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In the paper we study equiaffine immersions f : (Mn,∇) → Rn+2 with flat connection ∇
and one-dimensional Weingarten mapping. For such immersions there are two types of the
transversal distribution equiaffine frame. We give a parametrization of a submanifold with the
given properties for both types of equiaffine frame. The main result of the paper is contained
in Theorems 1, 2 and Corollary 1: Let f : (Mn,∇) → (Rn+2, D) be an affine immersion with
pointwise codimension 2, equiaffine structure, flat connection ∇, one-dimensional Weingarten
mapping then there exists three types of its parametrization:

(i) r⃗ = g(u1, . . . , un)⃗a1 +
∫
φ⃗(u1)du1 +

n∑
i=2

uia⃗i;

(ii) r⃗ = (g(u2, . . . , un) + u1)⃗a+
∫
v(u1)η⃗(u1)du1 +

n∑
i=2

ui
∫
λi(u

1)η⃗(u1)du1;

(iii) r⃗ = (g(u2, . . . , un) + u1)ρ⃗(u1) +
∫
(v(u1)− u1)

dρ⃗(u1)

du1
du1 +

n∑
i=2

ui
∫
λi(u

1)
dρ⃗(u1)

du1
du1.

1. Introduction. We consider the affine immersions by K. Nomizu, T. Sasaki [3] in the case
of codimension two. Let (Mn,∇) be an affine n-dimensional manifold with affine connection
∇ and (Rn+2, D) the standard (arithmetic) affine space with flat connection D. We shall
denote by X(Mn) the set of all smooth tangent vector fields on Mn. According to [3, p. 29],
a differentiable immersion f : (Mn,∇) → (Rn+2, D) is said to be affine if there exists a two-
dimensional transversal differentiable distribution Q along f such that at each point x ∈ Mn

for all X, Y ∈ X(Mn) the following decomposition
(DXf∗(Y ))x = (f∗(∇XY ))x + hx(X, Y ), hx(X, Y ) ∈ Qx,

is held. This decomposition defines the affine fundamental form h(X, Y ). It is known [3, 7]
that the rank of the affine fundamental form is independent of the choice of transversal
distribution, and it is called the pointwise codimension of an affine immersion.

For arbitrary transversal vector field ξ, the decomposition
DXξ = −f∗(SξX) +∇⊥

Xξ,

defines the shape operator Sξ and the transversal connection ∇⊥.
The Weingarten mapping Sx : Qx×Tx(M

n) → Tx(M
n) is defined [5] as follows: (ξ,X) 7→

SξX at every point x ∈ Mn.
For a transversal frame {ξ1, ξ2} we have the affine analogues of Gauss and Weingarten

decompositions, namely

DXf∗(Y ) = f∗(∇XY ) + hα(X, Y )ξα, (1)
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DXξα = −f∗(SαX) + τβα (X)ξβ, (2)

where hα are components of the affine fundamental form, Sα are shape operators, τβα are
forms of transversal connection (with respect to ξ1, ξ2).

For an affine immersion f : (Mn,∇) → Rn+2 with a transversal frame {ξ1, ξ2}, the
induced volume element θ on Mn is defined [4, 3, 1] as follows

θ(X1, . . . , Xn) = |f∗(X1), . . . , f∗(Xn), ξ1, ξ2|.
The transversal distribution Q with frame {ξ1, ξ2} is called equiaffine, if ∇Xθ = 0 for all

X ∈ Tx(M
n), x ∈ Mn. For two-codimension affine immersion this condition is equivalent [4]

to
τ 11 (X) + τ 22 (X) ≡ 0. (3)

With an equiaffine transversal distribution Q we have an equiaffine structure (∇, θ)
on Mn.

We will consider an affine immersion f : (Mn,∇) → Rn+2 with pointwise codimensi-
on two, flat connection ∇ and equiaffine transversal distribution. Two-codimensional affine
surfaces with different additional properties have been studied by many authors. Flat affine
surfaces in R4 with flat normal connection were studied in [1]. The description of a parallel
affine immersions (Mn,∇) → Rn+2 with flat connection in dependence on the rank of the
Weingarten mapping were given in [5].

Let us remind that in general case (codimension k) the kernel and the image of the
Weingarten mapping is defined by

kerS =
k⋂

α=1

kerSα, im S =
k⋃

α=1

im Sα.

We say that a Weingarten mapping is p-dimensional if rankS := dim imS = p. It was proved
[7] that for the immersion f : (Mn,∇) → Rn+k (for k < n) with maximal pointwise codi-
mension and flat connection ∇ the following relations hold true:

1) dimkerS ≥ n− k; 2) kerh ⊆ kerS; 3) dim im S ≤ k;

4) if dim im S = k, then dimkerS = n− k and kerh = kerS.

It was also proved [7] that the distribution S of the kernels of Weingarten mapping is
integrable on Mn and there exists a transversal distribution which is stationary along the
leaves of the foliation FS.

