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For any metric space X endowed with the action of a group G, and two n-gons ¥ =
(1,...,2n) € X" and ¥ = (y1,...,Yn) € X™ in X, we introduce the G-deviation d(GZ, ) of
Z from ¢/ as the distance in X™ from ¢ to the G-orbit G of Z in the n-th power X™ of X. For
some groups G of affine transformations of the complex plane, we deduce simple-to-apply
formulas for calculating the G-deviation between m-gons on the complex plane. We apply
these formulas for defining new measures of asymmetry of triangles. These new measures can
be applied in Electric Power Engineering for evaluating the quality of 3-phase electric power.
One of such measures, namely the affine deviation, is espressible via the unbalance degree,
which is a standard characteristic of quality of three-phase electric power.

Introduction. This paper is motivated by the problem of evaluation and control of the
quality of three-phase electric power, which can be represented by a triangle in the Eucli-
dean plane. The vertices of this triangle correspond to the three phases of the electric power,
and the lengths of sides of the triangle correspond to the voltage between the phases, and
those can be measured by standard volt-meters. So, the triangle is given up to a rotation
or even isometry. The quality of electric power can be evaluated by the deviation of the
triangle from a regular triangle of a given size. This motivates a mathematical problem of
defining a deviation of a polygon in a GG-space from another polygon.

This problem can be formalized as follows. Let X be a metric space endowed with an
action of some group GG whose neutral element is denoted by 1. The action is a function
GxX — X, (g9,%) — g-x, satisfying two conditions:

e ly -z =uxforany x € X
e g-(h-z)=(gh)- x forany g,h € G and z € X.

By an n-gon in the metric space X we understand any n-tuple (z1,...,z,) of points of
the space X. So, n-gons are elements of the n-th power X™ of the space X. The distance
between two n-gons ¥ = (x1,...,x,) and ¥ = (y1,...,y,) in X is calculated by the formula

n

1
d(Z,7) = (Z |z, — yk|2> * where |z, — 5| is the distance between the points z, yx
k=1
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in the metric space X.
The action G x X — X induces the coordinatewise action
GxX"—= X" (g9,(x1,...,2,)) = (971, ..., 9%,),
of G on the nth power X" of X.

Definition 1. The G-deviation of an n-gon ¥ = (z1,...,2z,) € X" from an n-gon y =
(Y1, .. .,Yn) € X™ is defined as the real number
d(GZ,y) = mf{d(gZ,7) - g € G}.

So the G-deviation d(GZ,y) of Z from ¥ is the distance from ¥ to the the G-orbit
G = {gZ: g € G} of ¥ in the metric space X".

In this paper we derive simple formulas for calculating deviations of n-gons on the
complex plane C endowed with the standard Euclidean distance and the action of some
groups of affine transformations of C. Observe that the subsets

T={2€C:|z|=1} and C'={z€C:z#0}
of the complex plane C are groups with respect to the operation of multiplication of complex
numbers.

A bijective self-map f of the complex plane C is called an affine transformation of C
if there are complex numbers ¢ € C* and b € C such that f(z) = az + b for all z € C.
Geometrically, affine maps of C are orientation-preserving similarity transformations of the
plane. An affine transformation az + b of C is called: linear if b = 0; an isometry if a € T;
a rotation if a € T and b = 0.

It is clear that affine transformations of the complex plane form a group with respect
to the operation of composition of transformations. Linear transformations, isometries and
rotations form subgroups in the group Aff(C) of affine transformations of C. Depending
on the choice of a subgroup of Aff(C), we distinguish four deviations of an n-gon ¥ € C"
from an n-gon y € C™:

e the rotational deviation d(TZ,y) = inf{d(aZ,y) :a € T};
e the linear deviation d(C*Z,y) = inf{d(aZ,y) : a € C*};

e the isometric deviation d(TZ + C,7) = inf{d(aZ+0,7) :a € T, b € C};
e the affine deviation d(C*Z + C,y) = inf{d(aZ + b,y) : a € C*, b € C}.

In Sections 2-5 we shall deduce simple formulas for calculating these four deviations for
n-gons in the complex plane.

