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We show that if points of supports of two discrete ”not very thick” Fourier transformable
measures on locally compact abelian (LCA) groups tend to one another at infinity and the
same is true for the masses at these points, then these measures coincide. The result is valid
for discrete almost periodic measures on LCA groups too. Also, we show that the result is false
for some discrete ”thick” measures. To do this, we construct a discrete almost periodic measure
on the real axis, whose masses at the points of support tend to zero as these points approach
infinity.

1. Introduction. It was proved in [1], that if points of supports of two discrete ”not very
thick” Fourier quasicrystals tend to one another at infinity and the same is true for the
masses at these points, then these quasicrystals coincide. This result is based on the fact
that Fourier quasicrystals are almost periodic tempered distributions. Earlier P. Kurasov and
R. Suhr ([2]) showed that if zeros of two holomorphic almost periodic functions in a strip
get closer at infinity, then the zeros sets of these functions coincide. It is natural to expect
the same effect for other almost periodic objects, in particular, for discrete transformable
measures on locally compact abelian (LCA) groups (see, for example, [3] or [5]), which in a
sense can be regarded as analogs of quasicrystals for LCA groups.

To formulate our results we need some definitions.
Let G be a locally compact second countable σ-compact Abelian group, which is not

compact, Ĝ be the group of characters on G, Cu(G) be the space of uniformly conti-
nuous bounded functions on G with sup-norm ‖.‖∞, Cc(G) be its subspace of all compactly
supported continuous functions, and K2(G) be the span of the set {f1 ?f2 : f1, f2 ∈ Cc(G)}.
We will consider Radon measures on G, i.e. complex-valued σ-additive measures µ on the
algebra of Borel sets in G whose variation |µ| is bounded on every compact subset of G and
for any ε > 0 and Borel set A ⊂ G there is a compact set Kε ⊂ A such that |µ|(A \Kε) < ε.
We will say that a measure µ on G with support Λ is discrete, if for each λ ∈ Λ there is a
neighborhood λ+ U of λ such that (λ+ U) ∩ Λ = {λ}. If this is the case, we will write

µ =
∑
λ∈Λ

µ(λ)δλ, µ(λ) ∈ C,

where δλ means the unit mass at the point λ. A measure µ on G is called translation bounded
if for all compact sets K ⊂ G we have

sup
t∈G
|µ|(K + t) <∞. (1)
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A measure µ is Fourier transformable if there is a measure µ̂ on Ĝ such that for all g ∈ K2(G)

i) (µ, g) = (µ̂, ǧ),
ii) ĝ ∈ L1(|µ̂|).

Here ĝ is the Fourier transform of g, and ǧ is the inverse Fourier transform.
Fourier transformable discrete measures were considered in a series of papers [5]–[9].
A function g ∈ Cu(G) is almost periodic if the closure of the family of translates

{g(· − t)}t∈G is a compact subset of Cu(G). A Radon measure µ on G is almost periodic
if for each function f ∈ Cc(G) the function f ? µ is almost periodic on G.

By #A denote a number of points of the finite set A.
Let DM be the class of discrete Radon measures µ on G with the property

sup
x∈G

#{(x+ U) ∩ suppµ} <∞ (2)

for some neighborhood U of 0. Also, we say that discrete measures

µ =
∑
λ∈Λ

µ(λ)δλ and ν =
∑
γ∈Γ

ν(γ)δγ

come close to infinity, if there is a bijection σ between Λ = suppµ and Γ = supp ν with the
property: for any ε > 0 and any neighborhood V of 0 there is a compact K such that

λ ∈ Λ \K or σ(λ) ∈ Γ \K =⇒ λ− σ(λ) ∈ V and |µ(λ)− ν(σ(λ))| < ε.

Theorem 1. If translation bounded Fourier transformable measures µ, ν ∈ DM with
supports Λ,Γ, respectively, have pure point measures µ̂, ν̂ and come close to infinity, then
the measures µ, ν coincide.

