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EQUIAFFINE IMMERSIONS OF CODIMENSION TWO WITH FLAT
CONNECTION AND ONE-DIMENSIONAL WEINGARTEN MAPPING

0. O. Shugailo. FEquiaffine immersions of codimension two with flat connection and one-
dimensional Weingarten mapping, Mat. Stud. 60 (2023), 99-112.

In the paper we study equiaffine immersions f: (M™, V) — R"*2? with flat connection V
and one-dimensional Weingarten mapping. For such immersions there are two types of the
transversal distribution equiaffine frame. We give a parametrization of a submanifold with the
given properties for both types of equiaffine frame. The main result of the paper is contained
in Theorems 1, 2 and Corollary 1: Let f: (M™, V) — (R"*2 D) be an affine immersion with
pointwise codimension 2, equiaffine structure, flat connection V, one-dimensional Weingarten
mapping then there exists three types of its parametrization:

(1) 7= g(u',...,u™)a + [ Gu')du’ —&-Zual,
(i1) 7= (g(u?,...,u" ya—+ [ Ddut +Z O (uh) (b ) dus
(iii) 7= (g(u?,...,u™) +u )+ [(v(ut) — dp( )d Ly Z N (u d_'(uull)dul.

1. Introduction. We consider the affine immersions by K. Nomizu, T. Sasaki [3] in the case
of codimension two. Let (M", V) be an affine n-dimensional manifold with affine connection
V and (R""2 D) the standard (arithmetic) affine space with flat connection D. We shall
denote by X(M") the set of all smooth tangent vector fields on M"™. According to [3, p. 29],
a differentiable immersion f: (M" V) — (R""2 D) is said to be affine if there exists a two-
dimensional transversal differentiable distribution () along f such that at each point x € M
for all X, Y € X(M™) the following decomposition
(DXf*(Y))x = (f*(VXY))HJ + hﬂE(X? Y)7 hw(X7 Y) € Qu,

is held. This decomposition defines the affine fundamental form h(X,Y). It is known [3, 7|
that the rank of the affine fundamental form is independent of the choice of transversal

distribution, and it is called the pointwise codimension of an affine immersion.
For arbitrary transversal vector field &, the decomposition

Dx§ = —fu(SeX) + V&,
defines the shape operator S¢ and the transversal connection V*.
The Weingarten mapping Sy: Qp X Tp(M™) — T,(M™") is defined [5] as follows: (£, X) —
Se¢X at every point x € M™.
For a transversal frame {&;, &} we have the affine analogues of Gauss and Weingarten
decompositions, namely

DXf*(Y) = f*(VXY) + ha(Xv Y)ém (1>
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Dx&o = = [(SaX) + 75(X)E5, (2)

where h® are components of the affine fundamental form, S, are shape operators, 7° are
forms of transversal connection (with respect to &, &»).

For an affine immersion f: (M™ V) — R"™ with a transversal frame {&, &}, the
induced volume element 6 on M™ is defined [4, 3, 1] as follows

0(X1,.... Xp) = |fu(X1),. .., fu(X0), &, &
The transversal distribution @ with frame {&;, &} is called equiaffine, if Vx6 = 0 for all
X € T,(M"™),x € M". For two-codimension affine immersion this condition is equivalent [4]
to
(X)) +75(X) =0. (3)

With an equiaffine transversal distribution () we have an equiaffine structure (V, 0)
on M™.

We will consider an affine immersion f: (M" V) — R""? with pointwise codimensi-
on two, flat connection V and equiaffine transversal distribution. Two-codimensional affine
surfaces with different additional properties have been studied by many authors. Flat affine
surfaces in R* with flat normal connection were studied in [1]. The description of a parallel
affine immersions (M™, V) — R™"*? with flat connection in dependence on the rank of the
Weingarten mapping were given in [5].

Let us remind that in general case (codimension k) the kernel and the image of the
Weingarten mapping is defined by

k k
ker S = ﬂ ker.S,, im S = U im S,.

a=1 a=1

We say that a Weingarten mapping is p-dimensional if rankS := dimim.S = p. It was proved
[7] that for the immersion f: (M™ V) — R""* (for k < n) with maximal pointwise codi-
mension and flat connection V the following relations hold true:

1)dimker S > n — k; 2) ker h C ker S 3)dimim S < k;
4) if dimim S =k, then dimker S =n — k and kerh = ker S.

