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The spectral properties of the nonself-adjoint problem with multipoint perturbations of the
Dirichlet conditions for differential operator of order 2n with involution are investigated. The
system of eigenfunctions of a multipoint problem is constructed. Sufficient conditions have been
established, under which this system is complete and, under some additional assumptions, forms
the Riesz basis. The research is structured as follows. In section 2 we investigate the properties
of the Sturm-type conditions and nonlocal problem with self-adjoint boundary conditions for
the equation

(—=1)"y®" (2) + agy®" V(@) + ary®" V(1 — 2) = f(@), € (0,1).

In section 3 we study the spectral properties for nonlocal problem with nonself-adjoint boundary
conditions for this equation. In sections 4 we construct a commutative group of transformation
operators. Using spectral properties of multipoint problem and conditions for completeness the
basis properties of the systems of eigenfunctions are established in section 5. In section 6 some
analogous results are obtained for multipoint problems generated by differential equations with
an involution and are proved the main theorems.

1. Introduction and main results. During recent years the number of publications with
the use of an involution operator in the theory of PT-symmetric operators, PT-symmetric
quantum theory (see [11], [12]), various sections of the theory of ordinary differential equati-
ons (see [1], [4], [15], [17], [19], [21]-[24], [27], [31], [32]), partial differential equations (see
[6], [10], [14], [20], [25]) and differential equations with operator coefficients (see [2], 3], [7],
[8]) increased significantly.

The spectral properties of boundary-value problems with strongly regular conditions by
Birkhoff were studied in [9], [19], |23]. The properties of problems with regular but not
strongly regular conditions by Birkhoff were studied in the papers [5], [24], [29]. Problems
with irregular conditions by Birkhoff were studied in [16], [29].

This paper is a continuation of the research [2]-10].

Let

W3m(0,1) == {y € Ly(0,1): y™ € AC[0,1], y*™ € Ly(0,1), m =0,1,...,2n — 1},
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W* be the space of linear and continuous functionals over W3"(0, 1),

Ly;(0,1) = {y € Lx(0,1): y(x) = (=1)’y(1 — )}, j =0,1,

[L2(0,1)] the algebra of linear and bounded operators A: Ls(0,1) — Lo(0,1).

We are considering the multipoint problem

(=1)"y®" (2) + agy®V(2) + ary®" V(1 — 2) = f(x), z € (0,1), (1)
iy = yY=(0) = (1)U V(1) =0, j = 1,2,..,n, (2)
Cogsy ==y 0(0) + (=1)7yY V(1) + Ly =0, j=1,2,...,n, (3)
where .
Gy =Y bamy™ (xs), (4)
s=0 m=0

ag, a1, bgm; € R, s =0,1,.. 0k, 0 =290 <21 < ... <@gy =1, m=0,1,...,k;, j =
1,2,...,n, p=0,1.

Definition 1. The function y(z) from the space W3"(0,1) that satisfies nonlocal conditions
(2)—(4) and equation (1) in the sense of equality in space Lo(0,1) is called a solution of
problem (1)—(4).

Let L be the operator of problem (1)—(4):
Ly := (—=1)"y®(z) + apy® V() + ary® V(1 — 2), y € D(L),
D(L) :={y € W3"(0,1): by =0, s =1,2,....2n},
V(L) :=A{v,4(z, L) € Ly(0,1), r=0,1, ¢ =1,2,...}

the system of eigenfunctions of the operator L.
Let us consider the following assumptions, that are necessary for further investigation.
Assumption P :

bsymzj = (_1)mbk0757m7j e R? xs = 1 - xkofm

where s = 0,1, ..., kg, m=0,1,....k;, 7 =1,2,...,n.
Assumption Py : a1 = —ag.
Assumption P31 k; <j—1,j=1,2,...,n.
The following theorems are the main result of the paper.

Theorem 1. 1. Let Assumptions P, P, hold. Then the operator L has discrete spectrum
and complete and minimal system of eigenfunctions V(L) in the space Ly(0, 1).

