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Let G be a group with identity e. Let R be a G-graded commutative ring and M a graded
R-module. In this paper, we introduce the concept of graded WAG2-absorbing submodule.
A number of results concerning of these classes of graded submodules and their homogeneous
components are given.

Let N =
⊕

h∈G Nh be a graded submodule of M and h ∈ G. We say that Nh is a h-WAG2-
absorbing submodule of the Re-module Mh if Nh ̸= Mh; and whenever re, se ∈ Re and mh ∈ Mh

with 0 ̸= resemh ∈ Nh, then either riemh ∈ Nh or sjemh ∈ Nh or (rese)
k ∈ (Nh :Re Mh) for

some i, j, k ∈ N. We say that N is a graded WAG2-absorbing submodule of M if N ̸= M ;
and whenever rg, sh ∈ h(R) and mλ ∈ h(M) with 0 ̸= rgshmλ ∈ N , then either rigmλ ∈ N or
sjhmλ ∈ N or (rgsh)

k ∈ (N :R M) for some i, j, k ∈ N. In particular, the following assertions
have been proved:

Let R be a G-graded ring, M a graded cyclic R-module with Gr((0 :R M)) = 0 and
N a graded submodule of M. If N is a graded WAG2-absorbing submodule of M, then
Gr((N :R M)) is a graded WAG2-absorbing ideal of R (Theorem 4).

Let R1 and R2 be a G-graded rings. Let R = R1

⊕
R2 be a G-graded ring and M =

M1

⊕
M2 a graded R-module. Let N1, N2 be a proper graded submodule of M1, M2 respecti-

vely. If N = N1

⊕
N2 is a graded WAG2-absorbing submodule of M, then N1 and N2 are

graded weakly primary submodule of R1-module M1, R2-module M2, respectively. Moreover,
If N2 ̸= 0 (N1 ̸= 0), then N1 is a graded weak primary submodule of R1-module M1 (N2 is a
graded weak primary submodule of R2-module M2) (Theorem 7).

1. Introduction and preliminaries. Throughout this paper all rings are commutative
with identity and all modules are unitary.

First, we recall some basic properties of graded rings and modules which will be used in
the sequel. We refer to [10–13] for these basic properties and more information on graded
rings and modules.

Let G be a multiplicative group and e denote the identity element of G. A ring R is called
a graded ring (or G-graded ring) if there exist additive subgroups Rα of R indexed by the
elements α ∈ G such that R =

⊕
α∈GRα and RαRβ ⊆ Rαβ for all α, β ∈ G.

The elements of Rα are called homogeneous of degree α and all the homogeneous elements
are denoted by h(R), i.e. h(R) =

⋃
α∈GRα. If r ∈ R, then r can be written uniquely as∑

α∈G rα, where rα is called a homogeneous component of r in Rα. Moreover, Re is a subring
of R and 1 ∈ Re. Let R =

⊕
α∈GRα be a G-graded ring. An ideal I of R is said to be a

graded ideal if I =
⊕

α∈G(I ∩ Rα) :=
⊕

α∈G Iα. Let R =
⊕

α∈GRα be a G-graded ring. A
left R-module M is said to be a graded R-module (or G-graded R-module) if there exists a
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family of additive subgroups {Mα}α∈G of M such that M =
⊕

α∈G Mα and RαMβ ⊆ Mαβ

for all α, β ∈ G. Also if an element of M belongs to
⋃

α∈G Mα = h(M), then it is called
homogeneous. Note that Mα is an Re-module for every α ∈ G. So, if I =

⊕
α∈G Iα is a graded

ideal of R, then Iα is an Re-module for every α ∈ G. Let R =
⊕

α∈GRα be a G-graded ring.
A submodule N of M is said to be a graded submodule of M if N =

⊕
α∈G(N ∩ Mα) :=⊕

α∈GNα. In this case, Nα is called the α-component of N . Moreover, M/N becomes a
G-graded R-module with α-component (M/N)α := (Mα + N)/N for α ∈ G. Let R be a
G-graded ring, M a graded R-module and N a graded submodule of M . Then (N :R M) is
defined as (N :R M) = {r ∈ R : rM ⊆ N}. It is shown in [7] that if N is a graded submodule
of M , then (N :R M) is a graded ideal of R. The graded radical of a graded ideal I of R,
denoted by Gr(I), is the set of all x =

∑
g∈G xg ∈ R such that for each g ∈ G there exists

ng > 0 with xng ∈ I. Note that, if r is a homogeneous element, then r ∈ Gr(I) if and only if
rn ∈ I for some n ∈ N (see [16]). A proper graded submodule N of a graded R-module M is
said to be a graded weak primary submodule of M if whenever rg, sh ∈ h(R) and mλ ∈ h(M)
with rgshmλ ∈ N, then rigmλ ∈ N or sjhmλ ∈ N for some i, j ∈ N.