Since in the case of codimension two we have dim im S ≤ 2, dimkerS ≥ n− 2, we have
only three possible values for the dimension of im S, namely 0, 1, 2. The most studied are
affine immersions with zero and two-dimensional Weingarten mapping.

Examples of affine immersions with flat connection and one-dimensional Weingarten
mapping were given in [7].

The description of the parallel affine immersions Mn → Rn+2 with flat connection in
dependence on the rank of the Weingarten mapping was given in [5].

It is well known that an affine immersion with zero Weingarten mapping (S ≡ 0) has a flat
connection and it is affinely equivalent to the graph of certain smooth map F : Mn → R2 (see
for example [2, 3, 7]), i.e. f : (u1, . . . , un) 7→ (u1, . . . , un, f 1(u1, . . . , un), f 2(u1, . . . , un)).

Obviously, any graph immersion is equiaffine.
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According to the properties which were discussed in [7], in case dim im S = 2 we obtain
kerh = kerS and dimkerh = n−2. Therefore such a submanifold is strongly (n−2)-parabolic
one or, equivalently, a submanifold of rank two (by the rank of Gaussian (Grassmann)
mapping) [6]. Due to the coincidence of the kernels of S and h, the distribution S = kerh is
not only integrable, but the leaves are totally geodesic in Rn+2. A rank-two submanifold is a
ruled submanifold with (n− 2)-dimensional rulings over a two-dimensional base. In the case
this submanifold is a cylinder, its connection is determined by the connection of the cylinder
base. In the general case the problem on its connection remains open.

We obtain a parametrization of a submanifold with one-dimensional Weingarten mappi-
ng and given properties. Such a submanifold is a peculiar “mix” of a graph and a ruled
submanifold.

The main result. Let f : (Mn,∇) → (Rn+2, D) be an affine immersion with pointwise
codimension 2, equiaffine structure, flat connection ∇, one-dimensional Weingarten mapping.
Then there exist three types of its parametrization:

(i) r⃗ = g(u1, . . . , un)⃗a1 +

∫
φ⃗(u1)du1 +

n∑
i=2

uia⃗i;

(ii) r⃗ = (g(u2, . . . , un) + u1)⃗a+

∫
v(u1)η⃗(u1)du1 +

n∑
i=2

ui

∫
λi(u

1)η⃗(u1)du1;

(iii) r⃗ = (g(u2, . . . , un)+u1)ρ⃗(u1)+

∫
(v(u1)−u1)

dρ⃗(u1)

du1
du1+

n∑
i=2

ui

∫
λi(u

1)
dρ⃗(u1)

du1
du1.

For more details see Theorem 1, Theorem 2, and Corollary 1.
Submanifold (i) is a “mix” of a graph and a cylinder with (n − 2)-dimensional rulings

over a flat curve; submanifold (ii) is a “mix” of a graph and a ruled submanifold with
(n − 2)-dimensional rulings; submanifold (iii) is a “mix” of a “graph over a curve” and a
ruled submanifold with (n− 2)-dimensional rulings.

2. Preliminaries. Let f : (Mn,∇) → (Rn+2, D) be an affine immersion. The basic equations
of the affine immersions are well-known (see [2], [3], [7]):

R(X, Y )Z = hα(Y, Z)SαX − hα(X, Z)SαY ; (4)
(∇Xh

α)(Y, Z) + ταβ (X)hβ(Y, Z) = (∇Y h
α)(X, Z) + ταβ (Y )hβ(X, Z); (5)

(∇XSα)Y − τβα (X)SβY = (∇Y Sα)X − τβα (Y )SβX; (6)
hβ(X, SαY )− hβ(Y, SαX) =

= X(τβα (Y )) + τβγ (X)τ γα(Y )− Y (τβα (X))− τβγ (Y )τ γα(X)− τβα ([X, Y ]). (7)

If we change the transversal frame by ξ̄α = Φβ
αξβ where Φ = [Φβ

α]2×2 is a nondegenerate
matrix with smooth entries, then ∇ does not change while the other main characteristics of
the affine immersion change as follows (see, for example, [7]):

h̄α(X, Y ) = [Φ−1]αβh
β(X, Y ), (8)

S̄αX = Φβ
αSβX, (9)

τ̄βα (X) = [Φ−1]βγ{τ
γ
δ (X)Φδ

α +X(Φγ
α)}. (10)

It is well known and easily verified that in case of two equiaffine frames

detΦ = const. (11)

We prove two supporting lemmas.
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Lemma 1. Let f : (Mn,∇) → (Rn+2, D) be an affine immersion with the pointwise codi-
mension 2, flat connection ∇, equiaffine structure, and one-dimensional Weingarten mapping.
There exist a parametrization of immersion and a transversal frame such that:

1) Γk
ij = 0 ∀k ̸= 1, Γ1

11 = 0, Γ1
1j = 0;

2) h1 =


h1
11 0 . . . 0
0 0 . . . 0
...