2. If Assumptions P;-Ps hold, then the system V(L) is a Riesz basis of the space Ly(0,1).

Theorem 2. If Assumptions P;-P3 hold, then for arbitrary function

F=Y" fravrg(@, L) € Ly(0,1)

1
r=0 g=1

the unique solution u € W3™(0,1) of problem (5)—(7) exists.
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Our research is structured as follows. In section 2 we investigate the properties of the
Sturm-type conditions and nonlocal problem with self-adjoint boundary conditions for the
equation (1). In section 3 we study the spectral properties for nonlocal problem with nonself-
adjoint boundary conditions for the equation (1). In section 4 we construct a commutative
group of transformation operators. Using spectral properties of multipoint problem and
conditions for completeness the basis properties of the systems of eigenfunctions are establi-
shed in section 5. In section 6 some analogous results are obtained for multipoint problems
generated by differential equations with an involution and proved the main theorems.

2. Self-adjoint boundary value problems. Let us consider for the equation
(=1)"y® (@) = f(2), = €(0,1), (5)
the problem with boundary conditions

loy =y D(0) — (=1)YyUD(1) =0, j=1,2,...,m, (6)
50,n+jy — y(j—l)(o) + (_1)jy(j—1

Let Ly be the operator of problem (5)—(7):

—~
—
~—
Il
=
<
Il
—_
no
S
~
EN|
~—

Loy == (—1)"y®(2), y € D(Ly), D(Lo):={y € W5™(0,1): Loy =0, s=1,2,...2n}.
Remark 1. The boundary conditions (6)—(7) are chosen so that the relations
boj € Wi, bony; €W, j=1,2,..n, (8)
hold, where W(0,1) := {{ € W*: Ly;_,(0,1) C ker(()}, p=0, 1.

Remark 2. The boundary conditions (6)—(7) are equivalent to self-adjoint conditions of
Sturm-type (see [26]) and strongly regular by Birkhoff [19], [23], [26]:

yIT0) =y (1) =0, j= 12,0,
Therefore, the conditions (6)—(7) are self-adjoint.

Thus, the operator L is generated by expression (—1)"y?"(z) and boundary condi-
tions (6)—(7) and is self-adjoint.

We define the eigenfunctions of operator Ly. The roots p;, j = 1,2, ..., n, of characteristic
equation (—1)"p?™ = X, |arg p| < 5-m, which corresponds to the differential equation

(=1)"y® — Xy =0, A € R, 9)
are determined by the relation p; = w;p, where

(—1)”%2»” =1, w =1, wj =wexp <7T—Z(] — 1)) , j=2,3,...,n.
n

Let us consider the fundamental system of differential equation (9):

yj(x, p) == P + ewirl=2) ¢ Ly0(0,1), j=1,2,...,n, (10)
Ynij(1,p) 1= 2P — e¥iP0=0) € [, 1(0,1), j=1,2,....,n. (11)
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Substituting the general solution

2n

y(x,p) = Cuys(x,p), Cs €C, (12)

s=1
of differential equation (9) into boundary conditions (6)—(7), we obtain the equation for

determining the eigenvalues of the operator Ly :

A(p, Lo) := det[ly ,ys] = 0.

r,s=1,2n —

From the relations (8), (10), (11) we obtain the equalities

govjynJrT(xa P) = 07 gO,nJrjyr(:Ca p) = 07 j, r= 1, 2, N
Therefore, A(p, Lo) = Ao(p, Lo)A1(p, L), where

Ao(p, Lo) := detllo jyrl, j—t7, A1(p, Lo) := det[lonyjYnir)y j—17-

n .2n

Let ps 4 be solutions of the equation A,(p, Lg) = 0 and A, 4 := (—1)"p2% are corresponding
eigenvalues of operator L, that numbered in ascending order, s =0,1,¢=1,2,....

We construct the system of eigenfunctions of the operator L.

By the elements of systems (10), (11) define the functions

Y1(7, pog) - Un(®, pog)

14 looYn
vO,q(‘r) LO) = Y0,q 0,241 0.2Y , 4= 17 27

gO,nyl g(],nyn
which after some transformations take the form

UO,q($7 LO) = VM1,gX

Y1, poq) Yr(T, Po,g) Yn(, o)
wi (1 — e¥1roa) wy (1 — evrPoa) Wy (1 — enPoa) (3)
W= (1)) L (1 (1)) L W (1 (= 1)enon)
where g = 1,2, ....
Note, that we select the parameters v, 4 so that ||vgq(2, Lo)| r.01) =1, ¢ = 1,2, ...
Similarly, define eigenfunctions vy 4(x, Lo) € L21(0,1) :
Yns1(T,p1q) o Yon(, 1)
01g(@, Lo) = pg || OmtRYnrL o om0 g (14)
50,2nyn+1 fo,zn?hn
where parameters 7, , are selected so that equalities ||v14(2, Lo)||,001) = 1, ¢ = 1,2, ..., are