The concept of graded weakly 2-absorbing ideal was introduced and studied in [2, 14].
Recall from [2] that a proper graded ideal I of R is said to be a graded weakly 2-absorbing
ideal of R if whenever rg, sh, tλ ∈ h(R) with 0 ̸= rgshtλ ∈ I, then either rgsh ∈ I or rgtλ ∈ I
or shtλ ∈ I.

The concept of graded weakly 2-absorbing submodule was introduced by Al-Zoubi and
Abu-Dawwas in [1] and studied by Al-Zoubi and Al-Azaizeh in [4]. Recall from [1] that a
proper graded submodule N of a graded R-module M is said to be a graded weakly 2-
absorbing submodule of M if whenever rg, sh ∈ h(R) and mλ ∈ h(M) with 0 ̸= rgshmλ ∈ N ,
then either rgsh ∈ (N :R M) or rgmλ ∈ N or shmλ ∈ N.

The concept of graded weakly primary ideal was introduced and studied by Atani [8].
Recall from [8] that a proper graded ideal P of a graded ring R is said to be a graded weakly
primary ideal if whenever rg, sh ∈ h(R) with 0 ̸= rgsh ∈ P , then either rg ∈ P or sh ∈ Gr(P ).

The concept of graded weakly primary submodule was introduced and studied [3, 5].
Recall from [3] that a proper graded submodule N of a graded R-module M is said to be a
graded weakly primary submodule if whenever rg ∈ h(R) and mh ∈ h(M) with 0 ̸= rgmh ∈ N,
then either mh ∈ N or rg ∈ Gr((N :

R
M)).

The concept of WAG2-absorbing submodule was introduced and studied in [6, 9]. Recall
from [9] that a proper submodule N of R-module M is called WAG2-absorbing, if for r, s ∈ R
and m ∈ M with 0 ̸= abm ∈ N, either rs ∈

√
(N : M) or rim ∈ N or sjm ∈ N for some

positive integer i and j.
The scope of this paper is devoted to the theory of graded modules over graded commu-

tative rings. One use of rings and modules with gradings is in describing certain topics in
algebraic geometry. Here, we introduce the concept of graded WAG2-absorbing submodule.
A number of results concerning of these classes of graded submodules and their homogeneous
components are given.

2. Results.

Definition 1. Let R =
⊕

g∈GRg be a G-graded ring and I a graded ideal of R. We say
that I is a graded WAG2-absorbing ideal of R, if I ̸= R and whenever rg, sh, tλ ∈ h(R) with
0 ̸= rgshtλ ∈ I, then either rigtλ ∈ I or sjhtλ ∈ I or (rgsh)

k ∈ I for some i, j, k ∈ N.

Definition 2. Let R be a G-graded ring, M a graded R-module, N a graded submodule of
M and h ∈ G.
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(i) We say that Nh is a WAG2-absorbing submodule of the Re-module Mh if Nh ̸= Mh;
and whenever re, se ∈ Re and mh ∈ Mh with 0 ̸= resemh ∈ Nh, then either riemh ∈ Nh or
sjemh ∈ Nh or (rese)

k ∈ (Nh :Re Mh) for some i, j, k ∈ N.
(ii) We say that N is a WAG2-absorbing submodule of M if N ̸= M ; and whenever rg,
sh ∈ R and mλ ∈ M with 0 ̸= rgshmλ ∈ N, then either rigmλ ∈ N or sjhmλ ∈ N or
(rgsh)

k ∈ (N :R M) for some i, j, k ∈ N.

Theorem 1. Let R be a G-graded ring, M a graded R-module and N a proper graded
submodule of M . If N is a graded WAG2-absorbing submodule of M , then Nh is
an h-WAG2-absorbing submodule of the Re-module Mh for every h ∈ G with Nh ̸= Mh.