In Section 7 we apply these formulas for calculating deviations between triangles in the
complex plane.

By a triangle in a metric space X we understand any triple ¥ = (21, x9, x2) of points of
the space X. For two points z,y € X we denote by |z — y| the distance between x and y
in the metric space X.

A triangle ¥ = (x1,29,x3) in a metric space X is defined to be: equilateral if |x; —
To| = |z — x3| = |x3 — 21|; singular if ©1 = x9 = x3; regular if it is equilateral and
not singular; linear if there exist pairwise distinct numbers 7,5,k € {1,2,3} such that
| — k| = |z — 5] + |2y — .
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Observe that a triangle is linear if and only if it is isometric to a triangle in the real
line. A triangle is singular if and only if it is both linear and equilateral.

The main result of Section 7 is Theorem 1 providing formulas for calculating the affine
and isometric deviations of a plane triangle (given by lengths of its sides) from the regular

]. s 2T ; 2T
triangle A = —(1, e”%, e”%) with sides 1. The triangle A is oriented counter-clockwise

V3

since the move from its first vertex 1 to the second one e goes counter-clockwise. For a
triangle 2’ in the complex plane its orientation is defined as

—1 if 7 is singular;

in(2) 0 if 2’ is linear and not singular;

sign(%) = o . L .
1 if Z is non-linear and is oriented counter-clockwise;

—1 if Zis non-linear and is oriented clockwise.

According to this definition, any singular triangle has opposite orientation to the regular
triangle A. The regular triangle A has orientation sign(A) = 1.
In Theorem 1 we prove that for a triangle Z' = (21, 22, z3) on the complex plane,

1/2
e the isometric deviation d(TZ' 4+ C, A) = <1 +u? — V2u\/1 4+ sign(2)y/3 — 6q> :

e the affine deviation d(C*24+ C,A) = (% (1- sign(Z)M))l/Q,
where

- <’Zl—22‘24"22—23‘2+|23—21‘2>1/2 . ‘21—22’44“22—23’4—'—‘23—21’4

3 ’ (‘21—22’24-‘22—23’2+|23—Zl|2)2.
If 21 = 25 = 23, then we put q = 5.

The coefficient ¢ is called the quadrofactor of the triangle Z. It takes its minimal value
% if and only if the triangle is regular, and ¢ takes its maximal value % if and only if the
triangle is linear, see Theorem 6.

The number /3 — 6¢ appearing in the above formulas has a nice geometric meaning;:
it is equal to \/4{;2 where A is the area of the triangle z. The fraction ;3—’22 = /3 —6q is
called the normalized area of the triangle Z. It can be considered as a measure of regularity
of the triangle: the normalized area takes its (see Corollary 1) maximal value 1 if and only
if the triangle is regular, and minimal value 0 if and only if the triangle is linear.

The formula for the affine deviation and the properties of the quadrofactor imply that
for a triangle Z on the complex plane its affine deviation d(C*2+C,A) from the regular
triangle A takes

N[

e its minimal value 0 if and only if the triangle Z' is regular and oriented counter-
clockwise;

e its maximal value 1 if and only if the triangle 7' is equilateral and oriented clockwise;
e the intermediate value \/Li if and only if the triangle Z' is linear but nor singular;

e its value in the interval (0, %) if and only if the triangle 2" is not linear, not regular,
and is oriented counter-clockwise;
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e its value in the interval (- 7 1) if and only if the triangle Z is not linear, not regular,

and is oriented clockwise.

We propose to use the isometric and affine deviations as characteristics of the quality
of 3-phase electric power. In Section 8 we compare these characteristics to a standard
measure of quality of electric power, which is based on positive and negative components
of a triangle. Following the classical approach of Fortescue [3], for a triangle 2= (21, 29, 23)
in the complex plane, we define three symmetric components of z: the positive component
3(z1 + ze” 30 + z3e31), the negative component (2 + 2631 + zge”51), and the zero
component (21 + 22 + 23).