... . . . ...
0 0 . . . 0

 , h2 =


0 h2

12 . . . h2
1n

h2
12 h2

22 . . . h2
2n

...
... . . . ...

h2
1n h2

2n . . . h2
nn

 ;

3) S1e1 = U, S1ej = 0, j = 2, n, S2 ≡ 0;

4) τ 11 (ei) = τ 12 (ei) = τ 22 (ei) = 0 for i = 2, n, τ 11 (e1) = −τ 22 (e1).

Proof. It was proved [5] that if f : (Mn,∇) → (Rn+2, D) is an affine immersion with the
pointwise codimension 2, flat connection ∇, dim im S = 1 and dimkerh < n− 2, then there
exist a parametrization of immersion and a transversal frame such that

a) Γk
ij = 0 ∀k ̸= 1, Γ1

11 = 0, Γ1
1j = 0;

b) h1 =


1 0 . . . 0
0 0 . . . 0
...

... . . . ...
0 0 . . . 0

 , h2 =


0 h2

12 . . . h2
1n

h2
12 h2

22 . . . h2
2n

...
... . . . ...

h2
1n h2

2n . . . h2
nn

 ;

c) S1e1 = U, S1ej = 0, j = 2, n, S2 ≡ 0;

d) τ 12 (ei) = τ 22 (ei) = 0 for i = 2, n.
Suppose, in addition, that the affine immersion under consideration has the equiaffine

transversal distribution. In the proof of a), b) and c) the transversal distribution remains
equiaffine. The exception is d) since the proof in [5] does not involve (11).

From the Codazzi equations (6) for S2 we get that τ 12 (ei) = 0, i = 2, n.
Consider the transversal distribution frame transformation with the matrix

Φ =

(
1
ϕ

0

0 ϕ

)
, where ϕ ̸= 0.

Then (8) and (9) take the forms h̃1 = ϕh1, h̃2 = 1
ϕ
h2, S̃1 =

1
ϕ
, S̃2 ≡ 0.

Using these equalities and a), b), and c) of [5] we obtain items 1), 2), and 3). Let us
prove 4). The forms of transversal connection change by (10) as

τ̃ 12 (X) = ϕ2τ 12 (X), τ̃ 11 (X) = τ 11 (X)− 1

ϕ
X(ϕ), τ̃ 22 (X) = τ 22 (X) +

1

ϕ
X(ϕ).

Evidently, with transformation under consideration τ̃ 12 (ei) = 0, i = 2, n. We want to find
a function ϕ such that

τ̃ 22 (ei) = 0, i = 2, n. (12)

It leads to the system ∂
∂ui lnϕ = −τ 22 (ei), i = 2, n. From the Ricci equations (7) for

α = 2, β = 2, X = ei, Y = ej, i, j = 2, n, namely
ei(τ

2
2 (ej)) + τ 2γ (ei)τ

γ
2 (ej)− ej(τ

2
2 (ei))− τ 2γ (ej)τ

γ
2 (ei) = 0,

and equalities τ 12 (ei) = 0, i = 2, n we obtain the integrability condition for the system of
differential equations ∂

∂ui τ
2
2 (ej) =

∂
∂uj τ

2
2 (ei), i, j = 2, n. Therefore ϕ = exp

(
−
∫
τ 22 (e2)du

2
)
.

Thus we get (12). From the condition τ 22 (X) = −τ 11 (X) it follows τ̃ 11 (ei) = 0 for i = 2, n and
τ̃ 11 (e1) = −τ̃ 22 (e1).
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Lemma 2. Let f : (Mn,∇) → (Rn+2, D) be an affine immersion with the pointwise codi-
mension 2, flat connection ∇, equiaffine structure, and one-dimensional Weingarten mappi-
ng. There exists the parametrization of immersion such that the equiaffine transversal frame
depends only on one variable and can be one of two types:

A) one of the frame vectors is constant;
B) none of the frame vectors are constant.

Proof. We choose the tangent and transversal frames as in Lemma 1. From the Ricci equati-
ons (7) on tangent frame vectors we obtain

for α = 1, β = 1 τ 12 (e1)τ
2
1 (ej)−

∂τ 11 (e1)

∂uj
= 0, j = 2, n; (13)

for α = 1, β = 2
∂τ 21 (ei)

∂uj
=

∂τ 21 (ej)

∂ui
, i, j = 2, n; (14)

for α = 2, β = 1
∂τ 12 (e1)

∂uj
= 0, j = 2, n; (15)

for α = 2, β = 2
∂τ 22 (e1)

∂uj
+ τ 21 (ej)τ

1
2 (e1) = 0, j = 2, n. (16)

A. We have a coordinate system as in Lemma 1. Consider the case τ 12 ≡ 0. Ricci equations
(13)–(16) on tangent frame vectors are

for α = 1, β = 1
∂τ 11 (e1)

∂ui
= 0, i = 2, n;

for α = 1, β = 2
∂τ 21 (ei)

∂uj
=

∂τ 21 (ej)

∂uj
, i, j = 2, n; (17)

for α = 2, β = 2
∂τ 22 (e1)

∂ui
= 0, i = 2, n.