It was also proved |7] that the distribution S of the kernels of Weingarten mapping is
integrable on M™ and there exists a transversal distribution which is stationary along the
leaves of the foliation FS.

Since in the case of codimension two we have dimim S < 2, dimker .S > n — 2, we have
only three possible values for the dimension of im S, namely 0, 1, 2. The most studied are
affine immersions with zero and two-dimensional Weingarten mapping.

Examples of affine immersions with flat connection and one-dimensional Weingarten
mapping were given in |7].

The description of the parallel affine immersions M™ — R"*2? with flat connection in
dependence on the rank of the Weingarten mapping was given in [5].

It is well known that an affine immersion with zero Weingarten mapping (S = 0) has a flat
connection and it is affinely equivalent to the graph of certain smooth map F': M™ — R? (see
for example [2, 3, 7]), ie. f: (u',..., u™)— (u',..., u", frt, ..., u"), f2(ut,..., u™)).

Obviously, any graph immersion is equiaffine.
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According to the properties which were discussed in [7], in case dimim S = 2 we obtain
ker h = ker S and dim ker h = n—2. Therefore such a submanifold is strongly (n—2)-parabolic
one or, equivalently, a submanifold of rank two (by the rank of Gaussian (Grassmann)
mapping) [6]. Due to the coincidence of the kernels of S and h, the distribution S = ker h is
not only integrable, but the leaves are totally geodesic in R"*2. A rank-two submanifold is a
ruled submanifold with (n — 2)-dimensional rulings over a two-dimensional base. In the case
this submanifold is a cylinder, its connection is determined by the connection of the cylinder
base. In the general case the problem on its connection remains open.

We obtain a parametrization of a submanifold with one-dimensional Weingarten mappi-
ng and given properties. Such a submanifold is a peculiar “mix” of a graph and a ruled
submanifold.

The main result. Let f: (M", V) — (R""2 D) be an affine immersion with pointwise
codimension 2, equiaffine structure, flat connection V, one-dimensional Weingarten mapping.
Then there exist three types of its parametrization:

(i) 7= g(u',...,u™)a + / G(u')du' + Zuid’i;
i=2

(iii) 7 = (g(u?, ... ,u”)+u1)ﬁ(u1)+/(v(u1) —ul)%duquZui/)\i(ul)dz(; )dul.

For more details see Theorem 1, Theorem 2, and Corollary 1.

Submanifold (i) is a “mix” of a graph and a cylinder with (n — 2)-dimensional rulings
over a flat curve; submanifold (ii) is a “mix” of a graph and a ruled submanifold with
(n — 2)-dimensional rulings; submanifold (iii) is a “mix” of a “graph over a curve” and a
ruled submanifold with (n — 2)-dimensional rulings.

2. Preliminaries. Let f: (M™, V) — (R"*2 D) be an affine immersion. The basic equations
of the affine immersions are well-known (see [2], [3], [7]):

R(X, Y)Z = h*(Y, Z)S,X —h*(X, Z)S.Y; (4)
(Vxh*)(Y, Z)+m5(X)WP(Y, Z) = (Vyh*) (X, Z)+ 15 (V)PP (X, Z); (5)
(VxSa)Y —75(X)S5Y = (VySa)X — 75(Y)S5X; (6)
P (X, S,Y)—hP(Y, S, X) =
= X (7] (V) + 70(X)m1(YV) = Y (7] (X)) = 7] (V)72 (X) = (X, Y]). (7)

If we change the transversal frame by &, = ®3¢3 where ® = [®F],,, is a nondegenerate
matrix with smooth entries, then V does not change while the other main characteristics of
the affine immersion change as follows (see, for example, [7]):

(X, Y) = [0 '5r° (X, V), (8)
S X = dPSsX, (9)
THX) = [@715{7] (X)), + X (D))} (10)

It is well known and easily verified that in case of two equiaffine frames
det & = const. (11)

