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The paper describes approximation properties of interpolation spectral subspaces of an
unbounded operator A with discrete spectrum o(A4) in a Banach space X, as well as ones
corresponding subspaces £ ,(A) of analytic vectors relative to A. Some properties of subspaces
&, p(A) are established, including the possibility of their identification with the interpolation
subspaces obtained by the real method of interpolation. A relation between spectral subspaces
and subspaces & ,(A) of analytic vectors of A is also established.

We prove the inequalities that provide a sharp estimate of errors for the best approximations
by interpolation spectral subspaces, as well as the subspaces Eé’yp(A). Such inequalities fully
characterize the subspace of elements from X in relation to rapidity of approximations. The
obtained estimates of spectral approximation errors are expressed in terms of the quasi-norms
of the approximation spaces B; ,  (A) associated with the given operator A. In this regard,
the E-functional is used that plays a similar role as the module of smoothness in the function
theory.

We use the so-called normalization factor to write the constants in the estimates of spectral
approximation errors. This normalization factor is determined by the parameters 7 and s of
the approximation spaces Bj , (A) and has a special form in the case 7(1 + s) = 2.

Applications to spectral approximations of the regular elliptic operators with variable
smooth coefficients in the space Ly (€2) over an open bounded set 2 C R™ and some self-adjoint
ordinary elliptic differential operators in a bounded interval = (a,b) are shown.

1. Introduction. Our purpose is to study the approximation properties of interpolation
spectral subspaces relative to a given unbounded operator A with discrete spectrum o(A) in
a Banach space X. We associate the spectral subspaces with the invariant subspaces £ (A)
of analytic vectors of A (see [4, 6]). Some necessary to us properties of these subspaces are
given in Theorem 1. The relation between £ (A) and spectral subspaces (see Theorem 2)
is crucial to obtain a sharp error estimate for the best approximations in X.

To estimate the best approximation errors, we apply the approximation FE-functional
(more details in |2, 16]) and the special scale of approximation spaces B:, .(A) associated

q?p?T
with A. We give the estimates of spectral approximation errors in terms of the quasi-norms

of B:, .(A).

9,p,T

The essential in our approach is that the approximation spaces B , . (A) can be identified

with interpolation spaces obtained by the real method of interpolation.
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Suppose that (X, |- |z,) and (X1, |- |x,) are quasi-normed spaces, that form a compatible
pair (X, X1)(see e.g. |2, 15]). To explain the K-method, for every compatible pair (X, X1)
we define the K-functional by

K(t,.x;%o,%l) = {ll’lf (‘350’2%0 + t2 |LE1’§1)1/2 T X € %0,.131 S %1,330 +x = I}

for t > 0 and x € Xy + X;. This definition is the same as in [15]. More usual way is to replace
the 2-norm (|3, + ¢ ]x1|§€1)1/2 by the l-norm |zg|x, + t|z1|x, in this definition, e.g. [2].
But it leads to the same interpolation spaces and equivalent norms. We also consider the

functional K (t,z; X0, %1) = m_iﬂnim max (|zo|x,, t]21]x, )-

Now let us define, for every compatible pair (X, X;), and for 0 <6 < 1,1 <r < o0,
(%0,%1 —{ZEE%Q—i‘%l |CL’| %X0,%1)0 <OO},

this interpolation space with the quasi-norm

(e[t eKtxj{O,j{l)]rdt/t)l/r, 1 <r<oo,
|Qf| Xo,X1 0
sup;oot K (¢, x; X0, X1), r = 00.

Our preferred choice of the 2-norm will be, that is due to use of the so-called normalization
factor

Ngr =

)

0 r(1=0-1(1 4 12)=2qt) " 1 <r < o0,
(Jo
6=0/2(1 — §)~(1=0)/2, r = 00.

This normalization is used in [3|, with a focus on establishing when equivalence of norms is
in fact equality of norms in the results of the interpolation theory. We use the normalization
factor Ny, to write the constants in estimates of spectral approximation errors (Theorem 3).
The established inequalities fully characterize the subspace of elements from X in relation
to rapidity of approximations.

