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Let f(z1, z2) be a bivariate entire function and C be a positive constant. If f(z1, z2) satisfies
the following inequality for non-negative integer M , for all non-negative integers k, l such that
k+ l ∈ {0, 1, 2, . . . ,M}, for some integer p ≥ 1 and for all (z1, z2) = (r1e

iθ1 , r2e
iθ2) with r1 and

r2 sufficiently large:

M∑
i+j=0

(∫ 2π

0

∫ 2π

0
|f (i+k,j+l)(r1eiθ1 , r2eiθ2)|pdθ1dθ2

) 1
p

i!j!
≥

≥
∞∑

i+j=M+1

(∫ 2π

0

∫ 2π

0
|f (i+k,j+l)(r1eiθ1 , r2eiθ2)|pdθ1dθ2

) 1
p

i!j!
,

then f(z1, z2) is of exponential type not exceeding

2 + 2 log
(

1 +
1

C

)
+ log[(2M)!/M !].

If this condition is replaced by related conditions, then also f is of exponential type.

1. Introduction. Let f(z1, z2) be a bivariate entire function. Then the function at any
point (a, b) ∈ C2 has a bivariate Taylor expansion

f(z1, z2) =
∞∑
k=0

∞∑
l=0

ckl(z1 − a)k(z2 − b)l,

where

ckl =
1

k!l!

[
∂k+lf(z1, z2)

∂zk1∂z
l
2

]
z1=a;z2=b

=
1

k!l!
f (k,l)(a, b).

Recently, theory of functions having bounded index obtained the second breath. A great
contribution was done by Lviv school of complex analysis. In particular, A. Bandura and
O. Skaskiv extended the notion of bounded index to various classes of analytic function
in multidimensional complex space. They used two approaches in their multidimensional
generalizations. The first approach is based on a directional derivative in a definition of
function having bounded index and leads to the notion of function of bounded L-index
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in direction where L is some positive continuous function defined in a unit ball or in Cn.
They implemented this approach for entire functions of several complex variables [7, 17]
and for functions analytic in the unit ball (see [2, 6]). Another approach used all possible
partial derivatives in a definition of a function having bounded index and led to the notion
of functions of bounded L-index in joint variables, where L is some vector-valued positive
continuous function. This approach was proposed for entire functions of several complex
variables [3,8,9], analytic functions in the unit ball [1], for analytic functions in the polydisc
[4], for functions analytic in the Cartesian product of the complex plane and the unit ball
[5]. These functions have applications in analytic theory of ordinary differential equations
[11, 28–30], partial differential equations [6] and their system [9, 20]. In [7] last cited papers
there were presented conditions providing boundedness of index for every analytic solution.

Similar to Gross [14] and Lepson [18] we presented in [21, 22] the following notion of
bounded index of a bivariate entire function.

A bivariate entire function f(z1, z2) is said to be of bounded index provided that there
exist integers M and N independent of z1 and z2 such that

max

{∣∣f (k,l)(z1, z2)
∣∣

k!l!
: 0 ≤ k + l ≤M +N

}
≥
∣∣f (i,j)(z1, z2)

∣∣
i!j!

(1)

for all i and j and for all (z1, z2) ∈ C2.
Actually, the multi-dimensional generalization was firstly appeared in the papers of

Salmassi, Krishna and Shah [19,25].
We shall say the bivariate function f is of bounded index M+N , if M+N is the smallest

integers such that the above inequality holds. The least such integer N + M is called the
index of the function f and is denoted by N(f). A bivariate entire function which is not
of bounded index is said to be of unbounded index (see more details on unbounded index
in [10]). One should observe that if f is a bivariate entire function of bounded index then
there exist integer M ≥ 0 and some C > 0,

M∑
k+l=0

∣∣f (k,l)(z1, z2)
∣∣

k!l!
≥ C

∣∣f (i,j)(z1, z2)
∣∣

i!j!
, (2)

where i+ j ∈ {M + 1,M + 2, . . .}. In addition, if the inequality (1) in the Definition 1 holds
then

max

{∣∣f (k,l)(z1, z2)
∣∣

k!l!
: 0 ≤ k ≤M, 0 ≤ l ≤ N

}
≥ 1

(M + 1)(N + 1)

∣∣f (i,j)(z1, z2)
∣∣

i!j!
,

where i, j ∈ Z+.
Let f(z1, z2) be a bivariate entire function. Let us define

τ = lim
r1,r2→∞

logMf (r1, r2)

r1 + r2
,

where
Mf (r1, r2) = max{|f(z1, z2)| : |z1| = r1, |z2| = r2}.