Proof. Suppose that N is a graded WAG2-absorbing submodule of M. Let h ∈ G with
Nh ̸= Mh. Assume that 0 ̸= resemh ∈ Nh ⊆ N where re, se ∈ Re ⊆ h(R) and mh ∈ Mh ⊆
h(M). Since N is a graded WAG2-absorbing submodule of M, we have either riemh ∈ N or
sjemh ∈ N or (rese)

k ∈ (N :R M) for some i, j, k ∈ N. Since Mh ⊆ M and Nh = N ∩Mh,
we conclude that either riemh ∈ Nh or sjemh ∈ Nh or (rese)

k ∈ (Nh :R Mh). Thus Nh is
h-WAG2-absorbing submodule of the Re-module Mh.

Theorem 2. Let R be a G-graded ring and M a graded R-module. Let N and K be two
graded submodules of M and K ⊆ N. If N is a graded WAG2-absorbing submodule of M ,
then N/K is a graded WAG2-absorbing submodule of M/K.

Proof. Assume that N is a graded WAG2-absorbing submodule of M, then N/K is a proper
graded submodule of M/K. Let rg, sh ∈ h(R) and mλ ∈ h(M) such that 0 ̸= rgsh(mλ+K) =
rgshmλ + K ∈ N/K, hence rgshmλ /∈ K, it follows that 0 ̸= rgshmλ ∈ N. Then either
rigmλ ∈ N or sjhmλ ∈ N or (rgsh)

k ∈ (N :R M) for some i, j, k ∈ N as N is a graded
WAG2-absorbing submodule of M. Hence, either rig(mλ + K) = rigmλ + K ∈ N/K or
sjh(mλ + K) = sjhmλ + K ∈ N/K or (rgsh)

k ∈ (N/K :R M/K) for some i, j, k ∈ N.
Therefore, N/K is a graded WAG2-absorbing submodule of M/K.

Let R be a G-graded ring and M a graded R-module. Recall that M is called gr-faithful if
rgM = 0 implies rg = 0 for rg ∈ h(R) (see [15].) Also, M is called graded cyclic if M = mλR
for some mλ ∈ h(M) (see [13]).

Theorem 3. Let R be a G-graded ring, M a graded cyclic R-module and N a graded
submodule of M .
(i) If (N :R M) is a graded WAG2-absorbing ideal of R, then N is a graded WAG2-absorbing
submodule of M.
(ii) If M is a gr-faithful and N is a graded WAG2-absorbing submodule of M, then
(N :R M) is a graded WAG2-absorbing ideal of R.

Proof. Let kα ∈ h(M) be such that M = kαR.
(i) Suppose that (N :R M) is a graded WAG2-absorbing ideal of R. Let rg, sh ∈ h(R) and

mλ ∈ h(M) such that 0 ̸= rgshmλ ∈ N. Then there exists tβ ∈ h(R) such that mλ = tβkα, it
follows that 0 ̸= rgshtβkα ∈ N. Hence 0 ̸= rgshtβ ∈ (N :R kα). Then either rigtβ ∈ (N :R kα)

or sjhtβ ∈ (N :R kα) or (rgsh)
k ∈ (N :R kα) for some i, j, k ∈ N as (N :R M) is a

graded WAG2-absorbing ideal of R. This yields that either rigmλ ∈ N or sjhmλ ∈ N or
(rgsh)

k ∈ (N :R kα) = (N :R M). Therefore, N is a graded WAG2-absorbing submodule
of M.
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(ii) Suppose that M is a gr-faithful and N is a graded WAG2-absorbing submodule
of M. Let rg, sh, tλ ∈ h(R) be such that 0 ̸= rgshtλ ∈ (N :R M) = (N : kα). Then
0 ̸= rgshtλkα ∈ N for otherwise rgshtλkα = 0 implies that rgshtλ ∈ (0 :R kα) = (0 :R M) =
0 a contradiction. Since N is a graded WAG2-absorbing submodule of M, we get either
rigtλkα ∈ N or sjhtλkα ∈ N or (rgsh)

k ∈ (N :R M) = (N :R kα) for some i, j, k ∈ N. This
implies that either rigtλ ∈ (N :R kα) = (N :R M) or sjhtλ ∈ (N :R kα) = (N :R M) or
(rgsh)

k ∈ (N :R M). Therefore (N :R M) is a graded WAG2-absorbing ideal of R.

