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In the present work, we study problem related to the approximation of continuous 27-
periodic functions by linear means of their Fourier series. The simplest example of a linear
approximation of a periodic function is the approximation of this function by partial sums of
the Fourier series. However, as well known, the sequence of partial Fourier sums is not uniformly
convergent over the class of continuous 27-periodic functions. Therefore, a significant number
of papers is devoted to the research of the approximative properties of different approximation
methods, which are generated by some transformations of the partial sums of the Fourier series.
The methods allow us to construct a sequence of trigonometrical polynomials that would be
uniformly convergent for all functions f € C'. Particularly, Cesaro means and Féjer sums have
been widely studied in past decades. One of the important problems in this field is the study of
the exact constant in an inequality for upper bounds of linear means deviations of the Fourier
sums on fixed classes of periodic functions. Methods of investigation of integral representations
for trigonometric polynomial deviations are generated by linear methods of summation of the
Fourier series. They were developed in papers of Nikolsky, Stechkin, Nagy and others.

The paper presents known results related to the approximation of classes of continuous
functions by linear means of the Fourier sums and new facts obtained for some particular
cases. In the paper, it is studied the approximation by the Cesaro means of Fourier sums in
Lipschitz class. In certain cases, the exact inequalities are found for upper bounds of deviations
in the uniform metric of the second order rectangular Cesaro means on the Lipschitz class of
periodic functions in two variables.

1. Introduction. Let H*# be the class of functions f(z;y) continuous on R?, 27-periodic
in each variable, and satisfying the condition

flzsy) — flasy) <z —a|*+ly—wnl’  (z1y), (21;m) € T?

where T? = [—m; ]2, and 0 < «, 3 < 1 are absolute constants.
Let 7, 6 € N. The rectangular Cesaro means 07;° of order (v,d) and power (m,n) for

m,n

function f € C are defined by relationship [8], [19, p. 130]
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1 < k
K] (t)==+ 1= cos kt.
2 — z—}—l 14y

If v, 6 = 1, then the rectangular Cesaro means o7’ [f] are the rectangular Fejér sums
Omnlf] of the functlon f

where

n

wmvmuw:(m+¢ D) 2 2 Smalflwy),

k=0 5=0

where

Smn[f](xy y) = %/ f(l’ +ty+ S)Dm(t)Dn(s) dtds

is a rectangular partial sum of power (m,n) of the Fourier series for the function f, D;(t) is
the Dirichlet kernel of power 1.

In the one-dimensional case, the Cesaro means and their special cases (Fejér sums) have
been extensively studied for past decades by many prominent experts in the theory of functi-
ons. In 1946, Nikolsky [12, 13| established the asymptotic equality

2Inn 1
sup || f — onlf ]\]o————l—O(—), n — oo.
feH! ™ n n

Asymptotic equalities for upper bounds of the Cesaro means deviations ¢ of any order
§ > 0 on the classes H' was obtained by RyZankova [14]

sup [ = ol = 2240 (1) . nve
feH! T N n
For 6 € N, this equality was obtained by Nagy in [9, 10]. In the present paper, we want to
find sharp estimates for upper bounds of linear methods deviations on a fixed class.

Let U,[f], n =1,2,... be a sequence of linear polynomial operators defined on the set C'
and w(f; 1) be a modulus of continuity of function f € C for a given real number p > 0.
The problem of finding the quantity

If (@) = Unlfllle
o w(fimm)

f#const

that defines the exact constant in the inequality

Hf(x) - Un[f]HC < Aw(f?ﬂn)

is one of the important problems in the theory of approximation. Problems of this type for
different linear operators were considered by Wang Xing-hua [18|, Stechkin [17]|, Schurer and
Steutel [15, 16|, and others [1, 2, 4, 6, 7|. In more general case for the matrix summation
methods this problem was solved by Falaleev in [3].

In the multidimensional case, the search of the sharp constant becomes problematic. On a
class of continuous functions in two variables sharp constant were obtained in [1] for Jackson

polynomials:
45v/3

387’

S £ = Dinalflllc
up sup

8
(m,n)EN? feC Max {wi( Q—ﬂ) wa( ;27”)} e
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where

wi(f;0) =sup sup |f(z;9) — fla;9),  wa(f;y) =sup sup |[f(x;y) — f(z;01)]

Y |z—z1|<6 T |y—y|<y

are partial modules of continuity for the function f € C.
The aim of the present paper is to present sharp constants in the estimation of the
approximation of classes H%! by the second order rectangular Cesaro means.

2. Result. Our main result is contained in the following theorem.

Theorem. Let f € H%', and n, m € N. Then the inequality

672 — 16 {1n(m+ 1) In(n + 1)}

22 <
T R

6m2—16
3rin2

is true. The constant is sharp.

Proof. First, we prove an auxiliary statement.