The functions for which τ 6= 0 is finite are said to be functions of exponential type τ . The
definition slightly differs from a classic definition (see, for example, in [24, p.64–65]) where
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there is considered a ball exhaustion of C2. Here we consider a bidisc exhaustion of two-
dimensional complex space in our definition (other interesting properties generated by the
ball and the polydisc exhaustion in theory of functions having bounded index are obtained
in [1]). In a recent paper Nuray and Patterson [21] considered interesting variations of
condition (2) and proved the following theorem with slightly another definition of the type

τ1 = lim
r1,r2→∞

logMf (r1, r2)

r1r2
.

Theorem 1. Let f(z1, z2) be a bivariate entire function and C be a positive constant. If
f satisfies one of the following for k ∈ {0, 1, 2, 3, . . . ,M}, l ∈ {0, 1, 2, 3, . . . , N} and for all
(z1, z2) with |z1| and |z2| sufficiently large:

M∑
i=0

N∑
j=0

|f (i,j)(z1, z2)|
i!lj!

> C
∞∑

i=M+1

∞∑
j=N+1

|f (i,j)(z1, z2)|
i!j!

,

M∑
i=0

N∑
j=0

(∫ 2π

0

∫ 2π

0
|f (i+k,j+l)(r1e

iθ1 , r2e
iθ2)|pdθ1dθ2

) 1
p

i!j!
≥

≥ C
∞∑

i=M+1

∞∑
j=N+1

(∫ 2π

0

∫ 2π

0
|f (i+k,j+l)(r1e

iθ1 , r2e
iθ2)|pdθ1dθ2

) 1
p

i!j!
for some integer p,

M∑
i=0

N∑
j=0

M(r1, r2, f
(i,j))

i!lj!
> C

∞∑
i=M+1

∞∑
j=N+1

M(r1, r2, f
(i,j))

i!lj!
,

then f is of exponential type τ1 < +∞.

Shah [27] and Hayman [16] is known that every entire functions of bounded index is of
exponential type. Therefore, the functions of bounded index has properties of functions of
exponential type (for example, see [12, 13,23,26,31]).

2. Main result. The following results for functions of a sing variable having bounded index
was firstly obtained in [26]. Here we deduce a two-dimensional analog.

Theorem 2. Let f(z1, z2) be a bivariate entire function, C be a positive constant. If f(z1, z2)
satisfies the following inequality for non-negative integer M , for all non-negative integers k, l
such that k + l ∈ {0, 1, 2, . . . ,M}, for some integer p ≥ 1 and for all (z1, z2) = (r1e

iθ1 , r2e
iθ2)

with r1 > r′1 > 1 and r2 > r′2 > 1 sufficiently large:

M∑
i+j=0

(∫ 2π

0

∫ 2π

0
|f (i+k,j+l)(r1e

iθ1 , r2e
iθ2)|pdθ1dθ2

) 1
p

i!j!
≥

≥ C
∞∑

i+j=M+1

(∫ 2π

0

∫ 2π

0
|f (i+k,j+l)(r1e

iθ1 , r2e
iθ2)|pdθ1dθ2

) 1
p

i!j!
, (3)

then f(z1, z2) is of exponential type

τ ≤ 2 + 2 log(1 +
1

C
) + 2 log

(2M)!

M !
.
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Proof. One should observe that (k+i)!
i!

= (i + 1) · (i + 2) · . . . · (i + k) ≤ (2M)!
M !

for k, i ∈
{0, 1, 2, . . . ,M}. We have for r1 > r′1 and r2 > r′2

M∑
i+j=0

(∫ 2π

0

∫ 2π

0
|f (i+k,j+l)(r1e

iθ1 , r2e
iθ2)|pdθ1dθ2

) 1
p

i!j!
=

=
M∑

i+j=0

(∫ 2π

0

∫ 2π

0
|f (i+k,j+l)(r1e

iθ1 , r2e
iθ2)|pdθ1dθ2

) 1
p

(k + i)!(l + j)!

