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The family of Markov processes are considered. We study the multidimensional renewal
equation in nonlinear approximation. The purpose of the paper is to find the limit of renewal
function.

Let Xε(t) be a family of Markov processes with continuous time and a finite number of
states 1, 2, .., n, and Xε(t) → X(t), where ε → 0.

Suppose that ξεi (t) is a process with independent increments, t ≥ 0, ξεi (t) > 0, i =
1, 2, .., n. We consider the following process

ζε(t) =


ξεi(1)(t), if t < τ,Xε(0) = i

ξεi(1)(τ) + ξεj(2)(t− τ), if τ ≤ t < τ1, X
ε(τ) = j

ξεi(1)(τ) + ξεj(2)(τ1 − τ) + ξεs(3)(t− τ1), if τ1 ≤ t < τ2, X
ε(τ2) = s

...

In this representation ξεi(p)(t) are independent copies of ξεi (t).
Consider the next conditional expectation E(e−ζε(t)|Xε(0) = i) = Ei(e

−ζε(t)).
This implies

Ei(e
−ζε(t)) = Ei(e

−ζε(t), τ > t) +
n∑

j=1

∫ t

0

Ei(e
−λζε(t), τ ∈ du,Xε(τ) = j) · Ej(e

−λζε(t−u)).

Then

Ei(e
−λζε(u), τ ∈ du,X(τ) = j|Xε(0) = i) = E(e−λξεi (t)) · P{τ ∈ du,X(τ) = j|Xε(0) = i}.

Denote P{τ ∈ du,X(τ) = j|Xε(0) = i} = pεij(du). As result, we obtain multidimensional
renewal equation

Ei(e
−λζε(t)) = Ei(e

−λζεi (t)) ·P{τ < t|Xε(0) = i}+
m∑
j=1

∫ t

0

(Ei(e
−λζε(u)))pεij(du) ·Ej(e

−λζε(t−u)).

The following conditions are true for this renewal equation.
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1. Ei(e
−λζε(u))pεij(du) ≥ 0, Ei(e

−λζε(u))pεij(du) < ∞.
2. Ei(e

−λζε(u))pεij(du) is an indecomposable matrix.
3. There is a weak convergence Ei(e

−λζε(u))pεij(du) → Ei(e
−λζ(u))pij(du), when ε → 0.

4. Ei(e
−λζ(u))pij(du) is a block folding matrix.

5. Ei(e
−λζ(u))pij(du) is uniformly integrable.

Suppose w1 ∈ E1, w2 ∈ E2, ..., wr ∈ Er, D = {w1, ..., wr}.
Consider the next renewal functions

H
ε(0)
ij (t) = Ei(e

−λξεi (t)) · P{τ < t|Xε(0) = i}+
r∑

s=1

Ei(e
−λζε(u)) · pεiws

(du) ∗ Ewsj(e
−λζε(t−u))

and
H

ε(n)
ij (t) = H

ε(0)
ij (t) +

∑
m/∈D

Ei(e
−λζε(u)) · pεim(du) ∗ E

ε(n−1)
mj (t), ε → 0.

Let us introduce the sequence L
ε(0)
ij = Ei(e

−λζε(u)) · pεij(du). Then

L
ε(n)
ij (t) = Ei(e

−λζε(u)) · pεij(du) +
∑
m/∈D

Ei(e
−λζε(u)) · pεim(du) · L

ε(n−1)
mj (t).

Hence

H
ε(n)
ij (t) = H

ε(0)
ij (t)+

∑
m/∈D

L
ε(n−1)
im (t) ·Hε(0)

mj (t)+
r∑

i=1

L
ε(n)
iws

·Ei(e
−λζε(u))pεiws

(du)Ewsj(e
−λζε(t−u)).

Therefore,

Hε
wsj(t) = Lε

wsj(t) +
r∑

n=1

Lε
wswn

∗Hε
wnj(t).

The solution of this equation can be represented in the next form

Ei(e
−λζε(t)) =

k∑
n=1

∫ t

0

Ei(e
−λζεn(t))pij(du)L

ε
wnj(t− u).

Theorem 1. If E(e−λζε(u))pij(du) is a non-lattice matrix and conditions 1–5 hold, then there
exist a matrix C and a normalizing factor g(ε) → 0 (ε → 0) such that for i ∈ Es, j ∈ Ek

lim
ε→0

Hε
ij

[ t

g(ε)
,

t

g(ε)
+ u

]
= u · qsk(t) ·

p
(k)
j

πk

where qsk = [etC ]sk, πk =
∑

i,j∈Ek
p
(k)
i ·

∫∞
0

tFij(dt), H
ε
ij[

t
g(ε)

, t
g(ε)

+ u] is a renewal function on
the interval [ t

g(ε)
, t
g(ε)

+ u].