valid.
Thus, the system of eigenfunctions

V(L) :=A{vsq(x, Ly) € L2(0,1): s=0,1, ¢=1,2,...}
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of the self-adjoint operator Ly is an orthonormal basis of space L(0,1).
The self-adjoint operator Ly has only its eigenfunctions, each of which is defined by
formulas (13) or (14).

Therefore, the integration of systems
Vs(Lo) == {vs4(z, Lo) € Ly(0,1), ¢ =1,2, ...}, s=0,1,

is an orthonormal basis of space L(0,1).
Considering the ratio L(0,1) = Lo (0,1)® L2 1(0, 1) we obtain the following conclusions:
1. The systems of functions

Vs(Lo) :={vs4(z, Lo) € Ly(0,1), ¢ =1,2, ...}, s=0,1,

are orthonormal bases in Ly (0,1) and Ly;(0, 1), respectively.
2. Loi Lzys(o, 1) — LQ}S(O, 1), S = O, 1.
Let us determine eigenfunctions (13), (14) by the relations

Voq(, Lo) = Y1q > A0, (00.0)9r (2, po.g),

r=1
0 —
AO,r(pO,Q) T
w1 (1 — e*1P0.q) wr—1(1 — e¥r=1P0.q) wr41(1 — e¥r+1P0.q) wh(1 — e¥nroa)
_ w2 (1 + e¥1ro.q) w2 (1 + e¥r—1r0.q) w£+1(1+6wr+11)0,q) w2 (1 + e¥nPo.q)
w?—1(1_(_1)new1po‘q) w:L::ll(l_(_l)neWT—IPO,q) wflll(l—(—l)"ewT+1p°’q) wg—l(l_(_l)newnPU,q)

Vg, Lo) = Y20 DAY (01.0)Yn (T, p14),

r=1
0 —
Al,r(plﬂ) T
w1 (1 + e¥1P1.a) wr—1(1 + e¥r=1P1,q) wWrt1 (1 + e¥r+1P10) W}L(lJ’,ewnpl,q)
. w%(l — e¥1Pla) w371(1 — eWr—1P1.q) wf+1(1 — eWr+1P1,q) w2 (1 — e¥nPla)
WPTHAH(-D)ReRPna) L WP T (- D)) WM (L (<)) Wi T (1 (1) e Pt

where r =1,2,....n, ¢q=1,2,....
For equation (5) consider the self-adjoint problem with boundary conditions:

Uy p Yy = y(j_l)(O) — (—1)jy(j_1)(1) =0, j=12,...,n, (15)
Uy =y P(0) — (—1)Py (1) = 0, (16)
Cpmiiy = y9D0) + (=17 Y1) =0, j #p, j=1,2, ..,n. (17)

Let L, be the operator of problem (5), (16)—(17):

Ll,py = (_1)ny(2n)<x)7 ye D(Ll,p)v
D(Ly1,) = {y e W2"(0,1): l1,,y=0,s=1,2,...,2n}.

Substituting the general solution (12) of the equation (5) into boundary conditions (15)—
(17) we obtain the equation

A(pa Ll,p) - AO(p7 Ll,p)Al(pJ LI,P) =0
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to determine the eigenvalues of the self-adjoint operator L, ,, where

A(ﬂ? Ll,p) = detwlw,syr(‘r: :0)]3?:’:17 AO(pa Ll,p) = det[€17p75y7’(x’ p)];},s:lw
Ai(p, Lp) = det[lipntsynir (T, p)]5 -

The boundary conditions (15)—(17) are chosen so that the relations
€1J € Wg, gl,ner S W1*7 J = 1,2, ...,n,

hold. Therefore A(p, L1 ,) = Ao(p, L1,)A1(p, L1p).
Since boundary conditions (6) and (15) coincide, then

Ao(p, Lo) = Ao(p, L11) = ... = Aolp, L1p).

Substituting functions vy 4(x, Ly) into boundary conditions (16)—(17), we conclude that
voq(x, Lo) € D(L1,), ¢q=1,2, ...

