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We give a sufficient condition on coefficients ay, of an algebraic polynomial P(z) = E apz®

an # 0, such that the pointwise Bernstein inequality |P’'(z)| < n|P(z)| is true for all z, |z\ <1

1. Introduction and main result. Let P be an algebraic polynomial with complex
coefficients, and let zy,29,..., 2, be distinct zeros of P with multiplicities ri,ry,..., 7,
respectively, enumerated in ascending order of their moduli |z;| < |zo] < -+ < |zl
Y e, rp = deg P. Here and in what follows, we assume that 22:1 =0.

Consider the real part of the logarithmic derivative of P

zP' TRZ R P e Pk
Re =R = = —_— 1
eZz—zk 2;7% |Z—Zk|27 (>
where n = deg P. Since |Rew| < |w|, w € C, for all z € C\ {z,...,z,} we obtain
n 1= |z]? = |af? zP'(2)
-+ = . 2
’2—1‘227% |z — 2|2 P(z) ’ @)
k=1
Denote D := {z e D : |z] < 1}, T := {2z € (C |z | = 1}. Assume that z, ¢ T,
k€ {1,...,m}. By the Cauchy theorem, >7_ 1y = 5= [, = ZZ)) dz, therefore

(e ‘d@ {’P’(z) Dz

Pyl 7€ T}, (3)

P < —
— 2 Jo

where j < m is the non-negative integer such that |z;| <1 < |zj41].
From (2), (3) and the following Bernstein inequality

max{|P'(z)|: z € T} < nmax{|P(2)|: z € T}, (4)

we readily conclude that for any algebraic polynorpial P, deg P = n, having all its zeros in
D, the following inequalities hold < min { ‘ 1;((5) | z €T} <n<max {‘ z)‘ z €T}

1+\ zm|
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The first inequality was observed by Govil [1], the second one is the consequence of (4)
and the third one is the consequence of (3). All these results are sharp. The equalities are
attained for the polynomial P(z) = a,(z — ¢)" and suitable ¢ € D.

Assume that all zeros zy,. .., 2, of P lie in the domain U := {z € C: |z| > 1}. Then it
follows from (1) that Re% <n/2foral z€ D\ {z,...,2n}. Aziz [2] noted that this

gives (see also Lemma 1 below), |2P'(2)| < [nP(z) — 2P'(2)| for all z € D.

It is easy to see that if P is a polynomial of degree nm having all its zeros in U, :=
{z € C: |z| > 2}, then max{tﬁéng z € D} < Z;”zlmjﬁ < n. This is equivalent to
|zP'(2)] < n|P(z)| for all z € D. We will call the last relation the pointwise Bernstein
inequality. Combining Aziz’s inequality |2P'(z)| < |nP(z) — zP'(z)| and the pointwise Bern-
stein inequality, in the case {z1,..., 2, } € Uy we obtain that for all z € D

|2P'(2)| < min{|nP(2) — 2P'(2)[, n|P(2)]}. ()

In this note we give the sufficient condition on coefficients of the polynomial P such that
the pointwise Bernstein inequality is true for all z € D. As we will see, our condition implies
(5) and does not require that all zeros of P lie in Us.

For further information about the estimates of derivative and the logarithmic derivative
of polynomials we refer to [3-6] and references therein.

Our main result is the following theorem.

Theorem 1. Let n € Z, and {k,}!_,, 0 < ko < k; < ... < ky, be positive integers and
let P(z) = >."_,a,2™ be an algebraic polynomial of degree k, with coeflicients {a,}"_, €
C\{0}. If
n—v oy 1

min Re —IEY ko > -, v=01,...,n, 6
teD jz() ay o 2 ( )
then the following assertions hold:
(i) The polynomial P has no zeros in D, provided ko = 0, and has no zeros in D \ {0} for
k() > 0.
(i) For all z € D

2P (2)| < k| P(2)]- (7)
For z € D the equality in this inequality is attained only in the case n = 0, that is for
P(z) = agz™, ko > 0.
(iii) for kg = 0 and for alln > 1, z € D we have |P'(z)| < k,|P(z)].

Remark 1. Let P be chosen as in Theorem 1. Then we have the implication (i) = (7).

This is a consequence of the Riemann theorem on removable singularities applied to the

. zP'(z) m TkZ
function z — Py — > ket =2

Corollary 1. Let P be as in Theorem 1 with ag > a; > ... > a, >0, n €N and ky = 0. If

Qyio — 20,41 +a,, ifv=0,1,....,n—2,
0 < A%*ay,) =X ap_1 — 2a,, ifv=n-—1,
Qs ifv=n,

then [2P'(z)| < min {|k,P(z) — 2P'(z)|, k,|P(2)|} for all z € D.
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ak+y 0 < k < _
We denote Ay, = ney For each v € {0,1,...,n} the sequence
’ O, k: =n—v+1.