We prove two supporting lemmas.
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Lemma 1. Let f: (M",V) — (R"™, D) be an affine immersion with the pointwise codi-
mension 2, flat connection V, equiaffine structure, and one-dimensional Weingarten mapping.
There exist a parametrization of immersion and a transversal frame such that:

1)TE=0Vk#1, T}, =0, T, =0;

ht, 0 ... 0 02 h§2 h;n
FSTIN I JRSC) R [

0 0 ...0 n2, hgn R,
3) 5161 U Sle] —O j —2 n, S =0
4) 1i(e;) = 14 (e;) = 13(e;) = 0 for i = Z,n, Ti(e1) = —13(ey).

Proof. Tt was proved [5] that if f: (M",V) — (R"™2 D) is an affine immersion with the
pointwise codimension 2, flat connection V, dimim S = 1 and dimker h < n — 2, then there
exist a parametrization of immersion and a transversal frame such that

a) T, =0Vk#1, Tl =0, T}, = 0;

10 ...0 0 h%, ... B2,
2 2 2

b) hi 00 o 0 o | Mo B |
00 ...0 h: hZ ... hgn

¢) Sie; =U, Sie; =0, j=2,n, S5 =0;
d) 75(e;) = 73(e;) =0 for i =2, n.

Suppose, in addition, that the affine immersion under consideration has the equiaffine
transversal distribution. In the proof of a), b) and c) the transversal distribution remains
equiaffine. The exception is d) since the proof in [5] does not involve (11).

From the Codazzi equations (6) for S, we get that 7 (e;) = 0, i = 2, n.

Consider the transversal distributioln frame transformation with the matrix

o = <8 Z), where ¢ # 0.
Then (8) and (9) take the forms k! = ¢h', h? = Sh° S = 3 S, = 0.

Using these equalities and a), b), and c) of [5] we obtain items 1), 2), and 3). Let us
prove 4). The forms of transversal connection change by (10) as

. 1 1
H(X) =¢'n(X), H(X)=7r(X)- O 7(X) = 73(X) + 5 (@)
Evidently, with transformation under consideration 75 (¢;) = 0, i = 2, n. We want to find
a function ¢ such that
75(ei) =0, i=2n. (12)
It leads to the system ;2 Ing¢ = —7'22(62') = 2,n. From the Ricci equations (7) for

a=2 =2, X=¢, Y =¢ji,j=2,n, namely
€i(722(€j)) + 772(61‘)727(63') - ej(TQQ(ei)) - 772(61')727(6@') =0,

and equalities 75(e;) = 0, i = 2,n we obtain the integrability condition for the system of
differential equations 88172 (e5) = 52573 (el) i,j = 2,n. Therefore q§ = exp (— [ 73 (es)du?) .
Thus we get (12). From the condition 73(X) = —7](X) it follows 7] (e;) = 0 for i = 2, n and

Filer) = =75 (). O
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Lemma 2. Let f: (M",V) — (R"™, D) be an affine immersion with the pointwise codi-
mension 2, flat connection V, equiaffine structure, and one-dimensional Weingarten mappi-
ng. There exists the parametrization of immersion such that the equiaffine transversal frame
depends only on one variable and can be one of two types:

A) one of the frame vectors is constant;

B) none of the frame vectors are constant.

Proof. We choose the tangent and transversal frames as in Lemma 1. From the Ricci equati-
ons (7) on tangent frame vectors we obtain

1
fora=1, =1 i(e)rile) ~ A o j—7m (13)
_ _ ., Orile) _0mi(ey) .. 5
fora=1, =2 i i, = 2,n; (14)
013 (e1) o
fora=2, =1 W:O,]:Zn, (15)
2
fora =2, =2 Omy (1) + 77(ej)my(e1) =0, j=2,n. (16)

ou’

A. We have a coordinate system as in Lemma 1. Consider the case 7, = 0. Ricci equations
(13)—(16) on tangent frame vectors are

1
fora=1, g=1 871(?1):0, i=2,n;

ou?

Orf(e:) _ Ori(e;) . . 5—

fora=1, =2 S~ B 0 bI=Am (17)

2
fora =2, =2 omle) o 3

ou?