Theorem 4. Let R be a G-graded ring, M a graded cyclic R-module with Gr((0 :R M)) = 0
and N a graded submodule of M. If N is a graded WAG2-absorbing submodule of M, then
Gr((N :R M)) is a graded WAG2-absorbing ideal of R.

Proof. Let mλ ∈ h(M) be such that M = mλR. Assume that N is a graded WAG2-absorbing
submodule of M. Let rg, sh, tλ ∈ h(R) such that 0 ̸= rgshtλ ∈ Gr((N :R M)) and rgsh /∈
Gr((N :R M)). It follows that (rgshtλ)

iM ⊆ N for some i ∈ N. Since Gr((0 : M)) = 0 and
0 ̸= rgshtλ, we get 0 ̸= (rgshtλ)

iM ⊆ N. This yields that 0 ̸= (rgshtλ)
imλ = rigs

i
h(t

i
λmλ) ∈ N.

Then either (rig)n(tiλmλ) = (rng tλ)
imλ ∈ N or (sih)k(tiλmλ) = (skhtλ)

imλ ∈ N for some n, k ∈ N
as N is a graded WAG2-absorbing submodule of M. This implies that either (rng tλ)iM ⊆ N or
(skhtλ)

iM ⊆ N for some n, k ∈ N. Thus either rng tλ ∈ Gr((N :R M)) or skhtλ ∈ Gr((N :R M))
for some n, k ∈ N. Therefore, Gr((N :R M)) is a graded WAG2-absorbing ideal of R.

Definition 3. Let R be a G-graded ring, M a graded R-module and h ∈ G such that Nh

is a h-WAG2-absorbing submodule of the Re-module Mh. We say that (re, se,mh) is an h-
AG-triple-zero of Nh where re, se ∈ Re and mh ∈ Mh, if resemh = 0, riemh /∈ Nh, s

j
emh /∈ Nh

and (rese)
k /∈ (Nh :Re Mh) for all i, j, k ∈ N.

Theorem 5. Let R be a G-graded ring, M a graded R-module, N =
⊕

h∈GNh a graded
submodule of M and h ∈ G such that Nh is a h-WAG2-absorbing submodule of the Re-
module Mh. If (re, se,mh) is a h-AG-triple-zero of Nh where re, se ∈ Re and mh ∈ Mh.
Then the following hold: (i) reseNh = 0; (ii) re(Nh :Re Mh)mh = se(Nh :Re Mh)mh = 0;
(iii) re(Nh :Re Mh)Nh = se(Nh :Re Mh)Nh = 0; (iv) (Nh :Re Mh)

2mh = 0;
(v) (Nh :Re Mh)

2Nh = 0.

Proof. Assume that (re, se,mh) is an h-AG-triple-zero of Nh where re, se ∈ Re and mh ∈ Mh.
(i) Suppose that reseNh ̸= 0. Then there exist nh ∈ Nh such that resenh ̸= 0. Then

rese(nh +mh) = resenh + resemh ̸= 0. Since Nh is h-WAG2-absorbing submodule of the Re-
module Mh, 0 ̸= rese(nh +mh) ∈ Nh and (rese)

k /∈ (Nh :Re Mh) for all k ∈ N, we conclude
that either rie(nh +mh) ∈ Nh or sje(nh +mh) ∈ Nh for some i, j ∈ N. This yields that either
riemh ∈ Nh or sjemh ∈ Nh. Which is a contradiction. Hence reseNh = 0.

(ii) Suppose that re(Nh :Re Mh)mh ̸= 0. Then there exist le ∈ (Nh :Re Mh) such that
relemh ̸= 0. Then 0 ̸= relemh = re(le + se)mh = relemh + resemh ∈ Nh. Since Nh is an h-
WAG2-absorbing submodule of the Re-module Mh and riemh /∈ Nh for all i ∈ N, then either
(le+se)

jmh ∈ Nh or (re(le+se))
k ∈ (Nh :Re Mh) for some j , k ∈ N. By the Binomial theorem,

we get either sjemh ∈ Nh or (rese)k ∈ (Nh :Re Mh) for some j, k ∈ N, which is a contradiction.
Hence re(Nh :Re Mh)mh = 0. With a same argument, we can show se(Nh :Re Mh)mh = 0.