(k + i)!(l + j)!

i!j!
≤

≤ ((2M)!/M !)2
2M∑
i+j=0

(∫ 2π

0

∫ 2π

0
|f (i,j)(r1e

iθ1 , r2e
iθ2)|pdθ1dθ2

) 1
p

i!j!
=

= ((2M)!/M !)2

(
M∑

i+j=0

+
2M∑

i+j=M+1

) (∫ 2π

0

∫ 2π

0
|f (i,j)(r1e

iθ1 , r2e
iθ2)|pdθ1dθ2

) 1
p

i!j!
≤

≤ ((2M)!/M !)2
(

1 +
1

C

) M∑
i+j=0

(∫ 2π

0

∫ 2π

0
|f (i,j)(r1e

iθ1 , r2e
iθ2)|pdθ1dθ2

) 1
p

i!j!
. (4)

Here we have used the hypothesis (3) with k = 0 and l = 0 to obtain the last inequality. In
the Taylor expansion of the function f (k,l) in the variable z1

f (k,l)(a+ h1, b) =
∞∑
i=0

f (k+i,l)(a, b)

i!
hi1

we put a = (r1 − 1)eiθ1 , h1 = eiθ1 , and obtain

|f (k,l)(r1e
iθ1 , r2e

iθ2)|p =

∣∣∣∣∣
∞∑
i=0

f (i+k,l)((r1 − 1)eiθ1 , r2e
iθ2)eiθ1i

i!

∣∣∣∣∣
p

, (5)

and so (∫ 2π

0

∫ 2π

0

|f (k,l)(r1e
iθ1 , r2e

iθ2)|pdθ1dθ2
) 1

p

≤

≤

(∫ 2π

0

∫ 2π

0

{
∞∑
i=0

∣∣f (i+k,l)((r1 − 1)eiθ1 , r2e
iθ2)
∣∣

i!

}p

dθ1dθ2

) 1
p

. (6)

Applying Minkowski’s inequality [15, p. 148] to right-hand side of inequality (6), we have for
r1 > r′1 + 1 and r2 > r′2 (∫ 2π

0

∫ 2π

0

|f (k,l)(r1e
iθ1 , r2e

iθ2)|pdθ1dθ2
) 1

p

≤

≤
∞∑
i=0

(∫ 2π

0

∫ 2π

0

{∣∣f (i+k,l)((r1 − 1)eiθ1 , r2e
iθ2)
∣∣

i!

}p

dθ1dθ2

) 1
p

=
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=

(
M∑
i=0

+
∞∑

i=M+1

)(∫ 2π

0

∫ 2π

0

∣∣f (i+k,l)((r1 − 1)eiθ1 , r2e
iθ2)
∣∣p dθ1dθ2) 1

p

i!
. (7)

Applying inequality (3) with j = 0 in the right-hand side to the sum
∑∞

i=M+1 in (7) we
deduce (∫ 2π

0

∫ 2π

0

|f (k,l)(r1e
iθ1 , r2e

iθ2)|pdθ1dθ2
) 1

p

≤

≤
(

1 +
1

C

) M∑
i+j=0

(∫ 2π

0

∫ 2π

0
|f (i+k,j+l)((r1 − 1)eiθ1 , r2e

iθ2)|pdθ1dθ2
)1/p

i!j!
. (8)

Applying inequality (4) to (8), we obtain(∫ 2π

0

∫ 2π

0

|f (k,l)(r1e
iθ1 , r2e

iθ2)|pdθ1dθ2
) 1

p

≤

≤
(

1 +
1

C

)2
((2M)!/M !)2

M∑
i+j=0

(∫ 2π

0

∫ 2π

0
|f (i,j)((r1 − 1)eiθ1 , r2e

iθ2)|pdθ1dθ2
)1/p

i!j!
.

Hence,

M∑
k+l=0

(∫ 2π

0

∫ 2π

0
|f (k,l)(r1e

iθ1 , r2e
iθ2)|pdθ1dθ2

) 1
p

k!l!
≤

≤
(

1 +
1

C

)2
((2M)!/M !)2

M∑
k+l=0

1

k!l!
·

M∑
i+j=0

(∫ 2π

0

∫ 2π

0
|f (i,j)((r1 − 1)eiθ1 , r2e

iθ2)|pdθ1dθ2
)1/p

i!j!
≤

≤ e2
(

1 +
1

C

)2
((2M)!/M !)2

M∑
i+j=0

(∫ 2π

0

∫ 2π

0
|f (i,j)((r1 − 1)eiθ1 , r2e

iθ2)|pdθ1dθ2
)1/p

i!j!
. (9)

Denote

λ =
(
e
(

1 +
1

C

)
(2M)!/M !

)2
> 1

and

ξ(r1, r2) =
M∑

k+l=0

(∫ 2π

0

∫ 2π

0
|f (k,l)(r1e

iθ1 , r2e
iθ2)|pdθ1dθ2

)1/p
k!l!

