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ON CERTAIN SUBCLASS OF DIRICHLET SERIES ABSOLUTELY
CONVERGENT IN HALF-PLANE

M. M. Sheremeta. On certain subclass of Dirichlet series absolutely convergent in half-plane,
Mat. Stud. 57 (2022), 32-44.

Denote by Dg the class of absolutely convergent in the half-plane Il = {s: Res < 0}
Dirichlet series F(s) = e*" — 377, frexp{s(\y + h)}, s = o +it, where h > 0, h < Ay T +00
and fr > 0. For 0 < o < h and [ > 0 we say that F belongs to the class DF,(l, ) if and
only if Re{e™"*((1 — )F(s) + £ F'(s))} > ¢, and belongs to the class D&, (, ) if and only if
Re{e™"s((1=1)F'(s)+L1F"(s))} > aforall s € Ily. It is proved that F' € DF,({, ) if and only if
Yore (h+1Ag) fe < h—a,and F € D6, (1, ) if and only if Y77 | (h+IAg) (A +h) fr < h(h—a).

If F; € ©F1(l5,¢5), 5 = 1,2, where [; > 0 and 0 < a; < h, then Hadamard composition
(F1 % Fy) € DFy(l, ), where | = min{ly,l2} and o = h — %&;”) Similar statement is
correct for the class F; € D8;(l, ).

For j > 0 and § > 0 the neighborhood of the function F' € ©¢ is defined as follows
O;s(F) ={G(s) = e* = Y 1o grexp{sAi} € Do: > po; Mlgr — fx| < &}. It is described the
neighborhoods of functions from classes DF, (1, @) and D&, (1, @).

Conditions on real parameters 7o, 71, 72, a1 and as of the differential equation w’ +(yoe2"*+
viels 4+ Yo)w = a1e™® + age?™® are found, under which this equation has a solution either in

DFn(l, ) or in DG (1, ).

1. Introduction. Let p € N, 0 < a < p and [ > 0. We say that an analytic in the disk
D = {z: |z| < 1} function

f(z) =2" — Z an2"*?, a, >0, (1)
n=1
belongs to the class §,((, ) if and only if
f2) L F(E) @
Re {(1 —1) i lsz—l > > (z € D), (2)

and belongs to the class 6,(l, «) if and only if

YA C)
Re{(p—I—l(l p>)pzp—1+lpzp—2

} >a (zeD). (3)
The class §,(l, o) was introduced and studied earlier by S. K. Lee, S. Owa and H. M. Srivas-
tava [1] and was further investigated by M. K. Aouf and H. E. Darwish [2]. The class &,(I, «)
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was studied recently by M. K. Aouf [3]. In particular, the class &, (I, «) was considered earlier
by O. Altintas [4-5]. The research of classes §,(l, a) and &,(l, a) was continued in the works
[6-7].

Absolutely convergent in the half-plane Ty = {s: Re s < 0} Dirichlet series with positive
increasing to +o0o exponents are direct generalizations of analytic functions in the disk D.
Therefore, it is quite natural to introduce analogues of the classes §,(l,«) and &,(l, «) for
such series of Dirichlet and explore their properties.

So, let h > 0, (Ax) be an increasing to +o0o sequence of positive numbers (A; > h) and
D, be the class of Dirichlet series

F(s) =e™ — Z frexp{s(\e + h)}, fr >0, s=o0+it, (4)

absolutely convergent in half-plane Ily. For 0 < a < h and [ > 0 we say that I’ belongs to
the class ©F,(l, o) if and only if

Re {e_hs ((1 “)F(s) + %F’(s))} > % (s € Iy), (5)

and belongs to the class ©&,,(l, «) if and only if

Re {ehs ((1 —)F'(s) + %F”(s))} >a (s ell). (6)

It follows from (5) and (6) that

!/

Fe®8,(l,a) << % € DFu(l, ). (7)

2. Properties of coefficients. In order to derive various properties associated with the
classes ©F, (1, ) and DB (I, o) we shall need the following theorems.