We change the transversal frame éa = ®F¢s with the matrix ¢ = ()\(szfl) 1/)\(2%)),

where A(u1) # 0. Since we have ®~! = (1/)‘(51) /\(2 >> and Sy = 0, using (8), (9) we get
- 1
- 1 - . .
h! = Xhl’ h* = —puh' + Ah?, S} = ASy, Sy = 0. (18)

The forms of the transversal connection (10) on the tangent frame vectors e;, ¢ = 1,n, are

. 0 1 dA
7 (e:) = 7 () + szl(e,-) + Ndu’
) 1 2 1 O\ 2 2 2 Op
1(e) = —Auri(e:) — pmy(e) — ; ATy (€) + Ay (eq) + )\_i’
ou ou
1

7y (e;) = ﬁTzl(ei),

- L 0 (1
e = rite) = e + 2 (5):

From 4) in Lemma 1, 75 (e;) = 0, and A(u'!) we have

7e)) = 75 (e;) = 73(e;) = 0 for i = 2,n, 7 (e1) = 0.
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From (17) it follows that the functions 7i(e;), 73(e;) depend on ' only. Put A\(u') =
exp( [ 73(e1)du). Since 7 (e1) = —73(e1) and

. 1 d\N 1 dX
7 (e1) =1 (er) + Ndul’ 73(e1) = 15 (er) — Ndul

we conclude 7 (e;) = 73 (e;) = 0.
Using the properties of the transversal connection forms we have

R(e) = A ) 4 N (e), i =Tm

with chosen function A(u'). Now we want to find a function p(u!,

U ) such that 72(e;) =
0, i = 2, n. It leads us to a system of differential equations g% == /\(i o7t (e 2(e;), i = 2,n. This

system is integrable because we have 5572(e;) = 52 72(e;) for all i,j = 2,n from (17).

Thus, with new transversal frame we have the only nonzero form of the transversal
connection 7Z(ey). In this case the Weingarten decompositions are
0%, —0 0% 06 R —

. = —== =0 - =0,7=1
out T Out T Out b ab

Therefore, 51 depends on u! only, 52 is a constant vector field.
B. Consider the case 75 (¢;) # 0. The system (15) implies that the function 75 (e;) depends
only on the variable u!, denote 74 (e1) = c(ut).
From (14) we conclude that there exist functions p(u?, ..., u"), t;(u'), i = 1,n, such that
op I
m2(e;) = t1(u' >8 R (u'), j=2,n.
The system (13) implies

) — rh(enri(en) = clal) () 515 + (), T =T

o) = () ((p(?, ) + Dt (e o+ ()

Using the properties of the shape operators (item 3 in Lemma 1) and the forms of
transversal connection we write the Weingarten decompositions for & as %52 =0, 5=
2,n. Therefore, the vector field & depends on u' only, i.e. & = &(u'). The Weingarten
decompositions for & are

%1~ (W) 2 (), i =T
Then
6 = (B0l )+ S ) 0) 4 )
Denote ¢ (u')p(u® )+E ti(u ) ui+p(ut) = q(u', ..., u") and change the transversal

frame by & =& —q- &, & = 52

The transformation matrix and its inverse are
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(1 0\ ., (10
(I)_(—q 1>’® _(q 1)'

In this case the main characteristics of the affine immersion change by (8), (9) as
h*=h', B2 =qgh' + 12, S =51, Sy =5, =0.
The forms of the transversal connection (10) on the tangent frame vectors e;, i = 1,n
are
1 1 1 2 1 2_1 2 2 9q
Tr(e) = 7i(e) —qma(ed), Ti(er) = qm(e) +q mp(e) +7i(ei) — qmg(e:) — BN
Tyle) = my(en), T3(ei) = amy(es) +73(ei).

Using Lemma 1, 75 (e1) = c(u'), 7{(e1) = c(u')q, and 72(e;) = 3

main characteristics of the affine immersion get some new properties

g we conclude that the

iy =qhiyy 7ile) =0, i=2,n; 7(e1) =7 (er) =0. (19)

The new vectors & (u'), &(u') depend on ! only and 2:& = ¢(u')&;. Denote & (u') = ij(ul),
then L i)
z nu 3 o1

[\

The equiaffine transversal frames from Lemma 2 will be referred to as the frames of
type A and type B.