(iii) Suppose that re(Nh :Re Mh)Nh ̸= 0. Then there exist nh ∈ Nh and le ∈ (Nh :Re Mh)
such that relenh ̸= 0. By (i) and (ii), we get relemh = resenh = 0. Hence
0 ̸= relenh = re(le+se)(nh+mh) ∈ Nh. Since Nh is an h-WAG2-absorbing submodule of the
Re-module Mh, then either rie(nh +mh) ∈ Nh or (le + se)

j(nh +mh) ∈ Nh or (re(le + se))
k ∈
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(Nh :Re Mh) for some i , j, k ∈ N. By the Binomial theorem, we have either riemh ∈ Nh or
sjemh ∈ Nh or (rese)

k ∈ (Nh :Re Mh) for some i , j, k ∈ N. Which is a contradiction. Hence
re(Nh :Re Mh)Nh = 0. With a same argument, we can show se(Nh :Re Mh)Nh = 0.

(iv) Suppose that (Nh :Re Mh)
2mh ̸= 0. Then there exist te, le ∈ (Nh :Re Mh) such

that telemh ̸= 0. We obtain from (ii) 0 ̸= telemh = (re + te)(se + le)mh ∈ Nh. Then either
(re + te)

imh ∈ Nh or (se + le)
jmh ∈ Nh or ((re + te)(se + le))

k ∈ (Nh :Re Mh) for some i
, j, k ∈ N as Nh is a h-WAG2-absorbing submodule of the Re-module Mh. By the Binomial
theorem, we have either riemh ∈ Nh or sjemh ∈ Nh or (rese)

k ∈ (Nh :Re Mh) for some i , j,
k ∈ N, which is a contradiction. Hence (Nh :Re Mh)

2mh = 0.
(v) Suppose that (Nh :Re Mh)

2Nh ̸= 0. Then there exist te, le ∈ (Nh :Re Mh) and nh ∈ Nh

with telenh ̸= 0. It follows from (i)-(iv) that 0 ̸= telenh = (te + re)(le + se)(nh +mh) ∈ Nh.
Since Nh is aa h-WAG2-absorbing submodule of the Re-module Mh, we have either (te +
re)

i(nh+mh) ∈ Nh or (le+se)
j(nh+mh) ∈ Nh or ((te+re)(le+se))

k ∈ (Nh :Re Mh) for some
i , j, k ∈ N. By the Binomial theorem, we have either riemh ∈ Nh or sjemh ∈ Nh or (rese)

k ∈
(Nh :Re Mh) for some i , j, k ∈ N, which is a contradiction. Hence (Nh :Re Mh)

2Nh = 0.

Lemma 1. Let R be a G-graded ring and M a graded R-module. Let N =
⊕

h∈GNh be a
graded submodule of M and h ∈ G such that Nh is a h-WAG2-absorbing submodule of the
Re-module Mh. Suppose that reseK ⊆ Nh for some re, se ∈ Re and some cyclic submodule
K of Mh. If 0 ̸= 2reseK, then rieK ⊆ Nh or sjeK ⊆ Nh or (rese)

k ∈ (Nh :Re Mh) for some
i, j, k ∈ N.

Proof. Suppose that 0 ̸= 2reseK and (rese)
n /∈ (Nh :Re Mh) for all n ∈ N. We want to show

that rieK ⊆ Nh or sjeK ⊆ Nh for some i , j ∈ N. Let K =< kh >. If 0 ̸= resekh ∈ Nh,
then either riekh ∈ Nh or sjekh ∈ Nh for some i , j ∈ N since Nh is an h-WAG2-absorbing
submodule of the Re-module Mh. Suppose that resekh = 0. Since 0 ̸= 2reseK, there exist
k′
h ∈ K such that 0 ̸= 2resek

′
h and so 0 ̸= resek

′
h ∈ Nh. As Nh is an h-WAG2-absorbing

submodule, then either rt1e k
′
h ∈ Nh or st2e k

′
h ∈ Nh for some t1 , t2 ∈ N. Let lh = kh + k′

h.
Then 0 ̸= reselh ∈ Nh and so either rn1e lh ∈ Nh or sn2e lh ∈ Nh for some n1 , n2 ∈ N. Now, we
consider three cases:
Case 1. Assume that rm1

e k′
h ∈ Nh and sm2

e k′
h ∈ Nh for some m1,m2 ∈ N. Let i = max{n1,m1}

and j = max{n2,m2}. Then either riekh = rie( lh − k′
h) ∈ Nh or sjekh ∈ Nh.