Therefore, the self-adjoint operators Lo, Li,, p € {1,2,..,n}, have the same part
of eigenvalues o¢(Lo) = {Xo4(Lo), ¢ = 1,2, ...} and eigenfunctions Vy(Ly), and systems
Vi(L1,) C Ly, (0,1) are orthonormal bases in Lo, (0,1), 7 =0, 1.

3. Nonlocal boundary problems. For equation (5) we consider the problem with bounda-
ry conditions:

lopiy = yY(0) = (=1)7yUD(1) =0, j =1,2, ...,n, (18)
Capnipy =y P0) = (=1)Py P PN(L) + by (y*" P (0) + (=1)Py* (1)) =0,  (19)
Copmssy =y 0(0) + (=17 YU (1) =0, j £p, j =12, ...,m, (20)

forb, e R, pe {1,2, ...,n}.
Let Ly, be the operator of problem (5), (18)—(20):

L27py = (_1)ny(2n)(x)’ RS D(LQ,p)7
D(LQaP> = {y € W22n<07 1) g2,p,sy = O, S = 1, 2, ceey 2n}

Lemma 1. The eigenvalues of operators L, , and L, coincide. The system of eigenfunctions
V(La,) of the operator Lo, is a Riesz basis of the space Ly(0, 1).

Proof. Let us consider the spectral problem (8), (18)—(20).
Substituting the general solution (9) of differential equation (10) into boundary conditi-
ons (18)—(20), we obtain the equation to determine the eigenvalues of the operator Lo, :

A(p, Ly yp) = det[la Yk, j=12; = 0.

From (8), (10), (11), (18)—(20) we have equalities

o pntpYntr(Ts P) = C1pnspYnir (T p)s Lopnti¥r(T, p) = b pnrsyr(x,p) =0, p# j,
ngP:jyn‘Hﬂ(I?p) = 07 p7j7,r = 17 27 .-.,n.

Therefore, A(p, La,) = A(p, L1,), where

A(p, Lip) = Do(p, L1p)A1(p; L1p), Aolp, L1yp) = det[li 4], =17,
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Ai(p; L1p) = det[li pntrYntilrj—1m-

Consequently, the operators L; , and Ly, have the same eigenvalues As ;(L1,,) = As 4(L2,),
s=0,1, ¢=1,2, ..., and the same system of eigenfunctions V;(Lg) C L2;(0,1).

We construct the eigenfunctions wvg,(z, La,) of the operator Lo ,, that correspond to
eigenvalues Ao ,(L1,) = Xog(Lay), ¢ = 1,2, ..., respectively.

Consider the functions

Y1.s(2, pog) 1= e¥sPoa® — ewer0a=2) € 1) 1(0,1), s =1,2, ..., n,

y2,p(x7 pO,q) = Z Ap,s(po,q)yl,s (35, p07q)7 (21)
s=1

where
Aps(pog) = detllop sy (2, pog)lj =t 7 7 0, 7 7 5.
If we substitute functions (21) into boundary conditions (18)—(20), then we obtain

lopiYop(T,pog) =0, j#n+p, j=12,..2n, p=12 .. n (22)
The eigenfunctions vy 4(x, L) of the operator Lo, are defined by expression
V0,4(@; Lap) 1= vo,4(x, Lo) + 1p,gY2,0(T, pog), 4 =1,2, ... (23)
Substituting expression (23) into boundary conditions (19), we have
Mog = —(CopntpY2.0(T: 0.0)) ™ o pnipvoq(, Lo).
Let ys,(z, pog) = Mp.qY2,p(x, pog) for b, = 1. Then from the formula (23) we obtain
V0,4(2, Lap) = voq(x, Lo) + bpysp(2, pog), ¢ =1,2, ...
Therefore, the operator L, , has the system of eigenfunctions

V(Layp) == {vsq(7, Lay) € L(0,1), s=0,1, ¢=1,2, ...},

where
V1 4(x, Lay) = v14(z, Lo), ¢ = 1,2, ... (24)
The conditions (18)-(20) are strongly regular by Birkhoff [26]. Thus, the system V(L)
is a Riesz basis in the space Lo(0,1). O

Remark 3. The Riesz basis is almost normalized system [16]|. Therefore, taking into account
the expression

loq(@, Lap)ll 00 = 1+ op] 302 p0.0) 1, 00y < 0%
we obtain the boundedness of number sequence