We change the transversal frame ξ̃α = Φβ
αξβ with the matrix Φ =

(
λ(u1) 0
µ 1/λ(u1)

)
,

where λ(u1) ̸= 0. Since we have Φ−1 =

(
1/λ(u1) 0
−µ λ(u1)

)
and S2 ≡ 0, using (8), (9) we get

h̃1 =
1

λ
h1, h̃2 = −µh1 + λh2, S̃1 = λS1, S̃2 = 0. (18)

The forms of the transversal connection (10) on the tangent frame vectors ei, i = 1, n, are

τ̃ 11 (ei) = τ 11 (ei) +
µ

λ
τ 12 (ei) +

1

λ

dλ

dui
,

τ̃ 21 (ei) = −λµτ 11 (ei)− µ2τ 12 (ei)− µ
∂λ

∂ui
+ λ2τ 21 (ei) + λµτ 22 (ei) + λ

∂µ

∂ui
,

τ̃ 12 (ei) =
1

λ2
τ 12 (ei),

τ̃ 22 (ei) = τ 22 (ei)−
µ

λ
τ 12 (ei) + λ

∂

∂ui

(
1

λ

)
.

From 4) in Lemma 1, τ 12 (e1) = 0, and λ(u1) we have

τ̃ 11 (ei) = τ̃ 12 (ei) = τ̃ 22 (ei) = 0 for i = 2, n, τ̃ 12 (e1) = 0.



104 O. O. SHUGAILO

From (17) it follows that the functions τ 11 (e1), τ 22 (e1) depend on u1 only. Put λ(u1) =
exp(

∫
τ 22 (e1)du

1). Since τ 11 (e1) = −τ 22 (e1) and

τ̃ 11 (e1) = τ 11 (e1) +
1

λ

dλ

du1
, τ̃ 22 (e1) = τ 22 (e1)−

1

λ

dλ

du1
,

we conclude τ̃ 11 (e1) = τ̃ 22 (e1) = 0.
Using the properties of the transversal connection forms we have

τ̃ 21 (ei) = λ(u1)
∂µ

∂ui
+ λ2(u1)τ 21 (ei), i = 2, n

with chosen function λ(u1). Now we want to find a function µ(u1, . . . , un) such that τ̃ 21 (ei) =
0, i = 2, n. It leads us to a system of differential equations ∂µ

∂ui = − 1
λ(u1)

τ 21 (ei), i = 2, n. This
system is integrable because we have ∂

∂uj τ
2
1 (ei) =

∂
∂ui τ

2
1 (ej) for all i, j = 2, n from (17).

Thus, with new transversal frame we have the only nonzero form of the transversal
connection τ̃ 21 (e1). In this case the Weingarten decompositions are

∂ξ̃1
∂ui

= 0,
∂ξ̃2
∂u1

= 0,
∂ξ̃2
∂ui

= 0, i = 1, n.

Therefore, ξ̃1 depends on u1 only, ξ̃2 is a constant vector field.
B. Consider the case τ 12 (e1) ̸= 0. The system (15) implies that the function τ 12 (e1) depends

only on the variable u1, denote τ 12 (e1) = c(u1).
From (14) we conclude that there exist functions p(u2, . . . , un), ti(u1), i = 1, n, such that

τ 21 (ej) = t1(u
1)

∂p

∂uj
+ tj(u

1), j = 2, n.

The system (13) implies

∂τ 11 (e1)

∂uj
= τ 12 (e1)τ

2
1 (ej) = c(u1)

(
t1(u

1)
∂p

∂uj
+ tj(u

1)
)
, j = 2, n;

τ 11 (e1) = c(u1)
(
t1(u

1)p(u2, . . . , un) +
n∑

j=2

tj(u
1)uj + µ(u1)

)
Using the properties of the shape operators (item 3 in Lemma 1) and the forms of

transversal connection we write the Weingarten decompositions for ξ2 as ∂
∂uj ξ2 = 0, j =

2, n. Therefore, the vector field ξ2 depends on u1 only, i.e. ξ2 = ξ2(u
1). The Weingarten

decompositions for ξ1 are
∂ξ1
∂ui

=
(
t1(u

1)
∂p

∂ui
+ ti(u

1)
)
ξ2(u

1), i = 2, n.

Then

ξ1 =
(
t1(u

1)p(u2, . . . , un) +
n∑

i=2

ti(u
1)ui + µ(u1)

)
ξ2(u

1) + ζ(u1).

Denote t1(u1)p(u2, . . . , un)+
n∑

i=2

ti(u
1)ui+µ(u1) = q(u1, . . . , un) and change the transversal

frame by ξ̄1 = ξ1 − q · ξ2, ξ̄2 = ξ2.
The transformation matrix and its inverse are



EQUIAFFINE IMMERSIONS OF CODIMENSION TWO 105

Φ =

(
1 0
−q 1

)
, Φ−1 =

(
1 0
q 1

)
.

In this case the main characteristics of the affine immersion change by (8), (9) as
h̄1 = h1, h̄2 = qh1 + h2, S̄1 = S1, S̄2 = S2 ≡ 0.