.

Then inequality (9) can be rewritten as ξ(r1, r2) ≤ λξ(r1 − 1, r2). Applying this inequality
[r1 − r′1] times, we obtain

ξ(r1, r2) ≤ λ[r1−r
′
1]ξ(r1 − [r1 − r′1], r2) ≤ λr1ξ(r′1 + {r1 − r′1}, r2), (10)

where [x] is the entire part of a real x, {x} is the fractional part of a real x.
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Replacing the Taylor expansion in the variable z1 by the Taylor expansion in the variable
z2 in equation (5) and repeating other considerations from (6) up to (9) it can be proved
ξ(r1, r2) ≤ λξ(r1, r2 − 1). Again Applying the last inequality [r2 − r′2] times in variable r2 to
(10) again we deduce

ξ(r1, r2) ≤ λr1+[r2−r′2]ξ(r′1 + {r1 − r′1}, r2 − [r2 − r′2]) ≤ λr1+r2ξ(r′1 + {r1 − r′1}, r′2 + {r2 − r′2}).

Therefore, for r1 > r′1 and r2 > r′2 we get

ξ(r1, r2) ≤ C1λ
r1+r2 , (11)

where

C1 = C1(M, p, r′1, r
′
2, f) := max

s1∈[r′1;r
′
1+1],

s2∈[r′2;r′2+1]

M∑
k+l=0

(∫ 2π

0

∫ 2π

0
|f (k,l)(s1e

iθ1 , s2e
iθ2)|pdθ1dθ2

)1/p
k!l!

is a constant.
Now write

f(z1, z2) =
∞∑

m+n=0

amnz
m
1 z

n
2 , µ(r1, r2) = max{|amn|rm1 rn2 : m,n ∈ Z+}.

Then from Cauchy’s and Hölder’s inequalities one has

|amn|rm1 rm2 ≤
1

4π2

∫ 2π

0

∫ 2π

0

|f(r1e
iθ1 , r2e

iθ2)|dθ1dθ2 ≤

≤ 1

4π2

(∫ 2π

0

∫ 2π

0

|f(r1e
iθ1 , r2e

iθ2)|pdθ1dθ2
) 1

p
(∫ 2π

0

∫ 2π

0

dθ1dθ2

) 1
q

=

= (4π2)−1/p
(∫ 2π

0

∫ 2π

0

|f(r1e
iθ1 , r2e

iθ2)|pdθ1dθ2
) 1

p

,

where 1
p

+ 1
q

= 1. Hence, estimate (11) gives

µ(r1, r2) ≤ (4π2)−
1
pC1λ

r1+r2 . (12)

It is known that for α > 1 one has

µ(r1, r2) ≤Mf (r1, r2) ≤
∞∑

k+l=0

|ck,l|rk1rl2 =
∞∑

k+l=0

|ck,l|(αr1)k(αr2)l ·
1

αk+l
≤

≤ µ(αr1, αr2)
∞∑

k+l=0

1

αk+l
=

(
α

α− 1

)2

µ(αr1, αr2).

Then

lim
r1,r2→∞

log log µ(r1, r2)

log(r1 + r2)
= lim

r1,r2→∞

log logMf (r1, r2)

log(r1 + r2)
= ρ.
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In view of (12) the order ρ is finite and ρ ≤ 1. Therefore, we yield that f(z1, z2) is of
exponential type and

τ = lim
r1,r2→∞

logMf (r1, r2)

r1 + r2
≤ lim

r1,r2→∞

log(( α
α−1)2µ(αr1, αr2))

r1 + r2
= lim

r1,r2→∞

log(µ(αr1, αr2))

r1 + r2
≤

≤ lim
r1,r2→∞

log((4π2)−
1
pC1λ

α(r1+r2))

r1 + r2
= α log λ.

In view of arbitrariness α > 1, we tends α to 1 and conclude that τ ≤ log λ. The proof is
completed.

Theorem 3. Let f(z1, z2) be a bivariate entire function and C be a positive constant. If f
satisfies the following inequality for non-negative integer M and for non-negative integers k,
l such that k+ l ∈ {0, 1, 2, . . . ,M} and for all (z1, z2) with |z1| > r′1 and |z2| > r′2 sufficiently
large:

M∑
i+j=0

|f (k+i,l+j)(z1, z2)|
i!j!

≥ C

∞∑
i+j=M+1

|f (k+i,l+j)(z1, z2)|
i!j!

, (13)

then f(z1, z2) is of exponential type and

τ ≤ 2 + 2 log
(

1 +
1

C

)
+2 log

(
(2M)!