CO,p < Hy&p(x’pon)HLg(O,l) < Cl,p <400, p=12,...n, g=1,2, ...
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4. Transformation operators. We choose arbitrary number sequence © := {0,}72; C R
and consider the operator B, g, defined in space Lo(0,1), whose eigenvalues coincide with
the eigenvalues of the operator Ly and eigenfunctions are determined by the relations

ULQ(‘%BP,@) = ULq(ZE,Lo), q= 1727 AR (25)
V0,4(z, Bpo) = vo4(x, Lo) + O4y3p(T, pog), ¢ =1,2, .... (26)
Let
R(B,e): L2(0,1) = Ly(0,1) and R(B,e)vsq(z, Lo) = vs4(z, Bpe),s =0,1,¢g =1,2,....
From the definition of the operator R(B,e) := E + S(B,e) we obtain
S(Bpe) : L2o(0,1) = Ly1(0,1), S(Bpe): L21(0,1) = 0, S*(Bpe) = 0.
Then the operator R™'(B, o) = E — S(B, o) exists.

Lemma 2. For any sequence {0,}:2, C R the system of functions V (B, e) is complete and
minimal in Ly(0,1), p=1,2,...,n.

Proof. We prove on the contrary that the system of functions V (B, o) is total (complete) in
the space Ly(0, 1).

Let a function h = hg + hy, hs € Lo (0,1), exist, that is orthogonal to all elements of
the system V(B,e). Taking into account, that the system (25) is an orthonormal basis of
space L91(0,1), we obtain h; = 0.

Therefore h € Ly(0, 1).

Assuming the orthogonality of the function A to the elements of the system V (B, e), we
have equality

(h, voq(, Bp,@))LZ(OJ) = (h,vo4(z, LO))LQ(O,l) =0,¢g=12, ...

Taking into account, that the system V{(Lg) is an orthonormal basis of space L (0, 1),
we obtain h = 0. 0

We consider the operators Ly, L,e that are defined in space L(0,1) and whose ei-
genfunctions and eigenvalues are determined by the relations

Mrg(Loo) =N g(Lpo) =104\ q(Lo), 7=0,1, ¢=1,2, ...,
Vrg(x, Loo) := vrg(x, Lo), r=10,1, ¢ = 1,2, ...,
Vrg(®, Lpo) = vrg(x,Lay), =0,1, ¢g=1,2, ...

Let
H(Lye) :={ve Ly(0,1): Ly,ev € Ly(0,1)},
(u, U)H(Lp,@) = (u, U)L2(0,1) + (Lp@u, prgv)LQ(m), p=0,1, ...,n.
Taking into account Lemma 1, we obtain the inequality
Lyl H(Loe) < [LaplllllvlaLoe), v e H(Loo).

From the definition of functions vy ,(x, B, e) we obtain

UO,(I(I‘7 prg) - b;I(eqUO,q<Ia LQ,P) + (1 - Qq)vo,q(x, LO))J q= ]-7 27 AR



72 Ya. O. BARANETSKIJ, P. I. KALENYUK, M. I. KOPACH, A. V. SOLOMKO

1 oo
Therefore, for any h = Y > h, v, 4(x, Ly) € H(Lge) we obtain the inequality
r=0qg=1

I1R(Bp.e)hllL 0.1 < 26, (1 + R(Lap) I Al 1, 0) + 210 La01) < 00

Consider the relation that defines the conjugate operator (see [14]):
(R(Byo)h.9),, 00 = (0 B (Bro)g),, o b € D(E(Byo)), g € D(R'(By)).
Therefore, the operator (R*(B,e))™' = E — S*(B,e) exists and the system of functions

W(Bp@) = {ww(x, Lp79) - LQ(O, 1) .
wr,q(x7 L/p@) = (£ — S*(Bp,@))v,«,q(x,[/o), r=0,1,¢=1,2, ..}

is biorthogonal to the system V(B,e). O

Lemma 3. The system of functions V(B,e) is a Riesz basis in Ly(0,1) if and only if the
sequence {0,}22, is bounded.

Proof. Necessity. If the system of functions V' (B, e) is a Riesz basis, then it is almost normali-
zed.