Lemma. Let (m,n) € N*. Then

s

17 1
sup [|f — 022 [flllc = / (5K (s) ds + - / 4K () dt. @)
fEHl’l T T

Proof. The lemma can be proved by the procedure proposed in [12]|. Since f € H™' and
K2(t)>0,1=0,1,...[3], we have

fai9) = 022w < 5 [ [ 1) = Fo+tiy+ )2 O K2 deds <

1 1 7 1 p
< —2//(|t| + ||V K2 () K2(s) dt ds = _/|sng(s) ds+_/|tu<3n(t) dt.
v T T
T2 —r “r

Denote by f* 27-periodic in each variable extension on R? of function |z| + |y|. We get
f*e HY and

£7050) = 22 (1050 = 5 [ [ (e + s (O RZ ) de s

Hence,
1
sup |1f = o2 fllle = =5 [ [ 11+ 1) K2 (0K2(0) e ds.
f€H1,1 T
T2
Using the last relation, we obtain the lemma statement. ]

Further, we denote

() = %/]t\Kf(t) dt.
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We have

Q@) = t (i +2) - P _
()= 7(j + 1)( ]+2/{j+ (J+ +22J k+1)( k—|—2)coskt]dt

:ﬂjﬂl)m?) [(j+1)(j+2)%+22(j—k+1)(j—k+2)/tcoskt]dt:
_ . . w2 1 . (—1)F -1
RS {(g—l—l)(]%—?)?—i—ZkZ;(]—k+1)(y—k+2)T].
Taking into account
;(j—k+1)(j—k+2)(_13€#:
(-1 ]
= -2 [(j+1)(j+2)—2(j+1)(2k+1)+2k(2k+1)}m,
k=0
we get
[£5)-1
N , TR G+D(G+2) 25+3—(2k+1)
0= s (G0 E (Yae ey ) ©

By the well-known formula [5, p. 21|

i 2
2 {2k + 8
we can write
- [241] 1
. 1 ]+1
Q) = 1 2 +(2 4
() w(g+1)(j+2){<3+)‘7+ k{;]%ﬂ (27+3) Z k:+1 > - W
Denote G
. J+
A D
() = =) )
Combining (4) and (5), we obtain
00 (L5t .

, 4 1 j+1
Aj) = 1)(j+2) (2j+3 — .
U) 7r(j+2)ln(j+1){j+ U+ e 2k+1 (27+3) Lo 2k 1 =]

2
(6)

To estimate the first sums in (6), we use the following relationship

1 1 1

@kt 12 2% 2k+1
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i": 1<ii_1 _11<1 P
< k12 4 \2%  2%+1) 2@ o1 ST o

Taking into account [11, p. 208|, we have

4541

1 I
2k+1<1+§111j, J=2,3,....
k=0
Therefore,
, 2 1 45+ 5 1 .
M) < —=(2+ = , + = - — - , =2,3,.... 7
) W( U=l +1)  (G+2)n(G+1) J+2> / @)

Let us consider the function

2

(2) = 24 1 . 4r +5 1 S
=5 (x—1D)In(z+1) (z+2)In(z+1) =x+2)’ re
The function ~(z) is decomposed as follows
y(2) = ¢V(@) + @ (@),
where
4 2 2 4o 45
1) = — ) = —-1].
o) 7r * m(z—1)In(z 4+ 1)’ 7o) m(z +2) <ln(x +1) )

Denote y(z) = &t 1. We obtain

T In(z+1)
oy 2 (y@) ' 2y (@) (@ +2) —y(2)
SO(I)_W(quQ) o (z +2)? '

By the standard calculations we have y/(z)(x + 2) — y(z) < 0 as = > 2. Applying these
facts, we conclude that v(z) is a monotone decreasing function.
In view of (7), we get

18 3.9
(7 — > 3.
(J><57r mIn2’ j=3
Using the relations (3), (5), one has
18 3.9
A1 (2 — )
(1)> ()>57T+7T1n2
Hence,
32 —8
A7) = M1) = ) 8
Sup (1) =A1) =57 (8)

The rate of uniformly approximation of functions from the class H'! by the Cesaro means
022 [f] is determined by inequality [8]

m,n

If — ol fllle < A max
m,neN

{ln(m—i—l)'ln(n—i-l)}'

m+1 " n+1
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In this inequality the constant

sup [|f — o2, (f)lle
feHM

A* = sup

n.meN maX{ In(m+1) . In(n+1) } (9)

m+1 ) n+1

is the best constant in the class H .

10.

11.

Taking into account (2), (5), and (8), we have

Q(m) 4 Q(n)
A" = su
n mgN max{—ln m—i—l), lnnZ‘zl)}
Q(m) Q(n)
= sup <
n,meN Lnax{%’ lnq(;fil) } maX{ lnn:i—iil) ’ lngfil) }
Q(m)  Q(n) (m + 1)Q(m) (n+1)Q(n)
= = sup MR 9a(1). 10
ni}nlgN {lng’fll) lngj:l) e In(m + 1) i In(n + 1) (1) (10)
Contrariwise, using (2) we find
su —0
feHIl)l f 1 1[ e ) (1) + (1) o -
max{ In2. 1132 thQ
Combining (9)—(11), we have A* = 2X(1). The proof is completed.
]
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