27 7r
. . . 21+ Z0e3' 4 z3e” 3"
The ratio of negative to positive components K = ’ - =
(]

P ‘ is called the
|21 + 206”3 ‘I
unbalance factor of the triangle 2" and is widely used in Electric Power Engineering as
a number characterizing a deviation of the triangle z' from being regular and oriented
counter-clockwise. The unbalance factor K is equal to zero if and only if the triangle 2
is regular and is oriented counter-clockwise. In particular, the unbalance factor K of the
model regular triangle A is zero.

In Theorem 2 and Corollary 2 we prove that any triangle Z = (21, 29,23) € C has
unbalance factor

P 1 — sign(2')y/3 — 6q 12 B ( d(C*Z+ C,A)? )1/2
1 + sign(2)/3 = 6q - \1—d(C*Z+C,AN)?)

which implies that K is expressible via the affine deviation

] . o 1/2 K? \1/2
d(CZ+C,A) = (5(1 - Slgn(z)m)) B (1+K2>

and vice versa. On the other hand, the isometric deviation d(TZ+C, A) is a new characteri-
stic that evaluates a deviation of a triangle 2z’ from /A both by the form and size.

1. The Hilbert space structure of C". For a complex number z = x + iy we denote
by |z| = v/2? 4 y? the absolute value of z. Also Re(z) and Im(z) will denote the real and
imaginary parts of z = x + 1y, which are equal to x and vy, respectively. By z := z — iy
we denote the conjugate to z. We shall often exploit the equality |2|*> = 2% holding for any
complex number z.

For two vectors & = (x1,...,x,) and i = .+, Yn) in the linear space C" by

(Tly) = Zk%

we denote the scalar product of the vectors ¥ and yy. The non-negative number

I = V&R = (3 Jou?)

is called the norm of the vector #'in C". It is easy. to see that for two n-gons & = (xq,...,z,)
1

and ¥ = (y1,...,Yn) in C we have d(Z,y (Z|xk yk> =||Z—7].

—~
3@
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So, the distance between n-gons is equal to the distance between the corresponding vectors
in the Hilbert space C™.

For an n-gon ¥ = (x4, ...,z,) in C and a complex number z let ¥+2z = (x1+2, ..., 2,+2)
be the shifted n-gon Z in the direction of the vector z.

2. The rotational deviation.

Proposition 1. The rotational deviation d(TZ,y) of any vector ¥ = (xy,...,z,) € C"
from a vector § = (y1,...,yn) € C" can be calculated by the formula

d(Tz,7) = /|2 + 171? — 2- (Z]g)] = d(az, ),

where a = % if (Z]7) # 0, and a is any element of T if (Z|y) = 0.

Proof. Observe that for any a € T we have

n

d(a, ) = Z |axy — yil* = Z(@xk — yp)(@Zy, — Ur) =
k=1

k=1
= (a@zZr + Y — (azyfy + aZryr)) = Z (Jzk* + |ys]* — 2 Re(azygi)) =
k=1 k=1
= (D lzel + |yl?) = 2Re(a ) axie) = |1Z1° + [711* — 2 Re(a(717))-
k=1 k=1

Now we see that
d(TZ,7) =min{d(aZ,7) : a € T} = min {||Z° + |7]|* — 2Re(a(Z|7)) : a € T} =
= 121* + 17 1* — 2[{@17)| = d(aZ, 7),
where a = @—gi‘ if (Z|y) # 0, and a is any element of T if (Z,7) = 0. O
3. The isometric deviation.

Proposition 2. The isometric deviation d(TZ+ C, A) of any vector & = (z1,...,x,) € C"
from a vector § = (y1,...,yn) € C" can be calculated by the formula

d(TZ+ C, ) = /|| — o>+ [|§ — woll? — 2 (T — @ol§ — yo)| = d(a(Z — x0), 7 — v0),

where g = %22:1 Tp, Yo = %ZZZI Vi, and a = % if (¥ — x|y — yo) # 0, and a

is any element of T if (¥ — zo|yj — yo) = 0.