Theorem 1. Let a function F' be defined by (4). Then F' € ©F(l, «) if and only if
D (h+1)fe <h —a. (8)
k=1
Proof. Since
—hs ((1 —)F(s) + %F’(s)> -
oo l oo
— ehs{u — 1) < "> frexp{s( + h)}) - (heSh—Z()\k + h) fr exp{s(\ + h)})} —

k=1 k=1

=(1-1) (1 - Z fr exp{s)\k}> (h Z (Ax + h) fi eXP{S)\k})

S h + I\
1= (1= 1) frexp{sh} — Z (A +h) frrexp{sAe} =1 — Z = frexp{shi},
k=1

k=1
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condition (5) holds if and only if

= h+ I\ a
Re{l—z ; kfkexp{s/\k}}>ﬁ (s € Iy),

k=1

Re {Z(h + 1) f exp{s)\k}} <h—a (sell). (9)

k=1
Since fi, > 0 and (9) holds for all s € Iy, for all ¢ < 0 we have

> (h+ 1) frexpl{od} < h—a. (10)
k=1

As 0 — 0 from hence we get a condition (8).
On the contrary, the condition (8) implies (10) for all o < 0. Therefore, for all s € Il we
have

Re {Z(h + 1) fr eXP{S)\k}}

k=1

Z h + l)\k fk exp{s)\k}
k=

<> (h+ 1) frexpf{od} < h—
k=1

i. e. (9) holds. O

Since for function (4) we have

EL) o 52 R xpfse -+ )
k=1

by Theorem 1 we get F'/h € DF,(l, «) if and only if

S+ )
k=1

Therefore, in view of (7) we obtain the following statement.

hkah—OA

Corollary 1. Let the function F' be define by (4). Then F' € ©6,(l, a) if and only if
> (h+ 1) (M + h) fi < h(h— a). (11)
k=1

3. Hadamard compositions. For power series f;(z) = > r fr;2" (j = 1,2) the series
(f1 % f2)(2) = Doy frnfr2z" is called the Hadamard composition (product)|8]. Properties
of this composition obtained by J. Hadamard find applications [9-10] in the theory of the
analytic continuation of the functions represented by power series. We remark also that
singular points of the Hadamard composition are investigated in the article [11]. L. Zalzman
[12] studied Hadamard compositions of univalent functions. For the functions f;(z) = 1/z +
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oo fri2® (5 = 1,2) M. L. Mogra [13] defined Hadamard composition as (f; x f2)(z) =
1/2+ 5702, fr1fe22” and proved, for example, that if the functions f; are meromorphically
starlike of order ; € [0, 1) and f;; > 0 for all £ > 1 then f; * f; is meromorphically starlike
of order « = max{ay, as}. Hadamard compositions of analytic and meromorphic functions
in D studied also by J. H. Choi, Y. C. Kim and S. Owa [14], M. K. Aouf and H. Silverman [15],
J. Liu and R. Srivastava [16], S. Ruscheweyh [17] and many other mathematicians. Hadamard
products of functions from classes §, (I, o) and &,(l, «) were studied in [7|. For Dirichlet series
absolutely convergent in half-plane I, Hadamard compositions were used in [18].
So, let functions Fj, j = 1,2, be defined by

Fi(s) = e = frjexp{s(v+ 1)}, g > 0. (12)
k=1
Then the Hadamard composition of F; and F3 is defined by

(Fy = Fy)(s) Z frafeoexp{s(Ax + h)}. (13)

Theorem 2. Let F; € ©F(l;, ), j = 1,2, where [; > 0 and 0 < a; < h. Then (Fy x F) €
DFy(l, ), where | = min{ly, o} and
(h = a1)(h = as)

o=h ht N (14)