Note that translation bounded Fourier transformable measure µ is almost periodic if and
only if µ̂ is pure point measure (see [3], [5]). Therefore, the above theorem follows from the
following one.

Theorem 2. If almost periodic translation bounded measures µ, ν ∈ DM with supports
Λ,Γ, respectively, come close to infinity, then they coincide.

Points λ ∈ Λ, γ ∈ Γ can be combined into lumps:

Theorem 3. Let supports Λ, Γ of discrete almost periodic translation bounded measures
µ, ν decompose into lumps

Λ =
⋃
α∈A

Λα, Γ =
⋃
α∈A

Γα, Λα ∩ Λα′ = ∅, Γα ∩ Γα′ = ∅ ∀α 6= α′,

such that for some neighborhood U of 0

sup
x∈G

#{α : (x+ U) ∩ (Λa ∪ Γα)} <∞, (3)

and for every neighborhood V and ε > 0 there is a compact set K ⊂ G such that the
implication is valid

(Λa∪Γα)∩K = ∅ =⇒ (Λa∪Γα) ⊂ x+V ∀x ∈ (Λa∪Γα) and |µ(Λα)−ν(Γα)| < ε; (4)

then the measures µ and ν coincide.
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Next, we show that the theorems may be wrong for discrete measures outside of DN .

Theorem 4. There is a positive discrete translation bounded almost periodic measure µ on
G = R such that

µ(λ)→ 0 as λ→∞, λ ∈ suppµ. (5)

We see that the discrete measures µ and 2µ are almost periodic, translation bounded,
and come close to infinity, but do not coincide.

2. Proof of Theorem 2. Assume that the measures µ and ν do not coincide. Then there
is a point a ∈ G such that µ(a) 6= ν(a). Without loss of generality suppose that a = 0. Take
a compact symmetric neighborhood U of zero such that

U ∩ (Λ ∪ Γ) = {0}.

Using (2) and reducing U , if necessary, we find N ∈ N such that for all x ∈ G

#{(x+ U) ∩ Λ} < N, #{(x+ U) ∩ Γ} < N. (6)

Furthermore, since the function

x1 + x2 + · · ·+ x3N+2, xj ∈ G ∀j,

is continuous on G3N+2, and 0 ∈ G has a basis of compact and symmetric neighborhoods, we
get that there exists a compact neighborhood V of zero such that V = −V and all algebraic
sums

Vk = V + V + · · ·+ V (k times, k = 1, . . . , 3N + 2)

are compact and symmetric subsets of U . Put

ϕj(x) = m(V )−1(pV ? pV3j)(x), j = 1, . . . , N.

Here m(V ) means the Haar measure of the set V , and

pA(x) = 1 x ∈ A, and pA(x) = 0 x 6∈ A.

Clearly, for all j = 1, . . . , N we have ϕj ∈ Cc(G) and

ϕj(x) = 1 for x ∈ V3j−1, ϕj(x) = 0 for x 6∈ V3j+1, 0 ≤ ϕj(x) ≤ 1 for all x ∈ G. (7)

The functions (µ− ν) ? ϕj are almost periodic and (µ ? ϕj − ν ? ϕj)(0) = µ(0)− ν(0) 6= 0 for
all j. Also, we have

|(µ−ν)?ϕj(x)| =

∣∣∣∣∣∣
∑

λ∈x+V3j+1

ϕj(x− λ)µ(λ)−
∑

γ∈x+V3j+1

ϕj(x− γ)ν(γ)

∣∣∣∣∣∣ ≤ |µ|(x+U)+|ν|(x+U).

Since U is a compact subset of G, it follows from (1) that for some C <∞ and for all j

sup
x∈G
|((µ− ν) ? ϕj)(x)| ≤ C. (8)



214 S. Yu. FAVOROV

Put

Ψ(x) =
N∏
j=1

((µ− ν) ? ϕj)(x).

This function is almost periodic on G and

Ψ(0) = (µ(0)− ν(0))N 6= 0. (9)

Fix b ∈ G, suppose that λ− γ ∈ V and for some i, 1 ≤ i ≤ N ,

ϕi(b− λ) 6= ϕi(b− γ).

