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Let A and B be given linear operators on Banach spaces X and Y. We denote by M the

A .
operator defined on X &Y by M¢ = 0 g . In this paper, we study an abstract boundary
value matrix problems with a spectral parameter described by Drazin invertibile operators of

the form
U, =AMcw + F,
Tw=®,

where U, M are upper triangular operators matrices (2 x 2) acting in Banach spaces, T' is
boundary operator, F' and ® are given vectors and A is a complex spectral parameter. We
introduce the concept of initial boundary operators adapted to the Drazin invertibility and
we present a spectral approach for solving the problem. It can be shown that the considered
boundary value problems are uniquely solvable and that their solutions are explicitly calculated.
As an application we give an example to illustrate our results.

1. Introduction and preliminaries. Many linear boundary value problems in mathemati-
cal physics can be written as the abstract equation

UL:)\MCw+F, (1>
I'w= o,

where Uy, M are upper triangular operators matrices (2 x 2) acting in Banach spaces, I is

a boundary operator, F' and ® are given vectors and \ is a complex spectral parameter.

The boundary value problems have been studied by numerous authors, see for example
[1, 3,5, 6, 7, 9] and the references cited therein. This paper is devoted to solving problem (1)
in the case where the operator Uy, is Drazin invertible.

In order to state our main result, let us introduce some notation and definitions. Let
X,Y, E and Z be complex Banach spaces. Let C(X,Y’) and B(X,Y") denote the set of closed
linear operators and bounded linear operators from X into Y, respectively. When X =Y, we
write C(X, X) = C(X) and B(X, X) = B(X). The identity operator on a Banach space X
is denoted by Iy. The domain of an operator A defined from X into Y is denoted by D(A),
the null space and range of A will be denoted by N(A) and R(A), respectively.
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The product AB of two operators A, B defined from X into X is given by
BA(z) = B(Ax) for x € D(BA)

where D(BA) = {x € D(A): Ax € D(B)}.

For all n € N, the domain, the null space and the range of power operator A" are
defined by

D(A™) .= {x € D(A): A*2 € D(A), k=1,...,n— 1},
N(A™M) :={x e D(A"): A"z =0}, R(A"):={A"z: 2 € D(A")},
and for n = 0 by
A’ =1, DAY =X, N(A°) ={0}.

The ascent a(A) and the descent d(A) of A are given by

a(A) = inf{n > 0: N(A") = N(A"1)} and d(A) = inf{n > 0: R(A") = R(A")}.

An operator A € C(X) is said to be Drazin invertible, if there exists an operator S € B(X)
such that

SA=AS SAS =S and ASA = A+ U where U is a nilpotent operator. (2)
The operator S is called a Drazin inverse of A, denoted by AP,

2. Spectral boundary value problems for upper triangular operator matrices.
In this section we generalize the results of [7] to the matrix case by studying boundary value
problem (1) described by an upper triangular operator matrices (2 x 2) acting in Banach
spaces.

Let U; and U, be linear operators defined on X and Y, respectively. We denote by Uy,
the matrix operator defined on X @Y by

(Ui L
U= (0 Ug)
for a given linear operator L: Y — X.
To identify explicitly the unique solution of (1), we first define the initial boundary
operators corresponding to Drazin invertible operators and we construct the adapted boun-

dary operator I' of Uy..
If AP is the Drazin inverse of the operator A, then

D(A) =R(A™) & N(A™), with d(A) =a(A) =m < occ. (3)
Definition 1 (|7]). The operator I': X — F is said to be an initial boundary operator for a
Drazin invertible operator A corresponding to its Drazin inverse A” if
(i) TAP =0 on D(AP);
(i) there exists an operator II: E — X such that 'l = Iz and R(IT) = N(A™) with
m = a(A) = d(A).
Lemma 1 (|7], Theorem 3). Let A € C(X) be Drazin invertible operator with AP € B(X).
Then there exists an € > 0 such that (I — AAP) is invertible for |[\™!| < ¢ and the boundary
A—- Nz =
value problem {( Joe =1,
I'e=¢
2{? = AP(I = XAP)™' f 4+ (1 = AAP) Iy
for every f € R(A™), with a(A) = d(A) = m.

has the unique solution
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Theorem 1 ([6]). Let A, B be two linear operators on X such that R(A) C D(B) and
R(B) C D(A), then I — AAB is invertible if and only if I — ABA is invertible for all A # 0.
In this case, we have

(I =ABA)"' =1+ AB(I —XAB)'A (4)
and

(I =AAB)™' =1+ MA(I —ABA)™'B. (5)
Corollary 1. Let A, B be two linear operators on X such that R(A) C D(B) and R(B) C
D(A). If X! € p(AB) then

(Ix —MAB)'A = A(Ix — ABA)™*.