Proof. Since F; € ©Fy(l;, ;) and [ = min{ly, lo}, by Theorem 1

and by the Cauchy-Schwarz inequality we have

= [h+1X h+ 1\ h+l)\ = h+IX
Z\/ kfk,l kfk,Q < kfkl kfk,Z <1,
— h—CYl h—OéQ 1 h (6%)
i. e.
- h+ 1\, ST
Jreife2 <1, (15)
; V(h—a1)(h — ay)
whence I I\
k
Ve fee <1,
V(h—a1)(h — ay)
i e. y
(h — Oél)<h — 042)
< .
V ki fre < R
Therefore, in view of (14) and (15)
h+1IX h+lA
> eafie = — 5 Frafea/Frafea <

k=1 k=1
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ey o) pr ey I e

k=1 - k=1 \/(h —ap)(h — az)

> h + I\
< <1,
<Y T Ve

o0

Z(h + 1) frifroo < h—a.

k=1
Thus, by Theorem 1 (F} * Fy) € DF, (1, a). O

Corollary 2. Let F; € ®F,(l,), j = 1,2, where ] > 0 and 0 < a < h. Then (Fy x F}) €
DFn(l, 8), where § = h — Y2l

For the class ©&,(l, «), the next analogue of Theorem 2 is true.

Theorem 3. Let F; € D&,(l;,a;), j = 1,2, where l; > 0 and 0 < a;; < h. Then (Fy * F3) €
D&, (l, ), where | = min{ly,lo} and

h(h — Oél)(h — (1/2)

=h— : 16
¢ (h+ D) (h+ \) (16)
Proof. Since F; € D6,(l;, ;) and | = min{ly, 5}, by Corollary 1 as above we have
= (h l/\ (M +h
_ - ;)
k=1
and by the Cauchy-Schwarz inequality
i h+l>\k /\k+h)f (h+l>\k)>\k+h)f _
h—an) k,1 h(h — ay) k2 <
= (h+ l>\k M +h) = (h+ 1)\ +R)
<1
i e.
= (h+ )N\ + ) ST
Jeafe2 <1, (17)
Z; hy/(h = a1)(h — as)
whence as above
VForfs < AR )~ )
— (h+ l/\k)(Ak +h)
Therefore, in view of (16) and (17)
= h+l)\k )\k+h) (h + I\)( )\k+h
; Jeafua = ; e Lo/ Trafia <
= h — = h+l)\ (M +h
< \/( h \/ k1SR = Z ; )(2 (3 )\/ Jrife2 <
k=1 - G — 2
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oo

(h 4+ I\) (A + h)
z; " =) th = o) Ve fee <1,

i. e. by Corollary 1 (Fy * Fy) € ©&,(l, a). O
Corollary 3. Let F; € D6,(l,a), j = 1,2, where | > 0 and 0 < o < h. Then (F, x F3) €
D6,(1, ), where B =h — #{;}H)

4. Neighborhoods of Diriclet series. For the function f(z) = Y 77 fx2", following
A. W. Goodman [19] and S. Ruscheweyh [17], the set

Ns(f) = {9(2) =2+ g Y klgn— fil < 5}

k=2

is called d-neighborhood of f. The neighborhoods of various classes of analytical in D functi-
ons were studied by many authors (we indicate here only on articles [20-26]). Here for j > 0
and 0 > 0 we define the neighborhood of F' € D as follows

O,s(F) = {G(s) =e® — ng exp{sA\t} € Dp: Z)\ﬂgk — frl < 5} : (18)
k=1 k=1

The following two theorems describe the neighborhoods of functions from classes DF (I, «)
and ©F, ([, a).