Note that exact estimates for approximation errors of spectral approximations for un-
bounded operators in Banach spaces, using the Besov-type quasi-norms and normalization
factor Ny, = [r0(1—0)]"/" for 1 <r < co and Ny = 1, are given in [9]. Np,, is also used in [5]
to study the approximation problem by invariant subspaces of analytic vectors of positive
operators in Banach spaces. The calculated constants in estimates are asymptotically exact
in the sense that for a fixed 6 (0 < 6 < 1) the following limit Tli_)rlglo(ﬁrz)l/’”‘)[N(;,r]_l/(’ =1is
valid. Actually, in this paper, we also have a view of the exact estimates in the same sense.

Note also that usage of Ny, permits to obtain the improved estimates for the spectral
approximation errors. In particular, we get the constant ¢; o = 1/2 in the inequality (3)
from [5, Theorem 2|, while ¢; o, = 1 in (1) from [9, Theorem 2|.

The last section of this paper contains applications. Similarly to [9], we give new estimates
of the spectral approximations errors for a regular elliptic operator in L,(£2) over an open
bounded set 2 C R™ and for some self-adjoint ordinary differential boundary-value problems.

Finally, note that the applications of analytic vectors to approximation problems can be
found in [8, 10, 11, 14| and etc. As for exact constants in direct and inverse approximation
theorems of the functions theory, see also [1, 17].

2. Subspaces of analytic vectors and spectral subspaces. Let A: D!(A) — X be a
closed linear operator with a dense domain D'(A) in a Banach space (X, | - ||x). We assume
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that A has a discrete spectrum o(A), i.e., its resolvent R(\, A) = (A — A)~! has only isolated
eigenvalues {)\; € C: j € N} of finite multiplicities, which are poles with the limit at infinity.
In particular, this guarantees the compactness of R(A, A) (see e.g. [13, p. 187]).

For any v > 0 and k € Z, we put z;, = (A/v)Fz, v € D®(A) := Mkez, © F(A). Let
{7}, trez, denotes the rearrangement of the elements by magnitude of the norms:

25l = o7, Ml = - = g, llx =

For 1 < ¢ < oo and 1 < p < oo the subspaces & (A) have the following form:
Erp(A) = {z € X1 |lolley, a) < o0}
where

1/p
21
(ZkEN ||$Zfl,u||§ekq > ) 1 S p < 00,

zllex,a) = R
SUPgen || Th_1,,[lxk7, p = oo.

1/q
If ¢ = p then & (A) = &/(A) and ||z|[er(a) = <ZkeZ+ ka,,|]§€> in the case 1 < ¢ < oo
(specified also for ¢ = o0).

Theorem 1. (a) If0 <0 <1 and 1 <r < oo then
(E7(A), EL(A))g, = Ej1—a) - (A). (1)

(b) The contractive inclusion £/ (A) & EF (A) with p > v holds.
(¢) The restriction Algy (a) is a bounded operator in & ,(A).
(d) Every space £/ (A) is complete.

Proof. (a) As follows from [16, Remark 3.1],
Koo(t, 23 €7(A), E4,(A)) < K(t,2; €] (A), E%(A)) < V2K (t,2; €7 (A),EL(A)).  (2)

Using [19, Theorem 1.18.3/1] and (2) for 1 <r < oo, we obtain

s eecny, ~ D5 I(ZH%ny) > 3 00

s=1 s=1
s—1

o0
2 (Z ||xz,u||x) <o SR
k=1 k=1

s=1
Consequently, we get (1) for 1 < r < oo. In the case r = oo, one obtains

s—1

Il e ayex oy, ~ 5000 3 okl ~ sups'™llal e
= s k=0

(b) For any u > v, we have

[elleg, ) < llley, ), = € EH(A),
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that yields the contractive inclusion £ (A) 9= ¥ (A).
(c) fze& (A) and 1 <p < oo, then

lAZZy = v D (k+ D5 (A ally < VIl

k‘eZ+

with the modification when p = oo,

|Az]gy _(a) = v sup (k +1)Y9]| (A/u)’“a:”x < vl|zlles ().
+

It follows that the invariance and boundedness of Algy () in &,(A).
(d) By [7, Theorem 1(iv)] we have the completeness of £;(A) for ¢ = 1,00. Then the
space £, (A) is complete as an interpolation space according to (1). ]

Let Ry, (A) = {z € D>*(A4): (A\; — A)"z = 0} be a spectral subspace, corresponding to
the eigenvalue \; of multiplicity r; and R”(A) be the linear span in X of all spectral subspaces
R, (A) such that |A;] < v. Next, let Sy, (A) = {z € D=(A) : (\; — A)z = 0} be a subspace
of eigenvectors, corresponding to \; € 0(A) and S”(A) be the linear span of all Sy,(A) such
that |\;| = v, \; € 0(A). Denote Q"(A) = R”(A) & S"(A) and let us show the relation

between the subspaces of analytic vectors and spectral subspaces.