M !

)
.

Proof. For any entire function F : C2 → C and (z′1, z
′
2) ∈ C2 one has

F (z1, z2) =
∞∑

i+j=0

F (i,j)(z′1, z
′
2)

i!j!
(z1 − z′1)i(z2 − z′2)j. (14)

Let n1 be any integer, a1, ξ1 ∈ C with |ξ1| = 1, |a1| ≤ r′1. Choosing z′1 = (n1 − 1)ξ1 + a1,
z1 = n1ξ1 + a1 and F = f (i,j) we obtain in (14)

|f (i,j)(a1 + n1ξ1, z2)| ≤
∞∑
k=0

|f (i+k,j)(a1 + (n1 − 1)ξ1, z2)|
k!

. (15)

for i ∈ Z+. Applying (13) to (15) one has

|f (i,j)(a1 + n1ξ1, z2)| ≤
∞∑
k=0

|f (i+k,j)(a1 + (n1 − 1)ξ1, z2)|
k!

≤

≤
∞∑

k+l=0

|f (i+k,j+l)(a1 + (n1 − 1)ξ1, z2)|
k!l!

=

(
M∑

k+l=0

+
∞∑

k+l=M+1

)
|f (i+k,j+l)(a1 + (n1 − 1)ξ1, z2)|

k!l!
≤

≤ (1 +
1

C
)

M∑
k+l=0

|f (i+k,j+l)(a1 + (n1 − 1)ξ1, z2)|
k!l!

(16)

for i+ j ∈ {0, 1, 2, . . . ,M}. We remark that for i+ j ≤M

M∑
k+l=0

|f (i+k,j+l)(z1, z2)|
k!l!

=
M∑

k+l=0

|f (i+k,j+l)(z1, z2)|
(i+ k)!(j + l)!

· (i+ k)!(j + l)!

k!l!
≤
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≤
2M∑

s+p=0

|f (s,p)(z1, z2)|
s!p!

·
(

(2M)!

M !

)2

=

(
M∑

s+p=0

+
2M∑

s+p=M+1

)
|f (s,p)(z1, z2)|

s!p!
·
(

(2M)!

M !

)2

.

We apply estimate (13) to the last inequality, and we obtain

M∑
k+l=0

|f (i+k,j+l)(z1, z2)|
k!l!

≤
(

1 +
1

C

)((2M)!

M !

)2 M∑
s+p=0

|f (s,p)(z1, z2)|
s!p!

. (17)

Equations (16) and (17) with z1 = a1 + n1ξ1 together give

M∑
i+j=0

|f (i,j)(a1 + n1ξ1, z2)|
i!j!

≤
(

1 +
1

C

) M∑
i+j=0

1

i!j!

M∑
k+l=0

|f (i+k,j+l)(a1 + (n1 − 1)ξ1, z2)|
k!l!

≤

≤
(

1 +
1

C

)2((2M)!

M !

)2 M∑
i+j=0

1

i!j!

M∑
s+p=0

|f (s,p)(a1 + (n1 − 1)ξ1, z2)|
s!p!

≤

≤ e2
(

1 +
1

C

)2((2M)!

M !

)2 M∑
s+p=0

|f (s,p)(a1 + (n1 − 1)ξ1, z2)|
s!p!

. (18)

Denoting λ = e2(1 + 1
C

)2
(

(2M)!
M !

)2
> 1 and using (18) recursively we have

M∑
i+j=0

|f (i,j)(a1 + n1ξ1, z2)|
i!j!

≤ λn1

M∑
s+p=0

|f (s,p)(a1, z2)|
s!p!

.

Let n2 be any integer, a2, ξ2 ∈ C with |ξ2| = 1, |a2| ≤ r′2. As above, choosing z′2 =
(n2− 1)ξ2 + a2, z2 = n2ξ2 + a2 and repeating all considerations from (15) to (18) in variable
z2 we can recursively prove that

M∑
i+j=0

|f (i,j)(a1 + n1ξ1, a2 + n2ξ2)|
i!j!

≤ λn1+n2

M∑
s+p=0

|f (s,p)(a1, a2)|
s!p!

.

Hence, for |a1| < 1, |a2| ≤ 1 we get

M∑
i+j=0

|f (i,j)(a1 + n1ξ1, a2 + n2ξ2)|
i!j!

≤ Cλn1+n2 ,

where C = C(M, f) = max{
∑M

s+p=0
|f (s,p)(a1,a2)|

s!p!
: |a1| ≤ r′1, |a2| ≤ r′2} is a constant.