Then we get either

λ ∈ b+ (V3i+1 \ V3i−1), γ ∈ b+ (V3i+2 \ V3i−2),

or
γ ∈ b+ (V3i+1 \ V3i−1), λ ∈ b+ (V3i+2 \ V3i−2).

Hence, in both cases we have for j > i

λ, γ ∈ b+ V3j−1 and ϕj(λ− b) = ϕj(γ − b) = 1

and for j < i
λ, γ 6∈ b+ V3j+1 and ϕj(λ− b) = ϕj(γ − b) = 0.

Thus, for every pair {λ, σ(λ)} such that λ − σ(λ) ∈ V there is no more than one index i,
1 ≤ i ≤ N , such that

ϕi(λ− b) 6= ϕi(σ(λ)− b).

Also, if λ or γ belong to b + V3N+1, then both λ and γ belong to b + V3N+2 ⊂ U . By (6), a
number of pairs {λ, σ(λ)} in the set U is less than N , hence there is at least one index j
such that for every pair

{λ, σ(λ)} ⊂ b+ U, λ− σ(λ) ∈ V, λ ∈ Λ,

we have
ϕj(b− λ) = ϕj(b− σ(λ)).

If, besides this, |µ(λ)− ν(σ(λ))| < ε, then, by (6),

|(µ ? ϕj − ν ? ϕj)(b)| =

∣∣∣∣∣∣
∑

λ∈x+V3j+1

ϕj(b− λ)µ(λ)− ϕj(b− σ(λ))ν(σ(λ))

∣∣∣∣∣∣ ≤ Nε,

and by (8),
|Ψ(b)| < NεCN−1. (10)

Since µ and ν come close to infinity, we see that for the neighborhood V there is a compact
set K ⊂ G such that

λ ∈ Λ \K or σ(λ) ∈ Γ \K ⇒ λ− σ(λ) ∈ V and |µ(λ)− ν(σ(λ))| < ε.
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Hence, if b 6∈ K + U , then under conditions

λ ∈ Λ, {λ, σ(λ)} ⊂ (b+ V3N+1),

we have
λ 6∈ K, λ− σ(λ) ∈ V, |µ(λ)− ν(σ(λ))| < ε,

hence we obtain (10).
Next, let G = ∪nKn, where Kn ⊂ Kn+1 are compact sets. Fix x ∈ G, and suppose

−x ∈ Kj. Take a sequence bn 6∈ Kn+K+U . We have bn+x 6∈ K+U for all n ≥ j, therefore,
by (10), for every x ∈ G there is j = j(x) such that

|Ψ(x+ bn)| < NεCN−1, n ≥ j. (11)

By the definition of almost periodicity, the close of the set {Ψ(·+bn)}n∈N is a compact subset
of Cu(G). Therefore, there is g ∈ Cu(G) such that an infinite number of functions Ψ(·+ bn)
satisfy the condition

sup
x∈G
|Ψ(x+ bn)− g(x)| < ε.

Using (11), we obtain
|g(x)| ≤ ε(1 +NCN−1) ∀x ∈ G.

In particular, |g(−bn)| ≤ ε(1 + NCN−1) and |Ψ(0)| ≤ ε(2 + NCN−1), which contradicts to
(9) for sufficiently small ε.

3. Proof of Theorem 3. By (3), take N ∈ N and a compact symmetric neighborhood U
of zero such that

N > sup
x∈G

#{α : (x+ U) ∩ (Λa ∪ Γα) 6= ∅}. (12)

As in the previous proof, suppose that µ(0)− ν(0) 6= 0 and

U ∩ (Λ ∪ Γ) = {0}.