From the contrary, if |6, — oo for ¢ — oo, then, taking into account (24)-(26) and
Remark 3, we obtain

1v0,4(2, Bpo)llLa01) = 1+ b5 0] 1y, (x, po.g) |l £o(0,1) — 00, ¢ — 0.

Sufficiency. A according to account (25), (26), for arbitrary function h € Ly(0, 1) we obtain
the following relations

oo 1 oo 1
ZZ| (Bp.e)h, vsq(x, Lo) |L201 ZZ|hvsqup®))|L201

q=0 s=0 q=0 s=0

00 1
ZZ‘ h Usq 6))&2(0,1) < ||[Bp,®”|2||h||%2(0,1)-

q=0 s=0

Therefore, the operators R*(B,e) and (R*(Bpe))™': L2(0,1) — Ly(0,1) are bounded.
Then the system of functions W (B, e) and V (B, e) is Riesz basis by definition (see [15]).0]

The set of operators B, o, eigenfunctions of which are determined by formulas (25), (26)
is denoted by I',(Lg). The corresponding set of transformation operators R(B,e) = E +
S(Bpe), we denote by ®,(Lg).

We introduce the operation of multiplication of transformation operators on the set
(I)p(LO) :

R(Bp,Ql)R(Bn@,?) =E+ S( p,0, 1) + S( p®,2) = R(BZL@Q)R(BZL@J)’ R(BP,G,S) S (I)p(LO)a

and the inverse operator R™'(B,e) = E — S(B, ). Therefore, ®,(Lg) is an Abelian group
with respect to multiplication.
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Let us choose n sequences of real numbers {9p,q}§°:1, p = 1,2, ....n, that are denoted
by ©, and consider the operator Bg, whose eigenvalues coincide with the eigenvalues of the
operator Ly and whose eigenfunctions are determined by the relations:

v14(z, Be) = v14(z, Lo), ¢ =1,2, ..., (27)
Voq(, Bo) = v0q(, Lo) + > Opqvsp(®, pog); 4= 1,2, ... (28)
p=1

We consider the transformation operator R(Bg) := E + S(Bg): L2(0,1) — Ls(0,1),

R(Bg)vs4(x, Lo) == vs4(x, Bg), s =0,1, ¢ =1,2, ...

n

From the definition of the operator Bg we obtain that Bg = [[ B,e and
p=1

S(Be): L2p(0,1) = Ly1(0,1), L1(0,1) =0, S*(Be)=0.
Therefore, the inverse operator R™!(Bg) = E — S(Bg) exists.

Lemma 4. For arbitrary sequences {0,,}02,, p = 1,2, ..., n, the system of eigenfunctions
V(Be) of the operator Bg is complete and minimal in the space Ls(0,1).

The system of eigenfunctions V(Bg) is a Riesz basis in the space Ly(0,1) if and only if
the all sequences {0,,}52;, p=1,2, ...,n, are bounded.

Proof of Lemma 4 is similar to that of Lemma 3. O

The set of operators Bg whose eigenfunctions are defined by formulas (26), (27) are
denoted by T'(Lg). We also denote the corresponding set of transformation operators by
O(Ly).

Remark 4. On the set (L) we can define a multiplication operation and prove that ® (L)
is an Abelian group.

5. Multipoint problems. For p € {1,2, ...,n} we consider the nonlocal problem with
multipoint conditions for equation (5):

lypgy = 1y970(0) = (—1)7yU (1) =0, j = 1,2, ..m, (29)
ko Fkp
laptpy =y 0(0) + (=175 (D) + 33 by ™ () = 0, (30)
s=0 m=0
Cspmsgy = y970(0) + (—1)7yU V(1) =0, j £p, j=1,2, ..n. (31)

Let L3, be the operator of the problem (5), (29)—(31):

Layy = (=1)"y*"(2), y € D(Ls,),
D(Lsp) :={y e W3"(0,1): {3,y =0,s=1,2..2n}.

Lemma 5. Let Assumption P, hold for condition (30) for p € {1,2, ...,n}. Then the ei-
genvalues of the operators Ly and L3, coincide and the system of eigenfunctions V(L ,) of
the operator Ls, is complete and minimal in space Lo(0,1).