Case 2. Assume that rm1
e k′

h ∈ Nh and sm2
e k′

h /∈ Nh for some m1 ∈ N and for all m2 ∈ N.
Suppose on the contrary that, riekh /∈ Nh for all i ∈ N. This yields that rtelh /∈ Nh for all
t ∈ N. Hence, rie( lh+ k′

h) /∈ Nh and sje( lh+ k′
h) /∈ Nh for all i , j ∈ N. As Nh is an h-WAG2-

absorbing submodule and (rese)
n /∈ (Nh :Re Mh) for all n ∈ N, then, rese(lh + k′

h) = 0, i.e,
0 = rese(kh + k′

h + k′
h) = 2resek

′
h + resekh = 2resek

′
h, which is a contradiction. Hence, riekh

∈ Nh for some i ∈ N.
Case 3. Assume that rm1

e k′
h /∈ Nh and sm2

e k′
h ∈ Nh for all m1 ∈ N and for some m2 ∈ N. Then

in similar manner to the proof of case 2, we can show that sjekh /∈ Nh for some j ∈ N.

Theorem 6. Let R be a G-graded ring and M a graded R-module. Let N =
⊕

h∈GNh be a
graded submodule of M and h ∈ G such that Nh is a h-WAG2-absorbing submodule of the
Re-module Mh. If reIK ⊆ Nh and 0 ̸= 4reIK for some re ∈ Re, some cyclic submodule K
of Mh and for some ideal I of Re, then either re ∈ Gr((Nh :Re K)) or I ⊆ Gr((Nh :Re K))
or reI ⊆ Gr((Nh :Re Mh)).

Proof. Assume that reIK ⊆ Nh, 0 ̸= 4reIK and reI ⊈ Gr((Nh :Re Mh)) for some re ∈ Re,
some cyclic submodule K of Mh and for some ideal I of Re. We have to show that either
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re ∈ Gr((Nh :Re K)) or I ⊆ Gr((Nh :Re K)). By [3, Lemma 3], there exist te ∈ I such
that 0 ̸= 4reteK and rete /∈ Gr((Nh :Re Mh)), so 0 ̸= 2reteK. Since 0 ̸= 2reteK and
reteK ⊆ Nh , then by Lemma 1, we have either rieK ⊆ Nh or tjeK ⊆ Nh for some i , j ∈ N.
Thus, either re ∈ Gr((Nh :Re K)) or te ∈ Gr((Nh :Re K)). If re ∈ Gr((Nh :Re K)), then
we are done. Assume that re /∈ Gr((Nh :Re K)). Then te ∈ Gr((Nh :Re K)). Let ie ∈ I.
Assume that 0 ̸= 2reieK. Since reieK ⊆ Nh, by Lemma 1, we get either ineK ⊆ Nh or
(reie)

m ∈ (Nh :Re Mh) for some n, m ∈ N. Thus I ⊆ Gr((Nh :Re K)) or reI ⊆ Gr((Nh :Re

Mh)). Now, let 2reieK = 0. This yields that 0 ̸= 2re(te + ie)K and re(te + ie)K ⊆ Nh.
By Lemma 1, we get either (te + ie)

nK ⊆ Nh or (re(te + ie))
m ∈ (Nh :Re Mh) for some

n, m ∈ N. If (te + ie)
nK ⊆ Nh for some n ∈ N, then te + ie ∈ Gr((Nh :Re K)) and

so ie ∈ Gr((Nh :Re K)) since te ∈ Gr((Nh :Re K)). If (re(te + ie))
m ∈ (Nh :Re Mh) for

some m ∈ N and (te + ie) /∈ Gr((Nh :Re K)). Then re(te + ie) ∈ Gr((Nh :Re Mh)) and
2re(te + ie + te)K = 4reteK ̸= 0 and re(te + ie + te)K ⊆ Nh. As rete /∈ Gr((Nh :Re Mh))
and re(te + ie) ∈ Gr((Nh :Re Mh)), we get re(te + ie + te) /∈ Gr((Nh :Re Mh)). By Lemma 1,
we have either rneK ⊆ Nh or (te + ie + te)

mK ⊆ Nh for some n, m ∈ N. Then either
re ∈ Gr((Nh :Re K)) or te + ie + te ∈ Gr((Nh :Re K)). Since te + ie /∈ Gr((Nh :Re K)) and
te ∈ Gr((Nh :Re K)), then te + ie + te /∈ Gr((Nh :Re K)). Thus, re ∈ Gr((Nh :Re K)), which
is a contradiction. Thus, (te + ie) ∈ Gr((Nh :Re K)) and so ie ∈ Gr((Nh :Re K)). Hence
I ⊆ Gr((Nh :Re K)).