{Mevtizs “+1 js non-negative, monotonically non-increasing and convex, i.e. Xy > Ay >

> )‘nﬂ/,u > Apvi1, = 0 and A%*(\g,) > 0 for k = 0,1,...,n — v + 1. Thus by
the Fejér Theorem (see [3, p.310]) the trigonometric polynomials ’\%’” + > o] Ak coskz,
v =0,1,...,n, are non-negative for all x € R. This is equivalent to the condition (6).

Example 1. Let n € N\ {1} and P(z) = Y;_,(n+ 1 — k)z*. Then for t = €'*, z € R, we
have

1 ) coskx = F,_,1(x) >0,
n —v

1+Re§n+1—(k+u :_+Z
k=1

for all z € R, v € {0,1,...,n}, where F}, is the Fejér kernel (see [3, p.311, p.313]).
Therefore, combining Aziz’s inequlity and (7), we obtain

zn:(n—l—l—k)kzk Smin{ nz_:(nqu—l{:)(n—lﬂ)z’c M Zn:(nqu—k:)zk }

By the Enestrom—Kakeya’s Theorem (see [4, p.255]) with refinement given by Anderson,
Saff and Varga [7, Corollary 2], zeros of P satisfy |zx| < 2, k € {1,...,n}.

2. Lemmas. For the proof of Theorem 1 we require the following lemmas.

Lemma 1. Let P and @ be functions defined on a compact set K C C, Z(Q) :={z € C:
Q(z) = 0} and K \ 2(Q) # @. In order that |P(z) — Q(2)| < |P(2)| for all z € K it is
PE . 2e K\ 2(Q)} > 1L

Q(z)
Proof. The assertion readily follows from the obvious identity |w]* — |w — 1|> = 2Rew — 1,
for w = gg; with z € K\ Z(Q). O

Lemma 2. Let P(z) =377 _ja;2/, n € N, and a,, # 0. Then for all z € C\ {0} and w € C
we have

P(z) — P(w) ~
——— | < A(z, {P — 2k ed{0,.. ., —1},
S — < A(z,w) max { | P(2) ]E:O a;? | { n—1}
2™ —|w|™ if
Az, w) = [z~ T([z]—w])* l.f }Z; 7 }w}, The result is best possible and the equality holds for
n, if |z] = |w|.

the polynomial P(z) = ag + a,z" in the case arg z = argw.

Proof. Fix z € C\ {0}. Summation by parts yields
k

P(w) = P(2) (%)nJr(l——)Zn:(Z ) (% )

7=0

w

This gives zw = Z;é (P(z) — Z?:o a;z’ ) (%) . From this equality it follows the
assertion of the lemma. O]

3. Proof of Theorem 1. Denote

0, ifj¢ k0,
ZCJ ’ = 7 ,...,kn, Ccj = ’ 1]@’{ }V—O
a;j, ifje{k,}l_,.
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(i) By Lemma 1 the condition (6) is equivalent to
[P(2)] > |py(P)(2)] = ... > 1w, (P)(2)] = |anz™| ¥z €D. (8)

This gives that P(z) # 0 for z € D\ {0}. If ky = 0 then in addition P(0) = ay, # 0.
(ii) It follows from (8) that the sequence {|pk, (P)(z)|}}_, is non-increasing. Since p;(P) =
Pk, (P) for k;l, 1<j <k, v=0,1,...,n, where k_; = —1, we conclude that the sequence
{lp;(P)(= )|} ", is also non-increasing. Therefore by Lemma 2 we get
P(z) — P(zt
LEZEE < o (P < P
for all t € T. In particularly, for ¢ = 1 we obtain (7).

Now assume that the equality in (7) is attained at some z € D. Then by part (i) of
Theorem 1, the function F(t) := ,:f};((tt)) = ko + %tkl ko 4 ... is holomorphic in D,
|F(t)] < 1forallteDand |F(z) = 1. Therefore, by the maximum modulus principle
F(t) = cfor all t € D with |¢| = 1. But F(0) = ko/k,. So, ¢ = ko/k, = 1. This is equivalent
ton =0 and P(t) = eMt* for some M € C.

(iii) Let kg = 0. In view of proved properties of the function F', we have that F'(0) = 0.
Therefore, by the Schwarz Lemma we get |F'(t)| < || for all t € D. Moreover, if |F'(2)| = |z|

for some z € D\ {0}, then F(t) = ct for some ¢ € C with |¢] = 1. It follows that
c=F'(t) = Z Zl th=1 ...t € D. Hence, it is necessary that k; = 1 and |a;| = ky,|ao|.
However, under condltlon (6)

|a1/a0|——‘/ i(k1—ko) 9Re<1+22 —L gilki—ho) >d0‘§
<_i/ Re1+2§:JZw Wﬁd9—1

Thus, k, = 1 or equivalently, n = 1. But for n = 1 the condition (6) implies |ag| > 2|a4].
This is a contradiction. Hence, |F'(t)| < |¢| for all ¢ € D.
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