Theorem 4. Let | > 0,0 < f < a < h and F € D&,(l,a). If G € Oy5(F) with

0 = 01 = Gty then G € D®,(1,8). On the contrary, if G € D®,(l, ) then

G € Oy45(F) with § = 6, 1= 2=2=5,

Proof. Since F' € D8;(l, «), by Corollary 1 condition (8) holds. Therefore, for 5 < « in view
of (18) we have

S+ I)ge < (1) fi + D+ 1)|gr — fil <
k=1 k=1 k=1

h+ I\ o
=) Nelgk — fil <
p

o0

h+ I\
<> " ENelgk — fil Sh —a+
i

h+ I\ Bt D (o — B)\
<h-— 0=h-— —h—
shoet RS V) b
and, thus, G € DF,(l, 3).
On the contrary, if G € ©F; (1, 5) then
A — h A - < - (h+ 1A - <
kz_; klge — frl = h + 1) g — fl 7 Z + 1) g — fl

1 [ h—aoa+h-—
§7<Zh+l)\kgk+2h+l)\k)f>_ z b _s,

that is G S 0175(]'?) with § = (52. ]
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Theorem 5. Let 1 > 0,0 < <a < hand F € DGy(l,a). If G € Oy5(F) with § = 03 :=
a—pB)A2 .
- (high)% then G € ©6,(l,3). On the contrary, if G € DB(l, ) then G € O,5(F)

with § = §, .= 2E=e=B),

Proof. Since F' € ©&,(l,«), by Corollary 1 condition (11) holds. Therefore, for § < « in
view of (18) we have

(B4 D) e+ ) fe+ Y (4 D) + 1) |gr — fil <

[M]#
NE

k=1 k=1 h=1
<hih )+ 30 PRI o <o)
k=1 k
(A )0+ h) S XJgs — fil < hlh— ) 1 (ht IR sy

A2 A
1 1 1

and, thus, by Corollary 1 G € ©&,,(l, 3).
On the contrary, if G € ©&,,((, #) then as above

> Nlge—fill =D T l)\k)]Zh—k )\k)(th D) (B Ae)lge — ful <
b1

k=1
1 h(h — a) + h(h —
< 72(h+mk)(h+)\k)|gk—fky < ( ) i th=5) =0y
k=1
that is G € Oy 5(F) with 0 = é,. O

5. Differential equations of second order. S. M. Shah [27] indicated conditions on real
parameters 7o, 71, Y2 of the differential equation 2w” + zw’ + (792 + 712 + 72)w = 0, under
which there exists an entire transcendental solution f that together with its derivatives are
close-to-convex in . The investigations are continued by Z. M. Sheremeta (see, for example,
[28-39]). Substituting z = e* we obtain the differential equation
d*w
PR (Y€ + 71" + y2)w = 0 (19)
with h = 1. In [32] and |33, p. 150] conditions found, under which this equation has solutions
pseudoconvex or close-to-pseudoconvex in Ily. Here we consider a differential equation
dZw +( 2hs hs _ hs 2hs 20
sz T \oe + e’ +p)w=aie” + ae™", (20)
where vy < 0, 7 < 0, a; > 0 and as < 0. Suppose that function (4) satisfies (20), i. e.

o0

PPe™ + e + e q0e™ = D (M + D)+ ) freexp{s(h + h)} =
k=1

—n Y feexp{s(\e +20)} — 70 Y frexp{s(Ax +3h)} = are” +ane™.  (21)

k=1 k=1
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As 0 — —oo from hence we obtain (h% + ¥)e*" (1 +o(1)) = a1e*"(1 + o(1), that is h? + v, =
a; > 0. Therefore, from (21) we get

Y1€2" 4 40e3 — (A1 + h)? + 7o) frexp{s(A; + h)} — Z (A + h)? + %) feexp{s(\r + h)}—
k=2

—n Y frexp{s(Ae +20)} =70 Y frexp{s(Ax +3h)} = aze™. (22)

k=1 k=1

Since (A1 + h)? + 42 > 0, it follows that
(AL +h)2 + ) frexp{s(A\s + )} (1 4 0(1)) = (71 — az)e*™ (1 +o(1)), o — —o0

and, thus, Ay = h and
N ar |as| — |m]|
4h? + 7, 4h? + 7,

provided |as| — |y1| > 0. Therefore, (22) implies

fi=

>0 (23)