Let Ri be a graded commutative ring with identity and Mi be a graded Ri-module, for
i = 1, 2. Let R = R1 × R2. Then M = M1 × M2 is a graded R-module and each graded
submodule C of M is of the form C = C1 × C2 for some graded submodules C1 of M1 and
C2 of M2 (see [13].)

Theorem 7. Let R1 and R2 be a G-graded rings. Let R = R1

⊕
R2 be a G-graded ring and

M = M1

⊕
M2 a graded R-module. Let N1, N2 be a proper graded submodule of M1, M2

respectively. If N = N1

⊕
N2 is a graded WAG2-absorbing submodule of M, then N1 and

N2 are graded weakly primary submodule of R1-module M1, R2-module M2, respectively.
Moreover, If N2 ̸= 0 (N1 ̸= 0), then N1 is a graded weak primary submodule of R1-module
M1 (N2 is a graded weak primary submodule of R2-module M2).

Proof. Let N = N1

⊕
N2 be a graded WAG2-absorbing submodule of M. Want to show N1

and N2 are weakly graded primary submodule of M1, M2, respectively. Let 0 ̸= rm1 ∈ N1

where r ∈ h(R1) and m1 ∈ h(M1). Let m2 ∈ h(M2)/N2. Then, (0, 0) ̸= (1, 0)(r, 1)(m1,m2) ∈
N1

⊕
N2 = N. As N is a graded WAG2-absorbing submodule of M, then either (1, 0)(r, 1) =

(r, 0) ∈ Gr((N :R M)) or (1, 0)i(m1,m2) = (m1, 0) ∈ N or (r, 1)j(m1,m2) = (rjm1,m2) ∈ N
for some i, j ∈ N. So, either (r, 0) ∈ Gr((N :R M)) or (m1, 0) ∈ N or (rjm1,m2) ∈ N for
some j ∈ N. If (r, 0) ∈ Gr((N :R M)), then (r, 0)kM ⊆ N for some k ∈ N. Which implies that
rkM1 ⊆ N1 and hence r ∈ Gr((N1 :R1 M1)). If (m1, 0) ∈ N , then m1 ∈ N1. If (rjm1,m2) ∈ N
for some j ∈ N, then m2 ∈ N2, which is a contradiction since m2 ∈ h(M2)/N2. Hence, either
r ∈ Gr((N1 :R1 M1)) or m1 ∈ N1. Thus N1 is a graded weakly primary submodule of M1.
Similarly, we can show that N2 is a graded weakly primary submodule of M2. Now, let
N2 ̸= 0. We want to show that N1 is a graded weak primary submodule of R1-module M1.
Let r, s ∈ h(R1) and m1 ∈ h(M1) with rsm1 ∈ N1. Let 0 ̸= m2 ∈ N2. Then, (0, 0) ̸=
(r, 1)(s, 1)(m1,m2) ∈ N1

⊕
N2 = N. As N is graded WAG2-absorbing submodule of M,

then either (r, 1)(s, 1) = (rs, 1) ∈ Gr((N :R M)) or (r, 1)j(m1,m2) = (rjm1,m2) ∈ N or
(s, 0)k(m1,m2) = (skm1,m2) ∈ N for some j, k ∈ N. If (rs, 1) ∈ Gr((N :R M)), then
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(rs, 1)iM ⊆ N for some i ∈ N. This implies that ((rs)i, 1)(M1

⊕
M2) ⊆ N1

⊕
N2 and so

M2 ⊆ N2, which is a contradiction. If (rjm1,m2) ∈ N for some j ∈ N, then rjm1 ∈ N1. If
(skm1,m2) ∈ N for some k ∈ N, then skm1 ∈ N1. Thus either rjm1 ∈ N1 or skm1 ∈ N1 for
some j, k ∈ N. Hence N1 is a graded weak primary submodule of R1-module M1. Similarly, If
N1 ̸= 0, then we can show that N2 is a graded weak primary submodule of R2-module M2.
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