In the following proposition, we construct the boundary operator for Drazin invertible
upper triangular matrix operator.

Uy

0 U,
inverses of Uy and Us respectively. I'y and I'y are boundary operators for Uy and Uy with the
boundary spaces E and Z, respectively. If N(Uy*) C N(L™) with m = a(UL) = d(Uy) then

1;]1 19 ) from X @Y into E ® Z is a boundary operator for Uy,.
2

Proposition 1. Let Uy, = ( defined on X &Y. Assume that UP and UY are Drazin

the operator I' = (

Proof. We observe that T /UP = 0, [,UP = 0 and there exist II;: F — X and [I,: Z — Y
such that F1H1 = IE, R(Hl) = N(Ulm> and FQHQ = Iz, R(HQ) = N(Uzm)
Dmmﬂwﬂz(%’g):E@Z—+X@Y
2
Since U; and Us are Drazin invertibles, then so is Uy. Let U2 be the Drazin inverse of U,
then R(UP) = R(UP)eR(UP) c N(T1)@N (I'y) = N(T), hence TUP = 0 and 'l = Ipgy.
The condition N (UJ*) € N(L™) implies that R(IT) = N (U}"). O

Let A and B be given linear operators on Banach spaces X and Y, and consider the
operator M defined on X &Y by
A C
MC - (0 B) )

where C'is a linear operator from Y into X such that D(Uy) C D(Mc).
According to Proposition 1, we define the following spectral boundary value matrix
problem for unknown w € D(Up) by

(P) {(FZ:_ e =1

where F € X XY, ® € E x Z and )\ € C is a spectral parameter. We denote R)\[UP A] =
(Ix = AUPA)™! and RA[UPA] = (Iy — \UPB)™!, UP and UP are Drazin inverses of U; and
Us,, respectively.

Our main objective is to establish the existence and uniqueness of solutions for the
boundary value problem (P). In the theorem below, we give an explicit expression for the
solution of the problem (P).
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Theorem 2. If \™' € p(UPA) N p(UPB), the boundary value problem (P) is uniquely
solvable for any F' € X xY and ® € E x Z, the solution is given by

wy® = Gro(UPF 4+ T19),

D D 11D D . D
where UP — (U1 0 ) and Gy o — (RA[Ul Al —UPRA[UPAJ(L — \C)R,[UY B])'

0 UP 0 R, [ULB]
Proof. We show that (U, — AMg)wi® = F, we have

(U, — AMe)wh® = (Up — AMo)GrLcUPF + (Up — AMg)Gp c119.

Then
(U, — AM¢)GroUPF =
D _ 77D D _ D D
— (U — A\M¢) <RA[%1 Al —UPR,\[U] ﬁ]A([LUQDE;\]C)RA[Uz B}) (giDﬁ) _
(U = 2A) (L—XC)
- 0 Uz —AB))
o (BAUPAI = ORI AL~ AR BUE 1
R\[Uy BIUY f
(G priaiay
(U2 = AB)UYRA[BUY] f ’
and

(U — AMe)Gpcll® =
(U = M) [RA[UP AJTLpy — UPRAUP A|(L — AC)R[Uy’ B]Tla0]
- +(L — AOYRA[UP BTy p09 =
(U2 - )‘B)RA[UQDB]H2SO2
_ ((U1 - )\A)RA[UIDA]ngol) _ <(U1 — M) [Ix + )\U{’RA[AUID]A]HN@l) _
(UQ — )\B)R)\[UQDB]HQQDQ (Uz — )\B)[Iy + )\UQDR)\[BUQD]B]HQ(,OQ
o (U1 — )\A)ngol + )\AH1Q01 . O
o (U2 — )\B)HQQOQ + )\BHQQOQ o 0)°

since R(I1y) = N (U") and R(I1y) = N (UJ).
Using the fact that I'UP = 0 and T2UP = 0, we get