The forms of the transversal connection (10) on the tangent frame vectors ei, i = 1, n
are

τ̄ 11 (ei) = τ 11 (ei)− qτ 12 (ei), τ̄ 21 (ei) = qτ 11 (ei) + q2τ 12 (ei) + τ 21 (ei)− qτ 22 (ei)−
∂q

∂ui
,

τ̄ 12 (ei) = τ 12 (ei), τ̄ 22 (ei) = qτ 12 (ei) + τ 22 (ei).

Using Lemma 1, τ 12 (e1) = c(u1), τ 11 (e1) = c(u1)q, and τ 21 (ei) =
∂

∂ui q we conclude that the
main characteristics of the affine immersion get some new properties

h̄2
11 = qh̄1

11; τ̄ 21 (ei) = 0, i = 2, n; τ̄ 11 (e1) = τ̄ 22 (e1) = 0. (19)

The new vectors ξ̄1(u1), ξ̄2(u1) depend on u1 only and ∂
∂u1 ξ̄2 = c(u1)ξ̄1. Denote ξ̄2(u1) = η⃗(u1),

then
ξ̄1 =

1

c(u1)

dη⃗(u1)

du1
, ξ̄2 = η⃗(u1). (20)

The equiaffine transversal frames from Lemma 2 will be referred to as the frames of
type A and type B.

3. Parametrization in case of type A.

Theorem 1. Let f : (Mn,∇) → (Rn+2, D) be an affine immersion with pointwise codimensi-
on 2, equiaffine structure, flat connection ∇, one-dimensional Weingarten mapping, and one
of the transversal frame vectors is constant. Then there exists a parametrization (⃗ai =

−−−→
const)

r⃗ = g(u1, . . . , un)⃗a1 +

∫
φ⃗(u1)du1 +

n∑
i=2

uia⃗i; (21)

The transversal frame is ξ1 = 1
h(u1)

d
du1 φ⃗(u

1), ξ2 = a⃗1, where φ⃗(u1) is a flat curve, h(u1) =

exp(
∫
k1(u

1)du1), k1(u1) is obtained from the decomposition
d2φ⃗(u1)

(du1)2
= k1(u

1)
dφ⃗(u1)

du1
+ k2(u

1)φ⃗(u1),

which is a consequence of regularity immersion condition

|φ⃗(u1),
dφ⃗(u1)

du1
, a⃗1, a⃗2, . . . , a⃗n| ≠ 0 for all u1. (22)

Proof. We take tangent and transversal frame as in Lemmas 1 and 2 (A). From equations
(26) we get ∂

∂uih
1
11 = 0 and Γ1

ij = 0, i, j = 2, n. Thus, h1
11 = h(u1) and Γk

ij = 0, i, j, k = 1, n.
Since we have transversal distribution of type (A), the only nonzero transversal form can

be τ 21 (e1). The h2-Codazzi equations (5) for the tangent frame vectors (j, k ̸= 1) are

∂

∂ui
h2
jk =

∂

∂uj
h2
ik for i, j, k = 1, n.
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Therefore there exists a function g(u1, . . . , un) such that components of the affine funda-
mental form are

h2
ij =

∂2g

∂ui∂uj
.

Let us remind that ξ1 depends on u1 only, ξ2 is a constant vector field. We have the Gauss
decomposition

r⃗11 = h(u1)ξ1(u
1) +

∂2g

∂u1∂u1
ξ2.

Denote h(u1)ξ1(u
1) = d

du1 φ⃗(u
1), ξ2 = a⃗1. By integrating the Gauss decompositions

r⃗11 =
dφ⃗(u1)

du1
+

∂2g

∂u1∂u1
a⃗1, r⃗1j =

∂2g

∂u1∂uj
a⃗1, j = 2, n, r⃗ij =

∂2g

∂ui∂uj
a⃗1, i, j = 2, n,

we get

r⃗1 = φ⃗(u1) +
∂g

∂u1
a⃗1, r⃗i =

∂g

∂ui
a⃗1 + a⃗i, i = 2, n.

Thus, a position-vector of immersion in case A takes the form (21)

r⃗ = g(u1, . . . , un)⃗a1 +

∫
φ⃗(u1)du1 +

n∑
i=2

uia⃗i,

where the regularity condition holds (22):∣∣∣φ⃗(u1),
dφ⃗(u1)

du1
, a⃗1, a⃗2, . . . , a⃗n

∣∣∣ ̸= 0 ∀u1.

Since the affine immersion is equiaffine immersion with one-dimensional Weingarten
mapping, we have the Weingarten decomposition (34).

In our case ξ1 =
1

h(u1)
d

du1 φ⃗(u
1), then

dξ1
du1

=
d

du1

(
1

h(u1)

dφ⃗(u1)

du1

)
= − 1

h2(u1)

dh(u1)

du1

dφ⃗(u1)

du1
+

1

h(u1)

d2φ⃗(u1)

(du1)2
.

Due to the form of immersion position-vector and (22), we can choose the coordinate system
as follows (here 1 is at (i+ 2)-th coordinate place for a⃗i):

η⃗(u1) = {φ1(u1), φ2(u1), 0, . . . , 0}, a⃗i = {0, . . . , 0, 1, 0, . . . , 0}, i = 1, n.