Proof. Observe that d(TZ + C,¢)? = min{d(a(Z — z¢) + b,5 — y9)> : a € T, b € C}. For
any a € T and b € C we have
d(a(@—w0) +b,5 —yo)* = > _(alwx — o) + b — (yx — 90))(@(@x — To) +b— (5 — %)) =
k=1
= >~ (Ialwr—0) = (—y0)? + 2] + bla(ze—0) — (Ge—10)) + (a(zx—20) ~ (—10))b) =
k=1
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=d(a(T—x0), 7 —yo)> + b +ba-0—b-0+ba-0—0b-0=d(a(Z— x0),7 — v0)* + |b]>.
Applying Proposition 1, we obtain
d(TZ+ C,y)* = min{d(a(Z — z0) + b,y —yo)* :a € T, be C} =
=min{d(a(T — z0), 7 — v0)* + |b]* :a € T, b € C} = min{d(a(Z — x0),J — yo)* :a € T} =
= d(T(Z = w0), 7 — y0)* = || — o* + |57 — woll* — 21(Z — @0|§ — yo) | = d(a(¥ — z0), 7 — ¥0)?,

where a = % if (Z — x|y — yo) # 0, and a is any element of T if
(T = zolg — yo) = 0. u

4. The linear deviation.

—

Proposition 3. The linear deviation d(C*Z,v) of any non-zero vector ¥ = (x1,...,T,) €
C" from a vector § = (y1,...,Yyn) € C" can be calculated by the formula

e (i  MEDE N _ {89)
d(C*z,7f) = <||y I THE )) = d(aZ,y), where a = G

If # = 0, then d(C'Z,7) = ||7].

Proof. If & = 0, then d(C*Z, %) = min{d(a0,7) : a € C*} = d(0,7) = ||7|]. So, we assume
that # # 0. Observe that d(C*Z, ) = min{d(trZ,7) : t € T, r € R, }, where R, stands
for the set of positive real numbers. By Proposition 1, for any r € R,

min{d(trZ,§)* : t € T} = r*||Z]|* + |7 ]|* — 2r|{Z|7)| =

Zl7)N 2 Z|7)|?
= (e - SRY e - L
217\ (2
Now we see that d(C*7,7)? = ||7||* — |<]Tg|5y||z| = d(tri,§)* = d(a, 7 )?,
_ @, GaEn @) _ @
where 7 = T2, = pEar = qanp ad o = ER- =

5. The affine deviation.

Proposition 4. The affine deviation of any non-constant vector ¥ = (xy,...,xz,) € C"
from a vector §j = (y1,...,yn) € C" can be calculated by the formula
L 1/2
A(C7 +C,7) = (117~ woll? ~ PR ) ™ — (a7 — w0), 7~ vo),
where a — E=0ld—v0)

[[£—wol|*

If # € C" is a constant vector, then d(C*Z + C,§) = ||§ — yo|| for any vector i € C™.

Proof. Observe that d(C*% + C,7)? = min{d(a(¥ — z¢) + b,4 — y0)* : a € C*, b € C}. For
any a € C* and b € C we have

d(a(Z —x0) + b7 — y0)* = Z(CL(% —0) + b — (yx — ¥0))(@(T, — To) + b — (G — %)) =

k=1 B B

=d(a(F—x0), 7 —yo)> + |0 +ba-0—b-0+ba-0—0b-0=d(a(Z— x0),7 — v0)* + |b]>.
Then d(C7+C,¥)? = min{d(a(Z—x)+b,j—yo)? : a € C*, b € C} = min{d(a(T—xz¢),§—
Y0)? +b]* 1 a € C*, b € C} = min{d(a(Z — x0), ¥ — y0)* : a € C*} = d(CH(T — x0), ¥ — y0)*.
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If # is a contant vector, then ¥ — zy = 0 and di(CT + C,7) = d(C*(Z — x0), 7 — yo) =
d(C*-0,4 = yo) = |7 — vol|-

If the vector 7 is not constant, then # — zo # 0 and by Proposition 3, we obtain d(C% +
C.7)? = d(C(& — z0),§ — yo) = ||F — woll? — L2 — (a7 — 20), 7 — yo), where

l[£—wol|*

(f*wowfyo)' ]

a = =
7ol

6. The quadrofactor and normalized area of a triangle. By a plane triangle we
understand a non-singular triangle in the complex plane.