3. Parametrization in case of type A.
Theorem 1. Let f: (M",V) — (R""2, D) be an affine immersion with pointwise codimensi-

on 2, equiaffine structure, flat connection V, one-dimensional Weingarten mapping, and one
of the transversal frame vectors is constant. Then there exists a parametrization (d; = const )

F=gul, ... u"a + /gﬁ(ul)dul +) i (21)
=2

The transversal frame is § = ﬁﬁ@(ul), & = dy, where g(u') is a flat curve, h(u') =
exp( [ k1(ut)du'), ki(u') is obtained from the decomposition
d*@(ut) ~ ha( 1)dg3(u1)
(dut)2 — T
which is a consequence of regularity immersion condition

d—* 1
\@(ul),%,@,@,...,aﬂ| £0 for all u'. (22)

+ ko (u')@(uh),

Proof. We take tangent and transversal frame as in Lemmas 1 and 2 (A). From equations
(26) we get 52:hly =0 and I'}; =0, 4,j = 2,n. Thus, hj; = h(u') and ¥, =0, i,j,k =1, n.
Since we have transversal distribution of type (A), the only nonzero transversal form can
be 72(e1). The h*-Codazzi equations (5) for the tangent frame vectors (j, k # 1) are
0 0

L = ——h3 for i,j,k=1n.

Oui F T Qud
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Therefore there exists a function g(u', ..., u™) such that components of the affine funda-
mental form are )
w2 99
Y utoud

Let us remind that & depends on u! only, & is a constant vector field. We have the Gauss
decomposition
D?g

+ outou!

Denote h(u')& (u') = 24 @(u'), & = @;. By integrating the Gauss decompositions

1 = h(u')& (u') §s.

L dg(u') Fg . P9 . . Pg . .
= as, i = 3. 14 41, =4,Nn, Ty =3~ -01, 1, :277%
1 dul + outout Y T guloui J I ouiow ! J
we get ) )
= ) + 55, = ond +d, i=

Thus, a position-vector of immersion in case A takes the form (21)
F=gul,. .. u™)a + /(ﬁ(ul)dul + ) u'd;,
i=2

where the regularity condition holds (22):

dg(u')

6(“1)7 dul ,61,62,...76n

#£0 Vu'.

Since the affine immersion is equiaffine immersion with one-dimensional Weingarten
mapping, we have the Weingarten decomposition (34).

In our case & = h(il)%@’(ul), then

S 1 dd')\ 1 dh(u')d@(u') 1 d*@(ut)
@_%(h(w) du? )‘ R2(u) dul  du' ' h(u!) (dul)?

Due to the form of immersion position-vector and (22), we can choose the coordinate system
as follows (here 1 is at (i + 2)-th coordinate place for a;):

(u') = {p'(uh), ¢*(u),0,...,0}, @ ={0,...,0,1,0,...,0},i = 1,n.
Since the vectors G(u') and -4 @(u') are linearly independent, we have
du

g dg

1 1 =
(du')? = ka(u )% + ko (u')@.
To satisfy (34), it is necessary
1 dh(u! .
B ) dELl ) = ki(u'), ie. h(u') = hi, = exp (/k:l(ul)du1>.

Thus,

S k’z(ul) = dg
at = s U )
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Therefore, the coordinate functions for the Weingarten mapping image and 7£(e;) are

ko(ul) g ko(ul)

1 _ i _ 2 _
s (e) =— h(ul) s'(er) =0, 7i(er) = 9l h(ul) (23)
which completely agree with the Codazzi equations (6) for S;, namely
ds* — —
V. (Sie1) =0, ie. i (él) =0, k=1,n, i=2,n.
ou’
Thus, we get the parametrization of affine immersion with given properties. O]

4. Parametrization in the case of type B.

Theorem 2. Let f: (M",V) — (R"*2 D) be an affine immersion with pointwise codimensi-
on 2, equiaffine structure, flat connection V, one-dimensional Weingarten mapping, and none
of the transversal frame vectors is constant. Then there exists a parametrization

