o) for every fixed 71, 7. Then the function A(y, 71, 72) and all its derivatives of order
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at most d + 2 are bounded uniformly in 71, 75 € [0,1]%. By Lemma 2, ||t -, |/z1 is uniformly

bounded too. Set
Ur, 'rz
vl / / i pT1+qT d7'1 dry € LY(RY).

By Fubini’s Theorem,

sup || ql[r1 < 00, (4)
P

N y, T1, 7’2
Fép ! / / 627”(PT1 +q72 T dm. (5>

Next, apply Lemma 3 to the function H (37, -y ane®™ " 4 32€*™™ 4 i3ce>™™). We get

and

H (Z €20 4 3ee?™ 1'35627”'72) =) bi(rr, 7)™ RO (6)

n<N keZN

with the condition

sup Z b (11, T2)| < 0.
71,72 k

If we replace in (6) 6, by —(7y,,y) for each n, we get after reduction of similar terms and
reindexing that
Z bk(T1’7_2 2mi(k,0) Zb 7_177_2 27rz (pjy > (7>

kezN jEN

where p; belong to the span over Z the set {v,},>,. Note that

sup Z 1b; (11, 72)| < o0. (8)

71,72

jeN
Function (7) is the Fourier transform of the measure » . (Tl, T2)0_p,;. Set
T17 7-2
Ypa = Z G (p’ q)dfpj with Cj p’ / / e2m(p7—1+q7'2 dTl drs.

jeN

It follows from (6), (8) and Fubini’s Theorem that

sup [|vp,q]l < oo, (9)
P
and
N D y7 71, 7—2
Upq(y / rima) d 1dTo. (10)
Finally put
V= Z (Ar/3e)™ % (A1/3e)™ % (Kpqdr + Vpq). (11)
p,q=0

We have .
Il < ) Ixe/3elP A /3l mpallr + [1pall)-
P,q=0
It follows from (3), (4), and (9), that v has a finite total variation, and, by (2), (5), and (10),
that 0(y) = F(y). O
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Proof of Theorem 5. Let p= > a,d,, with v, € G and ) l|a,| < co. Then
i) = an(=vmy), yeG.

Replacing in (6) e*™ by (—v,,), we get the relation

Z bk<7'1, 7_2>627ri<k,9> = Z g]‘(7-17 7—2)(pj7 y)

kezZN JEN
instead of (7), where as before p; belong to the span over Z the set {7, }22 ;. Also, we do not
use Lemmas 1 and 2, but put A(y, 7, 7) =0, u(z,7,7) =0, and k,,(z) = 0 Vp, ¢. Then,
repeating the reasoning in the proof of Theorem 4, we obtain the assertion of Theorem 5. [

Remark 1. If the function A is holomorphic in a neighborhood of the compact set K, then
there is an alternative proof of Theorem 5. Indeed, let I denote the group G with respect to
the discrete topology. Clearly, every pure point measure p € M(G) is the function f € LY(T)
at the same time. Therefore ji extends to the continuous function f on the compact group I.
Then f “1(K) is a compact subset of I, and we may apply Theorem 3. In order to obtain a
statement about the support of the measure v, one has to replace the group I' by the group

Ling supp p.

I am very grateful to Professor Hans Georg Feichtinger for pointing me Theorem 3, and
for his attention to my work.
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