Definition 2. For a plane triangle 2’ with sides a, b, ¢ in the plane the quadrofactor of Z'is

pt 4/3A
the number ¢ = @ b te and the normalized area of Z'is the number L,

(CL2 +b2 +02)2 a2 +b2 +02
where A is the area of the triangle 7.

b2

The normalized area can be expressed via the quadrofactor as follows.

Proposition 5. For a plane triangle with sides a, b, ¢ its normalized area equals

= VG

CL2 + 62 + 62
where A is the area of the triangle and q is its quadrofactor.

Proof. From Heron’s formula [5] we get
1 1
A= Z\/2a2b2 +2a%c2 + 20%c2 —at — b* — ¢ = Z\/(GQ + b2+ ?)? —2(a* + b* + )

and hence (a;;bf—;”fg) =4/3 — 6q. O

The following proposition describes three basic properties of the quadrofactor.
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Proposition 6. Let ¢ be the quadrofactor of a plane triangle. Then: 1. %

<g<i2
q= % if and only if the triangle is regular; 3. ¢ = % if and only if the triangle is

is linear.

Proof. Let a, b, c be the lengths of the sides of the triangle. Obviously the inequality u* +
v* > 2u?v? holds and equality attained if and only if u? = v?. Hence

44t A gh Pt
at bt =2 ;L + < ;a + —2Fc > a’b? + c*a® + b*c?, thus (a® + b* + ¢%)?
3(a* + b* + ¢*), which implies ¢ > % The equality is attained if and only if a® = b? = 2 if
and only if the triangle is regular.

Proposition 5 implies that 3 — 6¢ > 0 and hence ¢ < % Moreover, g = % if and only if

the triangle has zero area if only if the triangle is linear. O

Corollary 1. Let g be the quadrofactor of a plane triangle and /3 — 6q be its normali-
zed area. Then: 1. \/3 —6q < 1; 2. /3 —6q = 1 if and only if the triangle is regular;
3. /3 — 6q = 0 if and only if the triangle is linear.

7. Deviations from a regular triangle.
In this section we deduce formulas for calculating four deviations of a given triangle on
the complex plane from the regular triangle

AN =—(1,
\/g(
with sides of length 1. This regular triangle will model the ideal form of a 3-phase electric
power.

- 27 - 27
15T —iET
e's e ')

Propositions 1-4 imply the following formulas for deviations of a triangle from the
regular triangle A.

Proposition 7. A triangle Z = (21, 23, z3) € C® with center zy =

1
3

1. the rotation derivation d(TZ, A) = /||Z|]> + 1 — 2 [(Z]A)] = d( (Z12) 2 A),

2. the linear deviation d(C*Z, A) = /1 — |<”215ﬁ2>| = d(<g o)z A),

=1l

3. the isometric deviation _
d(TZ+C, A)= /[ F=2[P+1=2-[(F— 20| A) [=d (e=2{3] (—20), D),

4. the affine deviation d(C*Z+ C, ) = — [E=ln)P d(<ZLZ0 l‘A; (Z— 20), D).

l[7—=0ll*

Next, we show that the isometric and affine deviations d(TZz + C, A) and d(C*Z'+ C)
can be expressed via the lengths of the sides of the triangle 2.

Lemma 1. For any triangle Z = (21, 22,23) € C? on the complex plane and its center
20 = 3(20, 21, 22) we have ||Z— z||? = 3(|21 — 22> + |22 — 23]* + |25 — 21[?).

Proof. Let xy, = 2z, — 2o for k € {1,2,3} and observe that x; + x5 + x3 = 0. Observe also
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that x, — x; = 2, — z; for any k, j € {1,2,3}. Then

|21 — 20)? + |22 — 232 + |23 — 21)? = |21 — 2> + |20 — 23] + |73 — 21|* =
= (x1 — ) (T1 — T2) + (wo — x3) (T2 — T3) + (x5 — 1) (T3 — T1) =

= 2(21%1 + ToTo + T3T3) — 1Ty — ol — Toly — T3To — T3T] — T1T3 =
= 3(|z1)? + |22|® + |23]%) — 2172 + T3T1 — ToT3 + T1To — T3T1 + TaTz =
=3-(Jz1 — 20)* + |22 — 20> + |23 — 20/2) + 0 =3 - |7 — 2]~

O

Lemma 2. Let 2= (21, 22, 23) where z; = 0, zo = 29 € R and z3 = x3 + iy3. Then for the
center zy = %(zl + 29 + 23) of the triangle Z we have

x2+x3+\/§y3 . \/§$2—\/§$3+y3 i
23 2v/3

- 1
(2= 2| A)* = 5 (25 + 25 + y5 — wams + V3203).