Twy® =TGLo(UPF +110) =
_ (T 0 (RA[UPAUP fr = UPRA[UP AL — AC)RA[UY BIUY fo L
- \0 Ty R, [UPB|UP f,
(F1 O) <RA[U1DA]H1<,01 — UPR,[UPA|(L - )\C’)RA[UzDB]chpg) _
0 Iy R,\[U3 B¢,
(FlR/\[UlDA]HNDl - F1U1DRA[U1DA](L - )\C)R/\[UzDB]H2902> _
FzR,\[UzDB}Hzﬁ

_ (Fl[IX +)‘U1DR/\[AU1D]A]H1901) _ <F1H1<P1) —
FQ[IY + /\U2DR)\[BU2D]B]HQSOQ FQHQQOQ ’

_|_
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If wy,wy € D(Uy) are two solutions of (P), then

o (uo\ _ UP fo + Iigo
o=tz = (Uo> B (U2Dgo+H2¢o

for (fo,90) € X XY, o € F and 9y € Z. Thus,

(UL — /\Mc)UJO == O,
ng = 0.

0

Since T UP = 0,T,UP = 0 and T'Tl = Iggz, we deduce that (“00) = (0

Yo
Uy = UlDfo and vy = U2Dgo. So,
(7. _ _ (Ui =2A) (L=XO)\ (UPfo) _
o= wu=atepo= (M TG (U -

_ ((Ul — MU fo+ (L - AC)U2Dg0>
B (Uz — AB)UY g0 '

) . Then

Then, fo = go = 0, since A™' € p(UPA) N p(UP B). Hence, w; = wy and the uniqueness is
proved. O

3. Application. We consider the problem
4U 4u
Gt T+ 5t = f(z,y),
u(0,y) = o, (6)
u(zx,0) = vp.

We put v = —i% + ‘32772‘. Then the boundary value problem (6) becomes

e ()= (5 ) ()+0) 2

with the boundary conditions

u(0,y) = v(0,y) = ug, fory €R,
u(z,0) = v(z,0) = vy, for z € R.

(8)

Let UCB(I) denote the family of all bounded, uniformly continuous complexvalued
functions on an interval I and UCB*(I) be the set of all k times differentiable functions
in UCB(I) whose derivatives belong to UCB(I). Let X =Y = UCB(R) be a space equi-
pped with the uniform norm ||f|| = sup,cg |f(2)| and E = Z = R. Consider the operator

82
2 O
U= (88 a?)
Oy?

on X &Y with domain D(U) = UCB?*(R) x UCB?*(R).
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The null space N'(U) of the operator U is the set of all constant functions on R?. In
[4, Example 3.2] Butzer and Koliha proved that the operator A = d?/dz? defined on X =
UCB(R) with domain D(A) = UCB?*(R) is Drazin invertible with a(A) = d(A) = 1 and
they gave the expression of A”. According to this example we have U is Drazin invertible
with a(U) = d(U) = 1 and its Drazin inverse U” is given by

UPG(z,y) = (I — P)H(z,y) — (QH)(x,y), for G € X xY,
with
= () 6= (i) ro- () o= (i)
where

1 '3 y s
Pgc= Jim o [ autete tor €50, o) = [ [ (autent) - Poute)aras,
E=0028 )¢ o Jo

h
Qh, = lim M, for k=1,2.
ly| 2o Y
See [4] for more details.
Now, we take
0? 07
A= 1@7 C= [UCB(IR)a B = —Z@

and we define the initial boundary operator I' by

with this notations the boundary value problem (6) is equvalent to

Uw = Mcw + F,
['w = <u0> , (9)
Vo
where M¢ = (61 g) , W= (z) and I’ = (2) € (UC’B(R))Q.

2
And also define the maps IT by I1: R? — (U CB (R)) where

(n(x)>@w>=(ﬁ).

Then, T'Il = Iz, ' UPF = 0, and R(I1) = N(U). Due to Lemma 1, the operators Ix —UP A
and Iy — UP B are invertible. According to Theorem 2, the boundary value problem (9) (and
hence the problem (6)—(8)) has a unique solution.
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