F:g(uz,...,u”)/Al(ul)ﬁ(ul)dul—i-/(v(ul)—ul)\l(ul))ﬁ(ul)dul—i-
+Z / Yi(ut)du'. (24)

The transversal frame is & = C(Tll)d;;lﬁ(ul), o = n(u'), c(u') = exp([ ki(u')du'), where

kyi(u') is obtained from the decomposition

([du)? = () T ) EZI ialu / A (u)if(u ),

which is a consequence of the regularity immersion condition

(), dz(; ). / () )dut / A ())(wd )il # 0 V. (25)

Proof. We take tangent and transversal frames as in Lemmas 1 and 2 (B). Then we have the
properties of main affine characteristics as in Lemma 1, as well as (19) and the transversal

frame (20).
The h'-Codazzi equations (5) for the tangent frame vectors (j, k # 1) are

0

ajhh 7'21(61)}1%]7 72(61)h32k— Flk:hna (26)

The h?-Codazzi equations (5) for the tangent frame vectors (i, j, k # 1) are

0 0 0 0
%hsl o ]h%h % 321 ou ]thD
0 0
ﬁhik ou ]h%k Flkhlh (27>
0 0

2 1312 2 1 12
oul hjk szh auj hzk - ij:h‘il'
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Flatness of V implies ;5rT'L, = 0, 2 Il = 55 0.1 i 4,k # 1. Therefore, there exists a
function g(u?, ..., u") such that

1 829

ij = 3u"8uj’ )= 2,7’L. (28)

Using the Codazzi equations (26) and (28) for h' we conclude that the components of h?

now are o a L R , -
U e(ut) 0w R e(ut) Quioui MY

where c(u') = 75 (e1) # 0. From the first group of system (27) and (29) we get

O (1 ORLY OB, 1 de(w)oRl, 1 &R, ok
out \c(u!) ouwi ) Ow ' c(ul) dul Oul - c(ul) Ouidu!  Oul’

o ( 1 dc(ul)il1 N 1 0Ohl _ Oh%,

ouw \ c(ul) dut M c(ul) Oul oul’

1 de(ul)- 1 Oh!
) du! i+ c(ul) 8u11 = ity + (),
- 1 de(u')- 1 Ohl
2 _ 1 1
hll - CQ(UI) dul hll C(Ul) 8u1 :u(u ) (3())

Using the third group of equations of system (27)—(30) we obtain
(3 19 i)
ul c(ul) Quidus

= L_Ohi, 1 de(ul), 1 0hy 1
Coul ( 8uﬂ) u@uﬂ <_02(u1) dul hi + m ol —p(u) ),

1 0Ohy, 0*g 1
0= 9ui ( () O )  Juow ") (31)
§ 1 R )
P2, = 1 29t + A (), (32)

c(ul) Ouw ou’
P = () (= gu(u) + 32 A +o(ul)). (33)

Jj=2

One can see that the second and forth groups of equations of system (27) are fulfilled.
From (30), (20), and the Gauss decomposition

L - 1 odi(ut) 1 de(u')- 1 Ohi .

= pl e Sl st 1 1

= hay c(ul) dul * < ul) dut M * c(ul) ou! (u ))n(u )
Ty = c(ul) oul 77(“ )7 J=2,n,

we obtain
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Using this equality and (28), (29) we get the remaining equations of the Gauss decomposi-
tion
829 1 - 1 829 —
= g (P = [ naditat)dnt) - B R ) —
Tij Sutoul <C(U1) 1177(U ) :u(u )77(“ ) u C(Ul) Ouiou 11”(“ )

0%g P
- T uiow plu)q(ut)du, i,5 =2,n.