(Z— 20| A) = —

and

. o . _ 2
Proof. Tt follows that Zp =TI My thus Z—29=(— "32?3 G, 2oty U3 253y 4 )

Since A = (1 e i) = \[(1 -2+ @i ,—3 — z—) by simple calculatlons we have

(7= 2l &) == o= (=22 = ws = VB +i(—V3es + VBrs — )

ﬁ

(7 — 20| A)* = 112(< Ty — w3 — V/3y3)” + (—V/3ws + V3us — y3)°) =

Then

1
=1 (423 + 4§ + dy; — daomy + 4\/§x2y3).
O

Lemma 3. For any triangle Z = (21,22, 23) € C*® and its center zg = 3(z1 + 22 + 23) we
have

[(Z'— 29| D) \/1—1- sign(2)4/3 — 6q
B |Zl—22‘2+|2’2—23| +|23—21’2 1/2 . |Z1—22‘ +|Zg—23|4—|-|23—21’4
where u = , q= 5 5 VR
3 (lz1=22f* + [22—23]* + [23—21[?)
Proof. The equality in the lemma is trivial if v = 0. So we assume that u > 0. For

every k € {1,2,3} write the complex number z; as xy + iy for some real numbers xy, y.
Since |(Z'— zp|4A\)| is invariant under isometric transformations of the triangle 2, we lose
no generality assuming that z; = 0 and 2z, = x5 is a positive real number. In this case
sign(Z) = sign(ys).

Denote the lengths of the sides of the triangle Z by a = |21 — 25|, b = |22 — 23| and
¢ = |z3 — z1|. Let 8 be the angle of the triangle 2" at the vertex z; = 0. So, § is opposite to
the side of length b. If z3 = 0, then we put g = 0.

It follows that z3 = ¢ - cosf and y, = sign(Z) - ¢ - sin . By the cosine theorem,

= |29 — 23]% = a® + ¢ — 2accos B and hence



G-DEVIATIONS AND THEIR APPLICATIONS 197

a?+c? - b? _ a?+c2—b2\2  3uiJ/1—2q

—, sinf=4/1-— (—) = —
2ac 2ac 2ac

By second equality from Lemma 2 one has

1
(2 — 2| A)? = §(a2 +c —accos B+ Sign(?)\/gacsinﬁ) =

1 o u? o
= g(a2 + b% + 2 + sign(2)3u?/3 — 6q) = ?(1 + sign(Z)y/3 — 6q).
O
Now we are able to prove the main result of this section.
Theorem 1. For any triangle Z = (21, 22, z3) € C? on the complex plane:
1. the isometric deviation d(TZ+ C, ) = \/1 +u2 — 2uy/1 + sign(z)y/3 — 6q ;
2. the affine deviation d(C*Z+ C, A) = \/%(1 — sign(Z)y/3 = 6q),
where
u— <|Zl — 22|2 -+ ’2’2 — 23|2 + ’23 — 21‘2>1/2 . |21 — 22’4 + ‘22 — 23’4 + ‘23 — 2’1’4
3 ’ (|21—22’2+ |22—23’2+ ‘23—21’2)2
Proof. Let zg = %(zl + 29 + 23). By Proposition 7 and Lemmas 1, 3, we have
1/2
ATZ+C, A) = (7= 22 +1-2-[(F - 2lA)]) =
1/2
= (1 +u? — \/§U\/l + sign(2')y/3 — 6q> ,
7 — | AY|?2\ 1/2
dC'Z+C,0) = (1- —Kﬂ* i HQH )=
Z—c
u?(1 + sign(Z')y/3 — 6q )\ 1/2 1 1/2
=(1- ( g2(2) q)> — (51— sign(=)v3—64)) .
u
O

8. Interplay between the affine deviation and the unbalance factor. In this section

we investigate the interplay between the unbalance factor K of a triangle 2 = (21, 22, 23)

on the complex plane and the affine deviation d(C*zZ' + C, A) of the triangle 2" from the

regular triangle A.

|21 + e E & 23ei2?w| .
— ——. The unbalance factor K was introduced by

|21 + 22€'3 + z3¢ "5 |

Fortescue [3] and is widely used in Electric Engineering [1], [2], [4] for evaluation of the
quality of 3-phase electric power.