Letting z1 = a1 + n1ξ1, z1 = a2 + n2ξ2, r1 = |z1|, r2 = |z2|, we get n1 = z1−a1
ξ1

= | z1−a1
ξ1
| ≤

|z1|+ |a1| ≤ r1 + 1, n2 = z2−a2
ξ2

= | z2−a2
ξ2
| ≤ |z2|+ |a2| ≤ r2 + 1. Therefore, we deduce

M∑
i+j=0

|f (i,j)(z1, z2)|
i!j!

≤ Cλn1+n2 ≤ Cλr1+r2+2.

Then |f(z1, z2)| ≤ Cλr1+r2+2. Hence, f must be of exponential type and its type τ do not
exceed log λ.
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Theorem 4. Let f(z1, z2) be a bivariate entire function and C be a positive constant. If f
satisfies the following inequality for non-negative integer M , for all non-negative integers k,
l such that k + l ∈ {0, 1, 2, . . . ,M} and for all (z1, z2) = (r1e

iθ1 , r2e
iθ2) with r1 > r′1 > 1 and

r2 > r′2 > 1 sufficiently large:

M∑
i+j=0

|M(r1, r2, f
(i+k,j+l))|

i!j!
> C

∞∑
i+j=M+1

|M(r1, r2, f
(i+k,j+l))|

i!j!
, (19)

then f(z1, z2) is of exponential type and

τ ≤ 2 + 2 log
(

1 +
1

C

)
+ 2 log

(
(2M)!

M !

)
.

Proof. The proof is similar to that of Theorem 2. We have for r1 > r′1 and r2 > r′2

M∑
i+j=0

M(r1, r2, f
(i+k,j+l))

i!j!
=

M∑
i+j=0

M(r1, r2, f
(i+k,j+l))

(k + i)!(l + j)!

(k + i)!(l + j)!

i!j!
≤

≤ ((2M)!/M !)2
2M∑
i+j=0

M(r1, r2, f
(i,j))

i!j!
= ((2M)!/M !)2

(
M∑

i+j=0

+
2M∑

i+j=M+1

)
M(r1, r2, f

(i,j))

i!j!
≤

≤ ((2M)!/M !)2
(

1 +
1

C

) M∑
i+j=0

M(r1, r2, f
(i,j))

i!j!
. (20)

Here we have used the hypothesis (19) with k = 0 and l = 0 to obtain the last inequality.
In the Taylor expansion of the function f (k,l) in the variable z1

f (k,l)(a+ h1, b) =
∞∑
i=0

f (k+i,l)(a, b)

i!
hi1

we put a = (r1 − 1)eiθ1 , h1 = eiθ1 , and obtain

|f (k,l)(r1e
iθ1 , r2e

iθ2)| =

∣∣∣∣∣
∞∑
i=0

f (i+k,l)((r1 − 1)eiθ1 , r2e
iθ2)eiθ1i

i!

∣∣∣∣∣ (21)

and so

M(r1, r2, f
(k,l)) = max

(θ1,θ2)∈[0,2π]2
|f (k,l)(r1e

iθ1 , r2e
iθ2)| ≤

≤ max
(θ1,θ2)∈[0,2π]2

∣∣∣∣∣
∞∑
i=0

f (i+k,l)((r1 − 1)eiθ1 , r2e
iθ2)eiθ1i

i!

∣∣∣∣∣ ≤
≤

∞∑
i=0

max(θ1,θ2)∈[0,2π]2 |f (i+k,l)((r1 − 1)eiθ1 , r2e
iθ2)|

i!
=
∞∑
i=0

M(r1 − 1, r2, f
(i+k,l))

i!
=

=

(
M∑
i=0

+
∞∑

i=M+1

)
M(r1 − 1, r2, f

(i+k,l))

i!
. (22)
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Applying inequality (19) with j = 0 in the right-hand side to the sum
∑∞

i=M+1 in (22) we
deduce

M(r1, r2, f
(k,l)) ≤

(
1 +

1

C

) M∑
i+j=0

M(r1 − 1, r2, f
(i+k,j+l))

i!j!
. (23)

Applying inequality (20) to (23), we obtain

M(r1, r2, f
(k,l)) ≤

(
1 +

1

C

)2
((2M)!/M !)2 ≤

M∑
i+j=0

M(r1 − 1, r2, f
(i,j))

i!j!
.