Theorem 2. The following equalities hold
£/(A) =R(4), &L(A)=Q"(4), (3)
where 1 < g <oo. If1 <qg<ooand1 <p < oo then
Egp(A) = (RY(A), Q"(A))1_1 /g, - (4)

Proof. Each spectral subspace R”(A) coincides with the range of Riesz projector P, =
(2mi)~" fv()‘ — A)7'd\, where v is a closed contour, spanning all eigenvalues \; of A such
that |A\;| < v [12, Theorem 5.14.3]. The spectral radius of AP, = A|gv(a) is less than v, i.e.
limy o0 || (AR)¥||V* < 1. So,

lzlgy = D A/ 2|} < ll2ll§ Y I1AR|*/v* < o0

keZ keZ

for all z € R"(A). Thus, R(A) C &/(A) for any 1 < g < o0,

On the other hand, for each z € £} (A), we have [[(A—A) " 2|y (1) < [(A=A) ||z ]lex ()
and (A — A)'( A= A)z = (A — A) (A — A)~'z = x for all X located on the resolvent set p(A)
of A. Hence, (A — Algy(a)) " is the resolvent of Algy(a) and p(A) C p(Algy(a)). So, the unit
operator [|gy(a) on £(A) can be represented as [|gy(4) = (2mi) " J,(A = Algga) THdA. Tt
follows that I|gy(a) = F,|er(a) and the inclusion £/(A) C R”(A) holds for any 1 < ¢ < co.
So, the first equality (3) is valid.

Using [18, Lemma 1], we have ££,(4) C & Ri;(A). Then it is sufficient to prove the
VHRYIReZ
equality

S3,(4) = EL(A) N Ry, (4) (5)

J
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for indices j with |\;| = v. Assume that (5) is not true. Then there exist root vectors
Zg, . .., T, corresponding to A;, such that |\;| = v and z, € £ (A), r > 1. From the equality

T k .
k § k—i
A Ty = (1))\J Lr—i, k Z T,

=0

it follows that

Since z # 0, one has v~ "||zg||x # 0 and x, ¢ EX (A). So, the equality (5) holds for all j such
that |\;| = v, as well as the second equality (3) is valid.
The equality (4) directly follows from (1) and (3). O

3. Estimates of spectral approximation errors. We study in this section the case of
spectral approximation, where the operator A has a discrete spectrum in a Banach space X.
Following [6], on the union &,,(A) = [, &, (A) we define the quasi-norm

|zle, 4y = ||lz]|lx +inf {v > 0: 2 € £ (A)},
so that [z + yle, ,a) < [2le, 1) T [¥le, ) for all z,y € &, ,(A).

For a pair indices {0 < s < 00,0 <7 < 00} or {0 < s < 00,7 = 00}, we assign the appro-
ximation spaces By , (A) ={x € X : [z|p; _(a) < oo}, where

|z

R B 2 E,,(A), )] dt/) T, 0 <7 < o0,
() SUP;~q tsE(taaj; ‘9qp( )7%) T =00,

and E(t, ;& ,(A), X) = inf {|lz — zo||x: z0 € E;p(A), |z0le, 1) <t} forall z € X.
If ¢ = p then &,,(A) := &,(A) and we obtain the approximation spaces B . (A) =:

q9,9,T
B; . (A), which were considered in [7, 9].

Now let us define, for any x € X and v > 0,

Dy, (v, 4) = inf { [l — wollx: 20 € (R(A), Q" (A)), ., }

this is a best approximation of element x by root vectors of interpolation spectral subspace
(R"(A), Q"(A)),_,,,, relative to A.

Theorem 3. The following estimate of spectral approximation errors holds

Dy (v, A) < cs v f|a

By e (4)y T € By (A), (6)

q9,p,T

with ¢, = 20F92(72(1 4 5))~ UTNl}ais) 7(1+s)

In addition, if T =2/(1 + s) then

if0 <7 <00 and cs o0 = 1.