If Assumptions Py-P, hold, then the system V' (Ls,,) is a Riesz basis of the space Ly(0, 1).
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Proof. The isospectrality of the operators Ly and L3, is determined by substituting the
general solution (12) of differential equation (9) into multipoint conditions (29), (31).
Resulting system of order 2n has the coefficient matrix that contains a minor of order n,
all elements 03, ,+;ys(z, po4) of which are equal to zero for j, s =1,2, ..., n.
Then

det [s,5,59r]; 13 = det [lomys],,, 17 et [onrmYnrs,, o1 -

By direct substitution we can see that
v14(z, L) € D(Lsp), ¢g=1,2, ...

Therefore, vy 4(z, Ls,) = vi4(x, Lo), ¢ = 1,2, ...
Taking into account the conditions (22), the eigenfunctions vg 4(z, L3,) of the operator
Lj , we define by formulas

UO,q<x> L3,p) = UO,q(m7 Lo) + 771,p7qy3,p(177p0,q)7 g=12,...

Substituting this expression into a multipoint condition (29), we obtain

Mpqg = _(63,p,n+py3,p(xa pO,q))71£3,p,n+pv0,q<x7 LO)a q= 17 27 ceee (32>

Therefore, the transformation operator R(Ls,): L2(0,1) — Lo(0,1),
R<L37P): Ur’q(x, LD) = ’Uﬁq(m’ L3,p)7 r= O? 17 q = 17 2a A

is an element of the set ®,(Ly).

Then, in view of Lemma 2, we obtain the completeness and the minimality of the system
of functions V(L3,) in the space Ly(0, 1).

In the case when Assumptions P; and P; hold, by direct calculations we establish
boundedness of the sequences {11 .4}02;-

Therefore, using Lemma 3, we obtain the second statement of Lemma 5. 0

We consider for equation (5) the nonlocal problem with multipoint conditions (2), (4).
Let Ly: L2(0,1) € Ly(0,1) be the operator of the problem (5), (2)—(4):

Lyy = (—1)”y(2”)(x), y € D(Ly), D(Ly) :={ye€ W;”(O, 1): byy=0,s=1,2, ....2n}.

Lemma 6. Let Assumption P, hold. Then operator L, has complete and minimal system
of eigenfunctions V (Ly) in the space Ly(0,1).
If Assumptions Py, P, hold, then the system V(L) is a Riesz basis of the space Lo(0,1).

Proof. The isospectrality of operators Ly and L4 is established by the considerations of
Lemma 5. By direct substitution we can see that vy (z, Lo) € D(L4), ¢ = 1,2, ....
Therefore, vy 4(z, Ly) = v14(z, Lo), ¢=1,2, ....
The eigenfunctions vy 4(x, Ls) of operator Ly we define by formulas

V0,q(, L) := voq4(x, Lo) + an,pvqy&p(‘ra Pog)s 4=1,2, ...
p=1

Given conditions (28), we obtain equality (32) for the parameters 1, .
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Therefore, the transformation operator R(L4): L2(0,1) — Ly(0,1) :
R(Ly4): vy4(x, Lo) = v, Ly), 7 =0,1, ¢ =1,2, ...,

is an element of the set ®(Ly).

So, according to Lemma 4, we obtain that the system of eigenfunctions V'(L,) is complete
and minimal in space Ly(0,1).

If Assumptions P, P hold, then transformation operators R(Ls,) are bounded. The-
refore, taking into account the equality R(Ls) = [[,_; R(Ls,), we obtain that R(L,) €
1L5(0, 1))

Then, taking into account the second statement of Lemma 4, we find that system of
eigenfunctions V(L) is a Riesz basis in the space Ly(0,1). O

6. Proof of the main results. Proof of Theorem 1. The isospectrality of the operators Ly
and L is established by the considerations of Lemma 6. By direct substitution we can see
that vy 4(z, Lo) € D(L).
Therefore,
v14(x, L) = vy 4(x, Lo), ¢ =1,2, ...

Let us consider the functions
Ya(z, pog) = (22 — vy 4(x, Ly) € L21(0,1), ¢ =1,2, .... (33)

The eigenfunctions vy 4(x, L) of the operator L are defined by formulas

voq(, L) := vo4(, Lo) + cqya(, poq) + Zn2,p,qy?>,p(xa Pog) 4=1,2, ... (34)
p=1

From Assumption P, and relations (21), (33) we have
Lya(@, pog) = Moy (. pog) + (=1)"4nugy " (. Lo),

L Z 12,p,9Y3.0(T, Po.g) = Aog Z 12,p,4Y3.0(T, Po,q)-
p=1 p=1
Therefore, substituting expression (34) into following equation
Lvgg(x, L) = o qv04(x, L),
we obtain
2aové?;_1)(x, Lo) = (—1)"4ncqv(()?;_1)(x, Ly), ¢g = (=1)""'(2nap)™", ¢=1,2, ...