906" = (R +1)? + 72) foexplsOhz + A)} = D (A + h) + 72) fiexp{s(Ae + )} -
k=3

—nfrexp{s( +2h)} =71 > frexp{s( +2h)} — Z frexp{s(Ax +3h)} =0, (24)
k=2 k=1

whence (70 — 711)e¥ = (1+0(1)) (A2 + h)* + 2) faexp{s(A2 + h)} as 0 — —o0 and, thus,
A2 = 2h and

= 0= mh izl = n]) - [70l(4h% + 72)
LR+ (9h2 + 72)(4h* + 72)

provided |vo|(4h* + 72) < |711](Jaa] — |71]). Therefore, from (24) it follows that

>0 (25)

((As +h)* +72) fs + (A +h)* +72) frexp{s(Ae + h)} + 71 foexp{s(As + 2h)}+

+m Z frexp{s(Ax + 2h)} + vofiexp{s(A1 + 3h)}, +70 Z frexp{s(A\x +3h)} =0, (26)

k=3 k=2

whence (A3 + h)? + %) fsexp{s(Az + h)}(1 + o(1)) = —(11.f2 + Y0f1)e'"* as ¢ — —o0 and,

thus, A3 = 3h and

£y = - mfatwh 71| f2 + |0l f1
ST 16k 4+ 16h2 4

Continuing this process, we will come to the formulas

>0

Yfe1+ v 2 Inlfeor + [0l fe2

M. = kh = — =
I R T (ke 1R s

>0 (k>3) (27)

We remark that the condition |yo|(4h? + v2) < |v1|(Jas] — |71|) holds if and if |ay| >

Y0l (4h% 4+ 32) /I7al + |7 l.
Thus, the following statement is true.
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Lemma 1. Let 79 < 0, 71 < 0, 72 < 0, a; = h* + 79 > 0, ap < 0 and |as| >
> [v0|(4h* + ¥2)/|71| + |71|- Then differential equation (20) has a solution

F(s)=e" — Z frexp{s(k + 1)h}, (28)
k=1

where the coefficients f;, are determined by formulas (23), (25) and (27).
Using Lemma 1, we prove the following theorem.

Theorem 6. Let the parameters ay, as, Yo, v1 and 7y, satisfy the assumptions of Lemma 1.
Then differential equation (20) has a solution (28) such that:
1) if

(+Dasl = [ml) @+ Dol _
4h? 4 v, 9?2 +v2

(20 + Dyl (3L+ Dol
= h=a) (1 I+ DR+ 7)) (1 1)(16h2+’72)) !

then F € ©F,(l, «);
2) if

B (20 D(az| = nl) 3@+l _
4h? + 7 9h? + 72 N
3@+ Dyl 4G+ 1)l >
2014+ 1)(9h2 + ~5)  2(1 + 1)(16Rh2 + 5)

< (h—a) <1 - (30)

then F' € D&,(l, a);
3) Dirichlet series (28) is entire and In In M (o, F') = (1+0(1))ho as 0 < 0 — 400, where
Mp(o) = sup{|F (o +it)|: t € R}.

Proof. For function (27) in view of (27), (25) and (23) we have

o

S () fe =Y Uk + Dhfi = 1+ Dhfi + 2L+ Dhfa+ Y (Ik + Dhfi =
k=1

k=1 k=3

V1| fr—1 + [0l fe—2

(L DR+ @ DS+ S (k4 DB

£ (k122 4y 1
N Y1l fr-1 70l fe—2
= (I +1)hfi+ (20 +1)h Ik +1)h (lk =
I+ Dhfi+ (2 +1) f2+k§:3( Db 2h2+72+,; O e T,