Hence,

M∑
k+l=0

M(r1, r2, f
(k,l))

k!l!
≤
(

1 +
1

C

)2
((2M)!/M !)2

M∑
k+l=0

1

k!l!
·

M∑
i+j=0

M(r1 − 1, r2, f
(i,j))

i!j!
≤

≤ e2
(

1 +
1

C

)2
((2M)!/M !)2

M∑
i+j=0

M(r1 − 1, r2, f
(i,j))

i!j!
. (24)

Denote

λ =
(
e
(

1 +
1

C

)
(2M)!/M !

)2
> 1

and

ξ(r1, r2) =
M∑

k+l=0

M(r1, r2, f
(k,l))

k!l!
.

Then inequality (24) can be rewritten as ξ(r1, r2) ≤ λξ(r1 − 1, r2). Applying this inequality
[r1 − r′1] times, we obtain

ξ(r1, r2) ≤ λ[r1−r
′
1]ξ(r1 − [r1 − r′1], r2) ≤ λr1ξ(r′1 + {r1 − r′1}, r2), (25)

where [x] is the entire part of a real x, {x} is the fractional part of the real x.
Replacing the Taylor expansion in the variable z1 by the Taylor expansion in the variable

z2 in equation (21) and repeating other considerations from (22) up to (24) it can be proved
ξ(r1, r2) ≤ λξ(r1, r2 − 1). Again applying the last inequality [r2 − r′2] times in variable r2 to
(10) we deduce

ξ(r1, r2) ≤ λr1+[r2−r′2]ξ(r′1 + {r1 − r′1}, r2 − [r2 − r′2]) ≤ λr1+r2ξ(r′1 + {r1 − r′1}, r′2 + {r2 − r′2}).

Therefore, for r1 > r′1 and r2 > r′2 we get

ξ(r1, r2) ≤ C1λ
r1+r2 (26)

where C1 = C1(M, p, r′1, r
′
2, f) := max

{∑M
k+l=0

M(s1,s2,f (k,l))
k!l!

: s1 ∈ [r′1; r
′
1+1], s2 ∈ [r′2; r

′
2+1]

}
is a constant. Inequality (26) yields

M(r1, r2, f) ≤ C1λ
r1+r2 . (27)

In view of (27) the order ρ is finite and ρ ≤ 1. Then f(z1, z2) is of exponential type and
τ ≤ log λ.
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Remark 1. Proof of Theorem 2 is similar to proof of corresponding theorem for entire
functions in [26]. Other results from [26] use Wiman-Valiron’s theory for entire function of

one variable: M(rn,f (q))

M(rn,f (j))
∼ (ν(rn,f)

r
)q−j, where rn → +∞ as n → ∞, ν(r, f) is the central

index. At the present moment, the authors do not know applicable multidimensional analog
of the theory in this case. Therefore, Theorems 3 and 4 are obtained by methods from [13]
with similar harder conditions.

Acknowledgments. The research of the first author was funded by the National Research
Foundation of Ukraine, 2020.02/0025, 0120U103996.

REFERENCES

1. A.I. Bandura, O.B. Skaskiv, Analytic functions in the unit ball of bounded L-index: asymptotic and
local properties, Mat. Stud., 48 (2017), №1, 37–73.

2. A. Bandura, O. Skaskiv, Functions analytic in the unit ball having bounded L-index in a direction, Rocky
Mountain J. Math., 49 (2019), №4, 1063–1092.

3. A. Bandura, O. Skaskiv, Asymptotic estimates of entire functions of bounded L-index in joint variables,
Novi Sad J. Math., 48 (2018), №1, 103–116.

4. A. Bandura, N. Petrechko, O. Skaskiv, Maximum modulus in a bidisc of analytic functions of bounded
L-index and an analogue of Hayman’s theorem, Math. Bohem., 143 (2018), №4, 339–354.

5. A.I. Bandura, O.B. Skaskiv, V.L. Tsvigun, The functions of bounded L-index in the collec-
tion of variables analytic in D × C, J. Math. Sci. (United States), 246 (2020), №2, 256–263.
https://doi.org/10.1007/s10958-020-04735-y

6. A. Bandura, O. Skaskiv, Analytic functions in the unit ball of bounded L-index in joint variables and of
bounded L-index in direction a connection between these classes, Demonstratio Math., 52 (2019), №1,
82–87.

7. A. Bandura, O. Skaskiv, Boundedness of the L-index in a direction of entire solutions of second order
partial differential equation, Acta Comment. Univ. Tartu. Math., 22 (2018), №2, 223–234.

