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The family of Markov processes are considered. We study the multidimensional renewal
equation in nonlinear approximation. The purpose of the paper is to find the limit of renewal
function.

Let X¢(t) be a family of Markov processes with continuous time and a finite number of
states 1,2,..,n, and X°(t) — X (¢), where € — 0.

Suppose that £(t) is a process with independent increments, ¢ > 0, £(t) > 0, ¢ =
1,2,..,n. We consider the following process
55(1)(25), ift <7,X°(0) =1
() = &y () + &gyt — 1), ifr<t<m,Xe(r)=j
Gy(T) + &y (T —7) + ) (E—7), i1 <t <1, X5(12) =5

In this representation &, (t) are independent copies of &£ (t).
Consider the next conditional expectation E(e™¢"®|X4(0) = i) = E;j(e ¢ ®),
This implies

n t
By(e=¢®) in(e—<E<t),T>t)+Z/ Ei(eX0, 7 € du, X¥(7) = §) - B, (e~ 1),

Then
Ei(e™W 7 ¢ du, X (1) = j|X5(0) =4) = E(e W) . P{r € du, X (1) = j|X°(0) = i}.
Denote P{7 € du, X(7) = j|X*(0) = i} = pj;(du). As result, we obtain multidimensional
renewal equation

Ei(e—ACs(t)) _ ( —A¢E( ) P{T < t|X€ _Z}+Z/ _>\<s )pw(du) E( A (- u))

The following conditions are true for this renewal equation.
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Ei(e7 " )ps(du) > 0, Ey(e " W)pe(du) <

E;(e7*"™)ps.(du) is an indecomposable matrix.

There is a weak convergence E;(e=*¢"(")p? (du) — Ej(e M@ p,i(du), when & — 0.
E;(e*®)p,.(du) is a block folding matrix.

E;(e®)p,:(du) is uniformly integrable.

Cr W =

Suppose wy € Ey,wy € By, ...;w, € E., D ={wy,...,w,}.
Counsider the next renewal functions

HZO(t) = E;(e W) . P{r < t|X°(0 —Z}+ZE A L pE (du) ¥ By (e )

v

and
HiM () = HO (1) + Y Eie ) Do (du) x B0 (1), 6 — 0.
me¢D

Let us introduce the sequence LZ(O) = Ei(e™ "W). p;;(du). Then

LV = B - p(dw) + 3 Be ) - pi(du) - LS00,

mj
me¢D

Higj(n)(t) = Hfj(o)(t)+ Z La(;*l)( 5(0 +Zsz l —)\C (u ))pfws (dU)EwS] (6_,\<€(t u))
me¢D

Therefore,
HE, (1) = ZLw w, * HE, ().

The solution of this equation can be represented in the next form

(e 1) Z/ e O p,; (du)Lg, ;(t —wu).

Theorem 1. If E(e=*"®)p;;(du) is a non-lattice matrix and conditions 1-5 hold, then there
exist a matrix C' and a normalizing factor g(¢) — 0 (¢ — 0) such that for i € E;, j € E},

@

t t p
ll Hz |:_7_+u:|:UqSktj_
i ree O
where qg, = [!C], T = ”eEk pZ fo , H. [% ﬁ + u] is a renewal function on
the interval [, -5 + ul.

Proof. Suppose wy € Ej,wy € Ey,...;w, € E,., D = {wy,...,w,} and introduce the next
functions

e (t) = 6 + Z Eiws(e*)‘ca(t)) * H;Sj (1),

)
s=1
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H() = HOW) + Y By 0) 5 H2000),
1] zm
m¢D

We consider

€ e(n -\ £ e(n—1
HZ](t) - HZ]( )(t) = Z Eiml(e A (t) (Hmly< ) - Hm&j )<t>> e =

m1¢D

)\ (E VG e €(0
= Y B () kB, (e s (HE, (1) — Hi) (1) =

mi1éD,...mp¢D

— Z Eiml(e_kcg(t))*---*Emnl(e_’\cg(t))*Hfj(t)SE(@‘ACE(*")(”)*Hs(t)—>0,

when € — 0.
So, H;(t) — Hfj(")(t), when n — oo, € — 0.
Arguing as in [1] we deduce

Hap o, (% + y) Hy (%) =y ask(?) - mi

where g (t) is the (s, k)-th matrix element.
Then,

t 1G] +y t
I\ g(2) eJ Z ) L g(e)

7 t
_ Z / HE,, (du)LS, <— —u).
9(€)
Integrating by parts we obtain

HE, (% + u) H;SJ<$> -

— i /Q{E)[H;Swm <£ +y - u) — Hyo,, (Q(&;)%u)][’fvmj(du)"'

105

—i—Z/O FORE/ H (t)—I—y )me](du) Z[qumy<$+y> _mej(ﬁﬂ'

m=1

We then find the limit

/tg() y e (% +y— U> Ly, (du) = [qum] (ﬁ " y> Bns (ﬁﬂ -

g(e)
t

(Huwguwn (y) = 1) [mej (% + y) ~ I (Eﬂ 50, 0.

IA

Then, for a fixed 7" > 0 and we evaluate the next integral

sgp /Tgé) [H;Swm <$ +y— u) -H;, <$ - uﬂ L3, i(du) <
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. Sgp Z /N(Lrﬂ)h [H;Swm (% +y— u) — Hyw,, <$ — u)] L, i(du) <

< sup Z [quwm (ﬁg) +y— rh) — Hy o, (% — (rh + h))] X

(r+1)h (r+1)h
<[ B < A w2 [ L () <

WmJ
h € h

< [Ay + 2B] - sup[LS, ;(00) — L5, ,(T)] + A~ sup / uLf, (du).
€ T

€

Hence,

e—0 0<u<T

lim sup [vagwk <L +y— u)—stwk (L — u)] <Ay +2B <0
“*\g(e) 9(e)
and from [2| we obtain

[ 15 +9) = o ()t =) et

Then

As result,
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