Since the vectors φ⃗(u1) and d
du1 φ⃗(u

1) are linearly independent, we have

d2φ⃗

(du1)2
= k1(u

1)
dφ⃗

du1
+ k2(u

1)φ⃗.

To satisfy (34), it is necessary
1

h(u1)

dh(u1)

du1
= k1(u

1), i.e. h(u1) = h1
11 = exp

(∫
k1(u

1)du1
)
.

Thus,
dξ1
du1

=
k2(u

1)

h(u1)

(
r⃗1 −

∂g

∂u1
ξ2

)
.
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Therefore, the coordinate functions for the Weingarten mapping image and τ 21 (e1) are

s1(e1) = −k2(u
1)

h(u1)
, si(e1) = 0, τ 21 (e1) = − ∂g

∂u1

k2(u
1)

h(u1)
, (23)

which completely agree with the Codazzi equations (6) for S1, namely

∇ei(S1e1) = 0, i.e.
∂sk(e1)

∂ui
= 0, k = 1, n, i = 2, n.

Thus, we get the parametrization of affine immersion with given properties.

4. Parametrization in the case of type B.

Theorem 2. Let f : (Mn,∇) → (Rn+2, D) be an affine immersion with pointwise codimensi-
on 2, equiaffine structure, flat connection ∇, one-dimensional Weingarten mapping, and none
of the transversal frame vectors is constant. Then there exists a parametrization

r⃗ = g(u2, . . . , un)

∫
λ1(u

1)η⃗(u1)du1 +

∫ (
v(u1)− u1λ1(u

1)
)
η⃗(u1)du1+

+
n∑

i=1

ui

∫
λi(u

1)η⃗(u1)du1. (24)

The transversal frame is ξ̄1 = 1
c(u1)

d
du1 η⃗(u

1), ξ̄2 = η⃗(u1), c(u1) = exp(
∫
k1(u

1)du1), where
k1(u

1) is obtained from the decomposition

d2η⃗(u1)

(du1)2
= k1(u

1)
dη⃗(u1)

du1
+ k2(u

1)η⃗(u1) +
n∑

i=1

ki+2(u
1)

∫
λi(u

1)η⃗(u1)du1,

which is a consequence of the regularity immersion condition

|η⃗(u1),
dη⃗(u1)

du1
,

∫
λ1(u

1)η⃗(u1)du1, . . . ,

∫
λn(u

1)η⃗(u1)du1| ≠ 0 ∀u1. (25)

Proof. We take tangent and transversal frames as in Lemmas 1 and 2 (B). Then we have the
properties of main affine characteristics as in Lemma 1, as well as (19) and the transversal
frame (20).

The h1-Codazzi equations (5) for the tangent frame vectors (j, k ̸= 1) are

∂

∂uj
h1
11 = τ 12 (e1)h

2
1j, τ 12 (e1)h

2
jk = −Γ1

jkh
1
11, (26)

The h2-Codazzi equations (5) for the tangent frame vectors (i, j, k ̸= 1) are

∂

∂u1
h2
j1 =

∂

∂uj
h2
11,

∂

∂ui
h2
j1 =

∂

∂uj
h2
i1,

∂

∂u1
h2
jk =

∂

∂uj
h2
1k − Γ1

jkh
2
11, (27)

∂

∂ui
h2
jk − Γ1

ikh
2
j1 =

∂

∂uj
h2
ik − Γ1

jkh
2
i1.
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Flatness of ∇ implies ∂
∂u1Γ

1
ij = 0, ∂

∂uiΓ
1
jk = ∂

∂ujΓ
1
ik, i, j, k ̸= 1. Therefore, there exists a

function g(u2, . . . , un) such that

Γ1
ij =

∂2g

∂ui∂uj
, i, j = 2, n. (28)

Using the Codazzi equations (26) and (28) for h1 we conclude that the components of h2

now are

h̄2
1j =

1

c(u1)

∂h̄1
11

∂uj
, h̄2

jk = − 1

c(u1)

∂2g

∂ui∂uj
h̄1
11, (29)

where c(u1) = τ 12 (e1) ̸= 0. From the first group of system (27) and (29) we get

∂

∂u1

(
1

c(u1)

∂h̄1
11

∂uj

)
=

∂h̄2
11

∂uj
, − 1

c2(u1)

dc(u1)

du1

∂h̄1
11

∂uj
+

1

c(u1)

∂2h̄1
11

∂uj∂u1
=

∂h̄2
11

∂uj
,

∂

∂uj

(
− 1

c2(u1)

dc(u1)

du1
h̄1
11 +

1

c(u1)

∂h̄1
11

∂u1

)
=

∂h̄2
11

∂uj
,

− 1

c2(u1)

dc(u1)

du1
h̄1
11 +

1

c(u1)

∂h̄1
11

∂u1
= h̄2

11 + µ(u1),

h̄2
11 = − 1

c2(u1)

dc(u1)

du1
h̄1
11 +

1

c(u1)