B 1l
= (l+1)hf1+(2l+l)th+kz:;(lk+l+1)h(k+2)2h2+%

- V0! fx |71 f1
> (k+ 20+ 1)h = (I+ 1)h o+ Dhfy — (2L + 1)h
+k:1( +204+1) (e (I+Dhfi+ 2L+ Dhfs — (2L + 1) 9h2+72+

(k+ 1+ Dlfe 0k =+20+ Dlyolfs
<
+hz< (k+2)%h% 4+ + (k4 3)%2h% 4+ 2 -
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Sh((l+1)(|(12!—\71|) (QZJrl)I%)I)Jr

4h? 4 o 9h? + 7

(2L Dl (31 + 1) 7o
" ; (U FOR +75) | [+ D16k + 72)> (lk + )RS

From (29) it follows that

(20 + 1) (31 + )|l
(I+1)(9h2 +2) (I +1)(16h% + 72)

<1

and, thus, (31) implies

[e.e]

20+ 1)[m| (31 + 1) |0
<1 (I 1)(9R2 +7) (14 1)(16h2 + 72)) D (k4 Dhfi <

k=1

(G CELICES )

4h? + 9h? + 7

In view of condition (29) from hence we get

3 <(l+1)(|a2\fl'¥1|) _ (21+1>wo|>

= 4hZ 43 T

lk+1hf < <h-—
Z( + Dhfi < h1— oDl Bl - «
k=1 (I4+1)(9h2+v2)  (I4+1)(16h?+72)

and by Theorem 1 F' € ©F,(l, ). The first part of Theorem 6 is proved.
Similarly,

o0

(B4 ) (h+ ) fe = Y 1k + 1) (k + DI* fi =

1 k=1

K

e
Il

=201+ DI fi + 3L+ DR fo+ Y (Ik + 1) (k + DI® fi = 21+ 1)A* i+

k=3

3 2l 1 h2 lk’ 1 k' 1 h2( h/l‘fkfl "Yo‘fku ) _
3@+ 1) fﬁ;( OO G 1, T DR o

o0

= 2+ 1) fr+ 32+ 1) fo)h? + 12y (lk + 1) (k + 1)[m]

(k+1)2h% + 7,

fro—1+

k=3
— (k+Dk+Dhol, 320 +1))[m]
+h2k2:; e fk—2—(2(l+1)f1+3(2l—|—l)fg)h2—h29h2—+72
— ((k+ DI+ 1)(k +2) | — (K + 21+ 1)(k+3)hol ,
S R D AT
_ 32 Yo—nfi 3L+ 1))|n|
=h (2(z+1)f1+3(21+1) O T e f1)+

+§:(( (B+ DI+ DE+L2)m] (R +2)1+ (R +3)hol >><

2\ (k+ 1)k + )((k+2)2h2 +72) (ki + 1)k + D)((k + 3)2h2 + 72)

fit
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200+ D)(Jasl = [nl) 321+ Dol
2p 2 .
x(lk +1)(k + 1)k fi < h < e e

= 3(20 + 1) || A(31+ 1) |
+ Z (2(1 +1)(9R2 + ) 2(1+ 1)(16h2 + 72)

> (Ik + 1)(k + )R> fy.

k=1

Since (30) implies
3(20 + 1) || 4(31 4 1)[ ol -

21+ 1)(9R2 +y5)  2(1 + 1)(16R2 + 73) ’

as above we have

3(20+ 1) |n 431+ 1) |y o ,
<1 T2+ 1)(9h2 +y2)  2(1+ 1)(16h2 + 72)) > Uk + 1)k + DR fi <

k=1

< B2 <2(l + Do = Iml) 31+ 1)!70|)

4h? 4 o 9h2 + v,
and, thus, in view of (30)

B2 2(+1)(Jaz| =y 3(2H41)|vol
4h2 42 9h2+2

(1_ 324Dl 4Bl )
2(14+1)(9h24+72)  2(1+1)(16h%+72)

< h(h—a)