We recall that K =

Theorem 2. Any triangle Z = (21, 22,23) on the complex plane has unbalance factor
P (1 — sign(2')/3 — 6q
~ \1 + sign(2)+/3 — 6q

Proof. Let zg = %(zl + 23 + 23) be the center of the triangle z and s = |21 — 23|> + |22 —
z|? 4+ |23 — z1/%. Observe that the positive component (2 + 21675 4 20¢i3) of 7 has

1/2
) where q is the quadrofactor of the triangle z.
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length

AN <z—z0|A>+z0(1+e*i2%+ei%)\ —

_2m G2
5’21+22€ 3 +23€3|:

f|
(Z— 20| DN \/1—1— sign(Z)+/3 — 6q,

1
e
(7~ 2] A) 40| = ;§|

_ 1 |
V3
according to Lemma 3.

For evaluation of the length of the negative component 2 + 216 S Ze —i% , consider
42
the triangles ¥ = (21, 2, 23), A = f(l ¢~% ¢i5) and observe that

.o 1 — 1 - 2T - 27
B = —=|(Z|A)] = —=[(Z— 20|D) + 20(1 + €3 +e ") =
| \/§|( A [(Z = 20| A) + 20( )|

Lz 1A ! s 1 -
= ﬁ“z —20|A) + 0] = %U\/l + sign(2)+/3 — 6¢ = %U\/l — sign(2)+/3 — 6¢,

§2m
§|21+226 3 + 23€

according to Lemma 3.
Then

|21 + 206" 5 + 23¢™ 3| \/%(1_ sign(%)/3 — 6q) /1 — sign(7)/3—6q
Z

|21 4 206705 + z3€i 5 | u\/é(1+ sign(7)/3 —6¢ ) V1 + sign(Z)y/3—6q
[l

K =

Theorems 2 and 1 imply the following corollary expressing the unbalance factor of a
triangle via its affine deviation for the regular triangle A and vice versa.

Corollary 2. For any triangle 7 in the complex plane

d(C*7+ C, A)? K2

K = *z A) = )
\/1—d((C*Z—|—(C,A)2 and d(CZ+4C,A) e

1
Proof. By Theorem 1, d(C*Z+ C,A)? = 5(1 — sign(Z)+/3 — 6q), and hence
sign(7)y/3 — 6¢ = 1 — 2d(C*Z+ C, A)?.

After substitution of sign(z')y/3 — 6¢ into the formula for K from Theorem 2, we obtain
the desired equality

B \/1 — sign(7)y/3—=6¢ | d(C*Z+C,A)2
B 7) 6

1+ sign(#)y/3—6¢g || 1—d(C*zZ+C,A)?’
C e K?
which implies d(C*Z+ C, A)? = =TT R O

9. Visualization of the isometric and affine deviations. For applications to problems
of quality control in Electric Engineering, it is important to visualize the isometric and
affine deviations of a given triangle with sides a, b, ¢ from the unit triangle /. This can be
done using the following theorem.
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Theorem 3. Let 7 = (zy,29,23) € C3 be a non-singular plane triangle with sides a =
22 4 20 1/2 4 4 A
| b= | and | | Let (a+b+c>/ a*+b*+c
21—z = |20 — 23| and ¢ = |23 — z1|. Let u = | ————— =
1 2|5 2 3 3 1 3 » 4 (@ + b2 + 2)2’
9 = 2a? + 2¢* — b* + 3sign(2)u*\/3 — 6q N —a?
613 6
5 2 —5a® +b* — 3sign(2)u?y/3 — 6g N a® — c* + 3b* + 3sign(z)u?y/3 — 6q
Zg = -1,
2 124/3 12
o a? =54+ b? = 3sign(u?/3—06¢ A —a*+ 3b* + 3sign(D)u/3—6q .