∂h̄1
11

∂u1
− µ(u1). (30)

Using the third group of equations of system (27)–(30) we obtain

∂

∂u1

(
− 1

c(u1)

∂2g

∂ui∂uj
h̄1
11

)
=

=
∂

∂ui

(
1

c(u1)

∂h̄1
11

∂uj

)
− ∂2g

∂ui∂uj

(
− 1

c2(u1)

dc(u1)

du1
h̄1
11 +

1

c(u1)

∂h̄1
11

∂u1
− µ(u1)

)
,

0 =
∂

∂ui

(
1

c(u1)

∂h̄1
11

∂uj

)
+

∂2g

∂ui∂uj
µ(u1), (31)

h̄2
1j =

1

c(u1)

∂h̄1
11

∂uj
= − ∂g

∂uj
µ(u1) + λj(u

1), (32)

h̄1
11 = c(u1)

(
− gµ(u1) +

n∑
j=2

λj(u
1)uj + v(u1)

)
. (33)

One can see that the second and forth groups of equations of system (27) are fulfilled.
From (30), (20), and the Gauss decomposition

r⃗11 = h̄1
11

1

c(u1)

dη⃗(u1)

du1
+
(
− 1

c2(u1)

dc(u1)

du1
h̄1
11 +

1

c(u1)

∂h̄1
11

∂u1
− µ(u1)

)
η⃗(u1),

r⃗1j =
1

c(u1)

∂h̄1
11

∂uj
η⃗(u1), j = 2, n,

we obtain
r⃗1 =

1

c(u1)
h̄1
11η⃗(u

1)−
∫

µ(u1)η⃗(u1)du1.
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Using this equality and (28), (29) we get the remaining equations of the Gauss decomposi-
tion

r⃗ij =
∂2g

∂ui∂uj

(
1

c(u1)
h̄1
11η⃗(u

1)−
∫

µ(u1)η⃗(u1)du1

)
− 1

c(u1)

∂2g

∂ui∂uj
h̄1
11η⃗(u

1) =

= − ∂2g

∂ui∂uj

∫
µ(u1)η⃗(u1)du1, i, j = 2, n.

By using (32) and integrating the following equalities

r⃗i1 =
1

c(u1)

∂h̄1
11

∂ui
η⃗(u1) =

(
− ∂g

∂ui
µ(u1) + λi(u

1)

)
η⃗(u1), i = 2, n,

r⃗ij = − ∂2g

∂ui∂uj

∫
µ(u1)η⃗(u1)du1, i, j = 2, n,

we get

r⃗i = − ∂g

∂ui

∫
µ(u1)η⃗(u1)du1 +

∫
λi(u

1)η⃗(u1)du1, i = 2, n.

By integrating

r⃗1 =
(
− gµ(u1) +

n∑
j=2

λj(u
1)uj + v(u1)

)
η⃗(u1)−

∫
µ(u1)η⃗(u1)du1,

r⃗i = − ∂g

∂ui

∫
µ(u1)η⃗(u1)du1 +

∫
λi(u

1)η⃗(u1)du1, i = 2, n

we get an immersion parametrization

r⃗ = −(g(u2, . . . , un) + u1)

∫
µ(u1)η⃗(u1)du1+

+

∫
v(u1)η⃗(u1)du1 +

∫
u1µ(u1)η⃗(u1)du1 +

n∑
i=2

ui

∫
λi(u

1)η⃗(u1)du1.

Denote λ1(u
1) = −µ(u1) and get the parametrization (24). We need (25) for all u1 to

provide the immersion regularity, namely

|η⃗(u1),
dη⃗(u1)

du1
,

∫
λ1(u

1)η⃗(u1)du1, . . . ,

∫
λn(u

1)η⃗(u1)du1| ≠ 0.

Denote the image of Weingarten mapping as S1(e1) = U = si(e1)ei. The one-dimensional
property of Weingarten mapping and equiaffine structure imply

dξ̄1
du1

= −si(e1)r⃗i + τ 21 (e1)ξ̄2. (34)

Since in our case ξ̄1 =
1

c(u1)
dη⃗(u1)
du1 , ξ̄2 = η⃗(u1) then

dξ̄1
du1

=
d

du1

(
1

c(u1)

dη⃗(u1)

du1

)
= − 1

c2(u1)

dc(u1)

du1

dη⃗(u1)

du1
+

1

c(u1)

d2η⃗(u1)

(du1)2
.
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Because of (25) we have the following decompositions

d2η⃗(u1)

(du1)2
= k1(u

1)
dη⃗(u1)

du1
+ k2(u

1)η⃗(u1) +
n∑

i=1

ki+2(u
1)

∫
λi(u

1)η⃗(u1)du1.

The Weingarten decomposition (34) implies

1

c(u1)

dc(u1)

du1
= k1(u

1), i.e. c(u1) = exp
(∫

k1(u
1)du1

)
.