Substituting expression (34) into boundary conditions (2), (4), we define the following
parameters

M2pq = Mpg — Cq(lntpY3p.q(, PO,q))_1€n+py4(x7 Pogq), ¢ =1,2, ...

We choose n + 1 sequences of real numbers {7, ,}o2,, p= 0,1, ..., n, that are denoted by T.
Consider the operator By, whose eigenvalues coincide with the eigenvalues of the operator
Ly, and whose eigenfunctions are determined by the relations

Ul,fI(x?BT) - Ul,q<x7L0)7 q = ]-7 27 sy (35)



76 Ya. O. BARANETSKIJ, P. I. KALENYUK, M. I. KOPACH, A. V. SOLOMKO

voq(®, Br) = vo4(, Lo) + To,qya(@, po,q) + Z Tpa¥30(T: Pog)s 4= 1,2, ...
p=1
Let us consider the transformation operator R(By) := E+ S(Br): La(0,1) — L2(0,1):
R(Br)vs4(x, Lg) := vs4(z, Br), s=0,1, ¢ =1,2, ...
From the definition of the operator By we obtain
S(BT)Z L270(0, 1) — L271(0, 1), LQJ(O, 1) — 0.

Therefore, S?(Br) = 0 and the operator R~(By) = E — S(Br) exists.

Let ®(Br): L(0,1) — Lo(0,1) belong to the set of transformation operators R(Br).
On the set ®(Br) we can define the multiplication operation and prove that this set is an
Abelian group.

Lemma 7. For any sequences {7.4}02,, 7 = 0,1, ...,n, the system of eigenfunctions V (Br)
of the operator Br is complete and minimal in space Ls(0,1).

If the sequences {7, 4}02,, 7 = 0,1, ...,n, are bounded, then the system of eigenfunctions
V(Br) is a Riesz basis in the space Ly(0, 1).
Proof. As in Lemma 2, we prove that the system of eigenfunctions of the operator Br is
complete and minimal in space L(0,1).

Consider the operator B as a partial case of the operator By, when 7,, = 0, p =

1,2,...,n:
U17q($, B) . ’Uqu(ﬂf,Lo), q = 1,2, ey (36)
Vo,4(T, B) = vo,4(2, Lo) + To,4ya(T; pog), ¢=1,2, ... (37)

Taking into account the definition (33) of the function y4(z, po,) and orthonormality
of the system Vy(Lg) in the space Ly(0,1), we obtain the boundedness of transformation
operator R(B): Ls(0,1) = L2(0,1):

R(B): v 4(z,Ly) :=v4(x,B), r=0,1, ¢g=1,2, ...

Consider the relations R(Br) = R(B)R(Be). If |154| < C < o0, s = 0,1, ...,n, ¢ =
1,2, ..., then using Lemma 7 we obtain R(B), where R(Bg) € [L2(0,1)]. O

Taking into account (34) we obtain that the transformation operator R(L): L9(0,1) —
Ly(0,1) is the element of group ®(Br). Then the statement of Theorem 1 follows from
Lemma 7. O

Proof of Theorem 2. Substituting the expansions

1 00

.f ZZfrququ U—ZZurququ

r=0 g=1 r=0 g=1
into equation (1) we obtain that u, ) = )‘;,lifﬂk? r=0,1, ¢g=1,2, ....
Now let us show that u € W™(0, 1). Differentiating the function (36), (37), we obtain

()" A p fiavta) (@, L) = fraol (@, L), ¢ =1,2, ...,
(— )n)\o/ngkazqn)( L) = fok(vo?)(l“, L)+ (=1)""ag); k“o%? V@, Lo)), q=1,2, ...
Taking into account (13) for some C' > 0 we obtain the inequality
Motlosa (@, L)l sy < Cal ¢ =1,2, ...
Therefore, for some C; > 0 we obtain the inequality ||ullyzn 0,1y < Cillfllzo(0,1)- O
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