By using (32) and integrating the following equalities

B /L N G N
= Sy w1 = Tgr) AL i), i =2,

we get

By integrating

i = (= g + 30 At + o)) itat) - [ el

we get an immersion parametrization
P =gl ) [ )it
+ / v(uh)(ut)dut + / ul p(u)ij(ut)dut + ol / i (uh)7(ub)du’.
=2

Denote A\;(u') = —p(u') and get the parametrization (24). We need (25) for all u! to
provide the immersion regularity, namely

), T, [t .. [ttt 40

Denote the image of Weingarten mapping as S;(e;) = U = s'(e;)e;. The one-dimensional
property of Weingarten mapping and equiaffine structure imply

d€. ) . _
X e+ el (34)
Since in our case & = ﬁ%ﬁl), & = 7j(u') then

g d ( 1 dﬁ(ul)) 1 de(ut) dij(ut) 1 d*j(ut)

dut  du' \c(ul) du A(u') du'  dul c(u') (du')?”
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Because of (25) we have the following decompositions

P @I +Zm2 / X )i ).

(du')? du?

The Weingarten decomposition (34) implies

L de(w) _ Er(uh), ie. c(u') = exp(/ kl(ul)du1>.

c(u') dut
We have
it =7 = (hu(u) + 32w + ofa) ),
j=2
/ AWty dut = 7 — gg' / A (Wh)Fut)dut, i =2n
ul
n Bl
Since gA(u) + > \j(uh)w! + v(ut) o 11) we see that
j=2
>\ 1N\ =/,,1 d 1 _ = B%l = 1
1<u )n(u ) u =Ty — c(ul)n(u )7

VR S NS R 11 1 _
/)\,(u Yij(u')dut = 7; — gl + = i <(u )n(u ), i=2n.

Therefore,
hii - 4
c(ul)n(u ))+

dgl k2(u1) o1 k3(ul) -
dut  c(ub) ) + c(ub) <r1 a

+Z z+2 u') (ﬁ dg . dg hi ﬁ(u1)> _

T et * ou? c(ul)n
_ (k;g(u ) B Z Kito(u ; auz> s +Z
=2 ;

c(ul) c(ul)

ka(u') k3(ul)*1 . Kiyo(u' ) 89 71 \ =, 1
+< h11+; C2(u1) auzhn)U(U )

c(ul) c2(ul)

Thus, we have the coordinate functions of the image of Weingarten mapping and 77 (e;)

z+2 —»

1 _kS(Ul) — kiya(u') dg
sler) c(ul) +Z c(ul) ou’’
ey =22 i2m (39)
— kivo (u') 39
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which satisfy the Codazzi equations (6) for S;:

ds*(ey)
ou’

Ve (S1e1) =0, ie. + st =0, k=T,n, i=2n.

Thus, we get the parametrization of an affine immersion with given properties. n

Corollary 1. Let f: (M™ V) — (R"2 D) be an affine immersion with pointwise codi-
mension 2, equiaffine structure, flat connection V, one-dimensional Weingarten mapping,

and none of the transversal frame vectors is constant. Then it can be locally parameterized
by (36) or (37):

7= (g(u?,.. . u") +u)d+ /v(ul)ﬁ(ul)dul +) / i (uh)7(ut)du?, (36)
=2
where the regularity immersion condition

di(u
T, [ttt .. Gyttt 0 vl

|C_’:7 ﬁ<u1)7

holds, the transversal frame is & = exp(— [ kl(ul)dul)%ﬁ(ul), ¢, = 7j(u'), where ki(u') is
obtained from the decomposition
d*ij(u)
(du')?

dngl ) + ko (uh)7(u') + ks(u')a + ' ki+2(ul)/)‘i(ul)ﬁ(ul)dul’

= ]{1 (ul)

which is a consequence of the regularity immersion condition;

F= o) ) + [ o)~ B a1+ 3w [ B, @)

where the following regularity immersion condition holds for all u':
|5(ul), (), o7 (), / o (uh)pl (uh)du, . .. / An(h)p (u)du | # 0,

the transversal frame is & = exp(— [ ki (u")du®)p"(u'), & = p'(u"), where ki (u") is obtained
from the decomposition

Pﬁ'(ul) = ki (u")p"(u') + kz(ul)/g/(ul) + ks(u')plu') + Z ko (ub) / )\i(ul)/g/(ul)dula

which is a consequence of the regularity immersion condition.

Proof. The first parametrization is obtained from (24) when A;(u') = 0, the second one
when A;(u') # 0. O
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