We have ∫
λ1(u

1)η⃗(u1)du1 = r⃗1 −
(
gλ1(u

1) +
n∑

j=2

λj(u
1)uj + v(u1)

)
η⃗(u1),∫

λi(u
1)η⃗(u1)du1 = r⃗i −

∂g

∂ui

∫
λ1(u

1)η⃗(u1)du1, i = 2, n.

Since gλ1(u
1) +

n∑
j=2

λj(u
1)uj + v(u1) =

h̄1
11

c(u1)
, we see that

∫
λ1(u

1)η⃗(u1)du1 = r⃗1 −
h̄1
11

c(u1)
η⃗(u1),∫

λi(u
1)η⃗(u1)du1 = r⃗i −

∂g

∂ui
r⃗1 +

∂g

∂ui

h̄1
11

c(u1)
η⃗(u1), i = 2, n.

Therefore,

dξ̄1
du1

=
k2(u

1)

c(u1)
η⃗(u1) +

k3(u
1)

c(u1)

(
r⃗1 −

h̄1
11

c(u1)
η⃗(u1)

)
+

+
n∑

i=2

ki+2(u
1)

c(u1)

(
r⃗i −

∂g

∂ui
r⃗1 +

∂g

∂ui

h̄1
11

c(u1)
η⃗(u1)

)
=

=
(k3(u1)

c(u1)
−

n∑
i=2

ki+2(u
1)

c(u1)

∂g

∂ui

)
r⃗1 +

n∑
i=2

ki+2(u
1)

c(u1)
r⃗i+

+
(k2(u1)

c(u1)
− k3(u

1)

c2(u1)
h̄1
11 +

n∑
i=2

ki+2(u
1)

c2(u1)

∂g

∂ui
h̄1
11

)
η⃗(u1).

Thus, we have the coordinate functions of the image of Weingarten mapping and τ 21 (e1)
as

s1(e1) = −k3(u
1)

c(u1)
+

n∑
i=2

ki+2(u
1)

c(u1)

∂g

∂ui
,

si(e1) = −ki+2(u
1)

c(u1)
, i = 2, n, (35)

τ 21 (e1) =
k2(u

1)

c(u1)
− k3(u

1)

c2(u1)
h̄1
11 +

n∑
i=2

ki+2(u
1)

c2(u1)

∂g

∂ui
h̄1
11,
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which satisfy the Codazzi equations (6) for S1:

∇ei(S1e1) = 0, i.e.
∂sk(e1)

∂ui
+ sl(u1)Γk

il = 0, k = 1, n, i = 2, n.

Thus, we get the parametrization of an affine immersion with given properties.

Corollary 1. Let f : (Mn,∇) → (Rn+2, D) be an affine immersion with pointwise codi-
mension 2, equiaffine structure, flat connection ∇, one-dimensional Weingarten mapping,
and none of the transversal frame vectors is constant. Then it can be locally parameterized
by (36) or (37):

r⃗ = (g(u2, . . . , un) + u1)⃗a+

∫
v(u1)η⃗(u1)du1 +

n∑
i=2

ui

∫
λi(u

1)η⃗(u1)du1, (36)

where the regularity immersion condition

|⃗a, η⃗(u1),
dη⃗(u1)

du1
,

∫
λ2(u

1)η⃗(u1)du1, . . . ,

∫
λn(u

1)η⃗(u1)du1| ≠ 0 ∀u1

holds, the transversal frame is ξ̄1 = exp(−
∫
k1(u

1)du1) d
du1 η⃗(u

1), ξ̄2 = η⃗(u1), where k1(u
1) is

obtained from the decomposition

d2η⃗(u1)

(du1)2
= k1(u

1)
dη⃗(u1)

du1
+ k2(u

1)η⃗(u1) + k3(u
1)⃗a+

n∑
i=2

ki+2(u
1)

∫
λi(u

1)η⃗(u1)du1,

which is a consequence of the regularity immersion condition;

r⃗ = (g(u2, . . . , un) + u1)ρ⃗(u1) +

∫
(v(u1)− u1)

dρ⃗(u1)

du1
du1 +

n∑
i=2

ui

∫
λi(u

1)
dρ⃗(u1)

du1
du1, (37)

where the following regularity immersion condition holds for all u1:

|ρ⃗(u1), ρ⃗′(u1), ρ⃗′′(u1),

∫
λ2(u

1)ρ⃗′(u1)du1, . . . ,

∫
λn(u

1)ρ⃗′(u1)du1| ≠ 0,

the transversal frame is ξ̄1 = exp(−
∫
k1(u

1)du1)ρ⃗′′(u1), ξ̄2 = ρ⃗′(u1), where k1(u
1) is obtained

from the decomposition

ρ⃗′′′(u1) = k1(u
1)ρ⃗′′(u1) + k2(u

1)ρ⃗′(u1) + k3(u
1)ρ⃗(u1) +

n∑
i=2

ki+2(u
1)

∫
λi(u

1)ρ⃗′(u1)du1,

which is a consequence of the regularity immersion condition.

Proof. The first parametrization is obtained from (24) when λ1(u
1) ≡ 0, the second one

when λ1(u
1) ̸= 0.
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