8. A. Bandura, O. Skaskiv, Entire functions of bounded L-index: Its zeros and behavior of partial logarith-
mic derivatives, J. Complex Analysis, 2017 (2017), 1–10. Article ID 3253095.
https://doi.org/10.1155/2017/3253095

9. A. Bandura, O. Skaskiv, Analog of Hayman’s theorem and its application to some system of linear partial
differential equations, J. Math. Phys. Anal. Geom., 15 (2019), №2, 170–191.

10. A.I. Bandura, O.B. Skaskiv, Entire bivariate functions of unbounded index in each direction, J. Math.
Sci., 246 (2020), №3, 293–302. https://doi.org/10.1007/s10958-020-04739-8

11. G.H. Fricke, S.M. Shah, Entire functions satisfying a linear differential equation, Indag. Math., 78
(1975), №1, 39-41.

12. R.B. Gardner, N.K. Gavil, Some inequalities for entire function of exponential type, Proc. Amer. Math.
Soc., 129 (1995), №9, 2757–2761.

13. F. Gross, Entire functions of exponential type, Journal of Research of the National Bureau of Standarts-
B. Mathematical Sciences, 72B (1970), №1, 55–59.

14. F. Gross, Entire function of bounded index, Proc. Amer. Math. Soc., 18 (1967), 974–980.

15. G.H. Hardy, J.E. Littlewood, G. Polya, Inequalities. Cambridge University Press, 1999.

16. W.K. Hayman, Differential inequalities and local valency, Pacific J. Math., 44 (1973), 114–137.

17. I.M. Hural, About some problem for entire functions of unbounded index in any direction, Mat. Stud.,
51 (2019), №1, 107–110. https://doi.org/10.15330/ms.51.1.107-110

18. B. Lepson, Differential equations of infinite order, hyperdirichlet series and entire functions of bounded
index, Lecture Notes, 1966, Summer Institute on Entire Functions, Univ. of California, La Jolla, Calif.

19. G.J. Krishna, S.M. Shah, Functions of bounded indices in one and several complex variables, In: Math-
ematical essays dedicated to A.J. Macintyre, Ohio Univ. Press, Athens, Ohio, 1970, 223–235.



ENTIRE BIVARIATE FUNCTIONS OF EXPONENTIAL TYPE II 167

20. F. Nuray, R.F. Patterson, Vector-valued bivariate entire functions of bounded index satisfying a system
of differential equations, Mat. Stud., 49 (2018), №1, 67–74.

21. F. Nuray, R.F. Patterson, Entire bivariate functions of exponential type, Bull. Math. Sci., 5 (2015), №2,
171–177.

22. F. Nuray, R.F. Patterson, Multivalence of bivariate functions of bounded index, Matematiche(Catania),
70 (2015), №2, 225–233.

23. Q.I. Rahman, Q.M. Tariq, On Bernsteins’s inequality for entire functions of exponential type, J. Math.
Anal. Appl., 359 (2009), 168–180.

24. L. Ronkin, Functions of completely regular growth, Springer–Netherlands, 1992.

25. M. Salmassi, Functions of bounded indices in several variables, Indian J. Math., 31 (1989), №3, 249–257.

26. S.M. Shah, W.C. Sisarcick, On entire functions of exponential type, Journal of Research of the National
Bureau of Standarts-B. Mathematical Sciences, 72B (1971), №3–4, 141–147.

27. S.M. Shah, Entire functions of bounded index, Proc. Amer. Math. Soc., 19 (1968), 1017–1022.

28. Z.M. Sheremeta, M.M. Sheremeta, Properties of entire solutions of differential equations, Ukr. Math.
J., 58 (2006), №12, 1924–1934.

29. M.M. Sheremeta, Y.S. Trukhan, Properties of analytic solutions of a differential equation, Mat. Stud.,
52 (2019), №2, 138–143.

30. M.M. Sheremeta, Y.S. Trukhan, Properties of analytic solutions of three similar differential equations
of the second order, Carpathian Math. Publ., 13 (2021), №2, 413–425.

31. Q.M. Tariq, Some inequalities for polynomials and transcendental entire functions of exponential type,
Math. Commun., 18 (2013), 457–477.

Ivano-Frankivsk National Technical University of Oil and Gas
Ivano-Frankivsk, Ukraine
andriykopanytsia@gmail.com

Department of Mathematics, Afyon Kocatepe University,
Afyonkarahisar, Turkey
fnuray@aku.edu.tr

Received 07.08.2022

Revised 01.04.2023