'i,

25 = 273 5 i
Then
d(CZ+C,A) =d(Z, ) and d(TZ+C,A)=d(zZ., D),
1 2
where Z, = — - (2, 25, 25) and Z, = V2 (27,25, 28). Ifa=b=c
u uy/1 4+ sign(2)+/3 — 6q

and sign(?) = —1, then 1 + sign(2')y/3 —6q = 0 and the last formula does not determine

Z,. In this case we can take Z, = a - A\.

Proof. Forevery k € {1,2,3}, write the complex number z;, as z;+iy;. for some real number
Tk, Yk Since the affine and isometric deviations of the triangle 2’ from A are invariant under
isometric moves of the triangle 2z, we can assume that z; = 0 and 2z is a non-negative real
number. So, zo = xo > 0. Let 8 be the angle of the triangle Z at the vertex z; (which is
opposite to the side |z — z3 = b). It follows that x1 = y; = 21 = 0, 3 = 29 = |20 — 21| = q,
x3 = |21 — 23/ cos 8 = ccos B and y3 = sign(Z)csin 5. It will be convenient to denote the
number sign(2) € {—1,0,1} by £ and —sign(2) by F. Then y3 = £csin 5.
By the cosine theorem, cos = @240 They

2ac
) 242022 (a®+VP+A)VT-2¢ u*/3—06q
= 1/ 1 — 2 = \/1 — (a e = .
sin cos* 4a?c? 2ac 2ac

Let zp = %(zl + 20+ 23) = % + %4 be the center of the triangle z. Then

P ( — % — y_;%?szfm — y—;z,Q”’Tﬂ? + 2%2) In the proof of Lemma 2 we have

derived the formula (Z — zy|A) = —’”2+‘”23j§\/§y3 - ﬁw?;gxﬁy"’ -4. Then

G — 20| - (F— 2) = (553 + 23 + 2w9w5 + 2V/3w2ys + 43 n vy — a3+ Z/:%Z.7
6v/3 6
23 — 223 — 2ow3 — \/3x0ys + Y3 N 223 + 12 — 3xow3 + V/320ys + yg,l.
6v/3 6 ’
w5 — 205 — xawy — V3woys — 2y5 a3 + 2a] — 3wewy + V3ways + 243 z) _
6v/3 6
a’ + ¢+ 2accos B+ 2v/3acsin B 2 —a? |
B ( 6v/3 * 6
2 —2a% —accos f FV3acsin S 26 + 2 — 3accos B+ V/3acsin 3 .
6v/3 " 6 "
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a®> —2¢® —accos B F V3acsin B a® + 2¢* — 3accos B £ V/3acsin )
J— 7 —
6v/3 6

(a2—1—02+(a2+02 v?) + 3v/3u?y/1 — 2¢ +02—a2,

27
6v/3 6
2 —2a%— (a® + 2 =) F 3V/Bur /T2 N 202+ ¢ — 3(a® + 2 — ) £ 3V3u? YT = 2qZ

6v/3 6
a? =2 — S(a*+ A - V) F 3\/_u\/ﬁ
6v/3
a?+2¢* — 3(a® + 2 — ) £ 3/3ut/T—2q o o
- 6 Z>:<Z17Z2723)'
Applying Proposition 7 and Lemmas 1, 3, we conclude that d((C* +C,A) =d(Z, ) and

d(']rz L C7 A) _ d(Z*,A), where 7, = (Z—z0|A) ﬁOg'_A;O(ﬁQ z0) _ (=P ,222,23) and 7, = (z |<ZZ£)|_63|(Z>|Z0) —

o L0 0
\}Eu\/(lzjr:l;i;) = If a =b=cand sign(Z) = —1, then 1 + sign(z')y/3 — 6¢ = 0 and the
last formula does not determine z,. In this case Theorem 2 allows us to take for g* any
triangle ¢(Z— zp) where t € T. So, we can choose ¢t € T such that z, = t(Z7—zp) = a-A. O
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