Dg,p(x7 A) < ¢V ‘x|8qp2/(1+s)(A)7 T e BZ,p,Q/(l—I—S)(A)? (7)

is achieved for ¢, = [((1 + s)/m)sin(7/(1 + s))]1+9)/2.
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Proof. Integrating by parts, we similarly to [9] get

oo 1 o0
/ (VKoo (v, 75 Ep(A), X)) dv/v = —%/O Koo (v, 7;E,,(A), X) dv™"" =
0

o 1 o0
= R (0,2 €, (A), X = / (t/E(t, 31, ,(A), X)) 0rde" —
or J, ’ or J, ’
1 e .
=33 (t°B(t,z;E,,(A), X)"dt/t with s=1/0—1.

By [16, Remark 3.1|, one obtains that
Koot €4y (A), %) < K (1,21 ,,(A), X) < VKoo (1,1 E,,(A), X). 5)

Using (8), we get

o0

1 [ _ .
Wl B ) = = /0 ("B (t,a; E4p(A), X)) dt/t = /0 (VO Koo (v, 25 E,0(A), X)) dv /v <

< [ 0K @ A0 dof = e, o,

From the right inequality (8) it follows that
|x|€5q,p(A)’x)9 r S 2r/2 / (U_QKOO (U’ Z; gqu(A>’ %))Tdv/v =
’ 0

T 1 > S T T
=l [ B s A) 0t = 2Pl
As a result, from the previous inequalities, we get

(e, ()2, < 272(00%)

B, ) < 27%ale, ), With 7=0r (9)

Let us define the function g(v/t) = (v/t)(1+ (v/t)?)~Y/2, t,v > 0. By integration of both
sides of g(v/t)K(t,x;E,,(A), X) < K(v,2;&,,(A), X), we get

(/OOO (v g(v/t))rdv> K(t,x;6,,(A), %) <
S(/000(U_GK(U’I;gq’p(A)’%W%) = [l .2, /Ooo(v g(v/t))ci (t°Ng, )"

It follows that
K(t7 xT; gq7p(A)7 %> S t0N9,T|x|(5q,p(A)vx)0,r' <1O)

We choose t > 0 according to [2, Lemma 7.1.2|, so that
BBt x;E,,(A), X)) <vPK (v,2;8,,(A), X). (11)
Taking into account (8), (10) and (11), we have

UlieE(q% x? gq,p(A>7 %)9 S tieKoo (ta ZE, gﬁbp(A)’ %> S N977|x|(5q,p(14)7x)

0,7‘.

Applying (9), we obtain v' Y E(v, 2; &, ,(A), X)? < V2(0r*) V"N,

0
Bs p,T (A) :
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So, if 1 <r < oo, 7=0r and s =1/ — 1, one obtains that

E(t,z;E,(A),X) <cs.t° |x

BS,p,T(A)’ z 6 B;,p,T(A)7 (12>

. s —1/r 1+s
with ¢, = 205)/2(72(1 4 )" VINGEL
If r = oo then

E(t,z;E,,(A),%X) <t °|z

Bg,p,oo(A)7 YIS BS (A) (13)

q7p7oo

Let us r(xo) = inf {v > 0: 29 € £/ (A) }. If |20le, ,a) = 7(20) + [|zollx < p then r(zo) <
= ||zol|x. Therefore, 2o € £/ (A) for all v > 0 such that r(zo) < v < p — [|2o||x.

By Theorem 1(b), we have £/ (A) C &/ (A). It yields x € £ (A). Hence, for any p > 0,
the following inequality holds

inf { ||z — zollx: 20 € €L, (A)} < B, 2;E,,(A), X), z € X. (14)

By (12), (13) and (14), it follows that

inf{||:n — xo||lx: xo € €;p(A)} < CS,TV_S|1'|B;7P,T(A), r € B, (A), (15)
with ¢y, = 209)/2(72(1 + s))*l/TNl(}le‘is) (145 0 <7 <00 and ¢yo = 1. Now, taking into

account (4), from (15) we obtain (6).
By [15, Exercise B.5], we have Npo = ((2/7) sin(w6))/2. So, if 7 = 2/(1+ s) the estimate
(6) yields (7). O

Remark 1. In the case ¢ = p, we get the estimate

inf {{|z — xol[x: 2o € R"(A)} < s v %25 (a), T € By (A),

with ¢, , = 2079)/2(72(1 + S))*l/TNl(}ais) sy 10 <7 <ooand ¢y = 1.