Proof. Suppose w1 ∈ E1, w2 ∈ E2, ..., wr ∈ Er, D = {w1, ..., wr} and introduce the next
functions

H
ε(0)
ij (t) = δij +

r∑
s=1

Eiws(e
−λζε(t)) ∗Hε

wsj(t),
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H
ε(n)
ij (t) = H

ε(0)
ij (t) +

∑
m/∈D

Eim(e
−λζε(t)) ∗Hε(n−1)(t)

mj .

We consider

Hε
ij(t)−H

ε(n)
ij (t) =

∑
m1 /∈D

Eim1(e
−λζε(t)) ∗ (Hε

m1j
(t)−H

ε(n−1)
m1j

(t)) = ... =

=
∑

m1 /∈D,...,mn /∈D

Eim1(e
−λζε(t)) ∗ .. ∗ Emn−1mn(e

−λζε(t)) ∗ (Hε
mnj(t)−H

ε(0)
mnj

(t)) =

=
∑

m1 /∈D,...,l /∈D

Eim1(e
−λζε(t)) ∗ · · · ∗ Emnl(e

−λζε(t)) ∗Hε
lj(t) ≤ E(e−λζε(∗n)(t)) ∗Hε(t) → 0,

when ε → 0.
So, Hε

ij(t) → H
ε(n)
ij (t), when n → ∞, ε → 0.

Arguing as in [1] we deduce

Hε
wswk

( t

g(ε)
+ y

)
−Hε

wswk

( t

g(ε)

)
→ y · qsk(t) ·

1

mk

,

where qsk(t) is the (s, k)-th matrix element.
Then,

Hε
wsj

( t

g(ε)
+ u

)
−Hε

wsj

( t

g(ε)

)
=

r∑
m=1

∫ t
g(ε)

+y

0

Hwswm(du)Lε
wmj

( t

g(ε)
+ y − u

)
−

−
r∑

m=1

∫ t
g(ε)

0

Hε
wswm

(du)Lε
wmj

( t

g(ε)
− u

)
.

Integrating by parts we obtain

Hε
wsj

( t

g(ε)
+ u

)
−Hε

wsj

( t

g(ε)

)
=

=
r∑

m=1

∫ t
g(ε)

0

[Hε
wswm

( t

g(ε)
+ y − u

)
−Hwswm

( t

g(ε)− u

)
]Lε

wmj(du)+

+
r∑

m=1

∫ t
g(ε)

+y

0

Hε
wswm

( t

g(ε)
+ y − u

)
Lwmj(du)−

r∑
m=1

[
Lε
wmj

( t

g(ε)
+ y

)
− Lwmj

( t

g(ε)

)]
.

We then find the limit∫ t
g(ε)

+y

t
g(ε)

Hε
wswm

( t

g(ε)
+ y − u

)
Lε
wmj(du)−

[
Lε
wmj

( t

g(ε)
+ y

)
− Lε

wmj

( t

g(ε)

)]
≤

≤ (Hwswm(y)− I)
[
Lwmj

( t

g(ε)
+ y

)
− Lε

wmj

( t

g(ε)

)]
−→ 0, ε −→ 0.

Then, for a fixed T > 0 and we evaluate the next integral

sup
ε

∫ t
g(ε)

T

[
Hε

wswm

( t

g(ε)
+ y − u

)
−Hε

wswm

( t

g(ε)
− u

)]
Lε
wmj(du) ≤
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≤ sup
ε

∑
r≥[T/h]

∫ (r+1)h

rh

[
Hε

wswm

( t

g(ε)
+ y − u

)
−Hwswm

( t

g(ε)
− u

)]
Lε
wmj(du) ≤

≤ sup
ε

∑
r≥[T/h]

[
Hε

wswm

( t

g(ε)
+ y − rh

)
−Hwswm

( t

g(ε)
− (rh+ h)

)]
×

×
∫ (r+1)h

rh

Lε
wmj(du) ≤ [A(y + h) + 2B] sup

ε

∫ (r+1)h

rh

Lε
wmj(du) ≤

≤ [Ay + 2B] · sup
ε
[Lε

wmj(∞)− Lε
wmj(T )] + A · sup

ε

∫ ∞

T

uLε
wmj(du).

Hence,

lim
ε→0

sup
0≤u≤T

[
Hε

wswk

( t

g(ε)
+ y − u

)
−Hwswk

( t

g(ε)
− u

)]
≤ Ay + 2B < ∞

and from [2] we obtain∫ T

0

[
Hε

wswk

( t

g(ε)
+ y

)
−Hε

wswk

( t

g(ε)

)]
Lε
wkj

(du) −→ y · qsk(t) ·
1

mk

Lwkj(t).

Then
Hε

wsj

( t

g(ε)
+ y

)
−Hε

wsj

( t

g(ε)

)
−→ y · qsk ·

1

mk

Lwkj.

As result,

Hε
ij

( t

g(ε)
+ y

)
−Hε

ij

( t

g(ε)

)
−→ y · Liws · qsk(t) ·

1

mk

Lwkj.
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