> (1 +1)(k+ 1) f, <
k=1

and by Corollaryl F' € ©D6;(l, «). The second part of Theorem 6 is proved.
Finally, since for every o € R there exits ko = ko(c) > 3 such that

oh oh 1
|f>/1|e |70|e < = (k > kO);

(k+1)2h2+v  (k+3)2h2+ v — 2 -

we have as above

1 fe—1+ 70| fe—2
Z frexp{o(k+1)h} = :Zko (WUL j_ 1)2h’Jﬂ ;62 > exp{o(k+ 1)h} =

k=ko
S BRI S el e
pirea (RH2PRE 402 o, (k4307 40 T (ko + 2R+ (ko +3)2h2 + 7
ol froae” ™" S ( |y1le”” |Y0le”" >
* exp{o(k+1)h} <
(k0+2>2h2+’}/2 h (k+1)2h2+,.)/2 (k+3)2h2+’72 fk’ p{ ( ) } <
|,}/1|fk0 o(ko+2)h |’}/0|fk‘o o(ko+3)h |,70|ka 160’ (ko+2)h

1 o0
- (k+1)h
S Tho+ 2702475 | (ho+ 322+ 7 | (ko+2h2+ 7 | 2 Xk:f’“e’(p{a Jht

whence it follows that Y ;- | fiexp{o(k+1)h} < +o0, i. e. Dirichlet series (28) is absolutely

convergent in C and, thus, entire. O

For the proof of the equality In In M (o, F) = (1 + o(1))ho as 0 < 0 — +oo we use the
following lemma [34, p. 123] (see also [35]).

Lemma 2. If )7, k—/l\k < 400 then for an entire Dirichlet series F'(s) = > ;- aj €Xp S\g
F"(s) = X(F(s) + o(M(0, F))), v =v(0,F), (32)

outside some set C' = |, 5., [07,, 07,) of finite measure, where v(o, F') =max{k: [ay| exp{o\ } =
w(o, F)} is the central index and p(o, F') = max{|ag| exp{o A\t }: k > 0} is the maximal term.
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Substituting (32) in (20) we get
N(F(s) + o(M(a, F))) + (0™ +me" + 72) F(s) = are”™ + aze™™,

and if s = o+t is such that |F(s)] = (1+0(1))M (o, F) then N2F(s) = (1+0(1)|yo|e*** F(s),
ie. Moy = (L4 0(1)y/]0le" as 0 < 0 — +oo outside C. If o € C, that is 0, < 0 < o,
then

Mo) € Aoy = (L4 0(1) /ol = (1 + (1) /ol "m0 < (14 o(1)y/|y0le"7e"™,

where K is the measure of C'. Similarly,
M) = Aogory = (L4 0(1)y/ [0l = (14 0(1) /ol "o > (1 + o(1)y/|yo]e" e,

Therefore, A\, (,) =< €" and, since [34, p.17] In pu(o) = In p(o) + f Ay(zydax for —oo < oy <
< 0 < 400, we get In p(o) < €. Finally, since In k = o((k + l)h) as k — 00, we have [34,
p. 22| u(o) < M(o) < p(o +¢€) for every € > 0 and all 0 > o¢(¢) and, thus, In M(o) =< eh”.
Hence it follows that In In M (o, F') = (1+0(1))ho as 0 < ¢ — +o00. The proof of Theorem 6
is complete.

Remark. Now suppose that a1 = ay = 0, 1. e. function (4) satisfies (19). Then, as above,

Yo =—h% A\ =hand f; = 5, A =2h and f, = 24 Ny = 3h and f; = — 22l

Let us show that these equalities contradict to the condition f; > 0 for all £ > 1. Indeed,
f1 > 0if and only if 74 > 0, and f, > 0 if and only if vy — 711 f1 > 0, whence v9 > 11 f1 > 0.
Then ’ylfg + ")/Ofl >0 and f3 < 0.

Thus, differential equation (19) has no solution in the class Dy.
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