If g=pand 7 =2/(1+s) then
inf {Jla — wollx: 70 € RY(A)} < corfolss, . ayr @ € Bhyspny(A),

with ¢, = [((1+ s)/7) sin(7/(1 + s))]1+9)/2,

4. Applications. In this section, we give the estimates of spectral approximation errors for
some classes of elliptic differential operators.

Regular elliptic differential operators.

In the space L,(2) (1 < ¢ < o0) over an open bounded set 2 C R"™ with infinitely
smooth boundary 99, we consider the closed linear operator A with the domain W;>(Q) =
{ue W2m(Q): bju |ga=10, j =1,...,m} via the regular clliptic system [19, Def. 5.2.1/4]

(Au)(§) = Y @)D u(§), aa €C™(Q), Q=0QUIQ,

la|<2m

(bu)(€) = Y bal@Du(E), bja € C¥(09), j=1,...,m.

loo|<m;



APPROXIMATION BY INTERPOLATION SPECTRAL SUBSPACES 169

We assume that 0 € p(A) for simplicity. It follows that A has a compact resolvent R(\, A)
for any A € p(A), as well as the spectrum o(A) is discrete and is independent on ¢ [19,
Sec. 5.4.4].

For 0 < s <o0,1<q<o0,1 <7 <00, we consider the subspace of the Besov space
B; (€2), which is associated with A (see [19, Def. 4.2.1/1]),

Bi A ={ue B (Q):bjA |po=0,j=1,...,m, k€ Z;}.
Theorem 4. The following inequality holds,
Dy (u, A) < cs v %lulps (), u€ By, (), (16)

if0 <7 <00 and cs oo = 1.

with ., = 204)/2(72 (1 + 5))VINGED L
IfT=2/(1+s), then
D;p(u,A) < cov” " |ulps S ayre (@ U € 33,2/(1+s),A(Q)a (17)
with ¢, = [((1 + s)/7) sin(7 /(1 4 5))]0+)/2,
Proof. Using (15) from [9, Theorem 3| and (1), one obtains for every p (1 < p < 0co) that
BZpT(A) B;TA(Q)

Thus, the inequalities (16) and (17) follow directly from (6) and (7). O

Legendre differential operators.
In the space Lo(f2), where Q = (a,b), —00 < a < b < oo, we consider the Legendre
differential operators

m A d™u B B
A= (=) e (p(f)d£m>, 1=01,....,m, m=12,...
with D(4,,;) = {u € C*(Q): uV(a) = w)(b) =0,5 = 0,. — 1 — 1} for all indices

=0,1,...,m—1,and D(A,,m) = C=(Q) (see [19, Def721])
By [19, Theorem 7.4.1], AmJ has a closure A,,; in Ly(Q2) with the domain Z)(A ) =
{u e Wim™(Q; p*): uP(a) = u(b) =0, =0,...,m—1—1} for [ =0,1,..., 1, and
D(Apm) = WEm(Q; p*™). In addition, A,,; is the operator with discrete spectrum.

Theorem 5. The following inequality holds
D;p(ua Aml) S Cs TV_S|U|B§’T(Q)7 (IS BQpT(Aml)7 (18>
. _ s 7 pr(1+s)
with ¢y, = 209/2(72(1 4 5)) =V Ny (its)r(1as)
If 7 =2/(1+ s) then

Dy, Apg) < esv*lulsy, (@)

with ¢, = [((1 + s)/7) sin(7 /(1 + 5))]1+2)/2.

Proof. Using (17), (18) from [9, Theorem 4] and (1), one obtains for every p (1 < p < o0)
that

if0 <7 <00 and 500 = 1.

u e B;,p,Q/(l+s) (AmJ), (19)

B3,pr () = {u € B3 (9): (A, )P (@) = (Ak, u))(5) =0,

ij,...,m—l—l,k€Z+}

for[=0,1,..., m—1, and B;

5 pr(Amm) = B3 (). It remains to apply Theorem 3. O
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