As above, take the sets V, Vk and the functions ϕj(x), Ψ(x) satisfying conditions (7), (8),
and (9). Fix b ∈ G, suppose that

Λα ∪ Γα ⊂ V + x ∀ x ∈ Λα ∪ Γα, (13)

and for some α ∈ A and i, 1 ≤ i ≤ N ,

(Λα ∪ Γα) ∩ (b+ V3i+1 \ V3i−1) 6= ∅. (14)

Then we get
Λα ∪ Γa ⊂ b+ (V3i+2 \ V3i−2).

Hence, we have for j > i

Λα ∪ Γa ⊂ V3j−1 + b and ϕj(b− y) = 1 ∀y ∈ Λα ∪ Γα,

and for j < i

(Λα ∪ Γα) ∩ (V3j+1 + b) = ∅ and ϕj(b− y) = 0 ∀ y ∈ Λα ∪ Γα.
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Thus, for every α such that (13) satisfies, there is no more than one index i, 1 ≤ i ≤ N such
that (14) take place. Also, if (Λα ∪ Γα) ∩ (b+ V3N+1) 6= ∅, then

Λα ∪ Γa ⊂ b+ V3N+2 ⊂ b+ U.

By (12),
#{α : (b+ V3N+2) ∩ (Λa ∪ Γα) 6= ∅} < N,

hence there is at least one index j such that for all α ∈ A under condition (13) we have

(Λα ∪ Γα) ∩ (b+ V3j+1 \ V3j−1) = ∅ and ∀λ ∈ Λa, ∀γ ∈ Γα ϕj(b− λ) = ϕj(b− γ).

If, besides this, |µ(Λα)− ν(Γα)| < ε, then, by (12),

|(µ ? ϕj − ν ? ϕj)(b)| =

∣∣∣∣∣∣
∑

λ∈Λ∩(b+V3j+1)

ϕj(b− λ)µ(λ)−
∑

γ∈Γ∩(b+V3j+1)

ϕj(b− γ)ν(γ)

∣∣∣∣∣∣ ≤ Nε,

and, as above,
|Ψ(b)| < NεCN−1. (15)

Next, take a compact set K ⊂ G such that implication (4) satisfies for the same ε and the
neighborhood V . Hence, if

b 6∈ K + U, Λα ∪ Γα ⊂ b+ U,

then

(Λα ∪ Γα) ∩K = ∅, Λα ∪ Γα ⊂ V + x ∀ x ∈ (Λα ∪ Γα), |µ(Λα)− ν(Γα)| < ε,

and we get (15). The end of the proof is the same as in the proof of Theorem 2.

4. Proof of Theorem 4. Take rk = 2−(k+1)2 and put

Tk =
1

2k

(
k∑
j=1

S−rkj/k +
k∑
j=1

Srkj/k

)
, k = 1, 2, . . . ,

where St means the shift by t, i.e., for a measure µ on R we have Stµ(A) = µ(A − t) for
A ⊂ R. Put

µ0 = δ0, µ1 = µ0 + (S−1 + S1)T1µ0 = δ0 + (1/2)(δ−1−r1 + δ−1+r1 + δ1−r1 + δ1+r1),

µk = µk−1 + (S−3k−1 + S3k−1)Tkµk−1, k = 2, 3, . . . .

We need to show that a weak limit µ of the measures µk exists and has all the properties
declared in the theorem.

First, for N ≥ 2 we have
∞∑
k=N

rk = 2−N
2
∞∑
i=1

2N
2−(N+i)2 < 2−N

2
∞∑
i=1

2−2Ni = 2−N
2 1

22N − 1
<

rN−1

3(N − 1)
. (16)

Also note that for any x, x′ ∈ R we get

∀y, y′ ∈ suppTk(δx + δx′) : y 6= y′ =⇒ |y − y′| ≥ min{|x− x′| − 2rk, rk/k}.
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Since

3
h∑
i=j

rki < rs/s for s < kj,

the supports of the measures µs and TkhTkh−1
. . . Tkj+1

Tkjµs are disjoint. Then inequality (16)
for N = 1 implies that

∑∞
k=1 rk < 1/3, therefore

suppµs ⊂ Is =

(
1− 3s

2
− 1

3
,

3s − 1

2
+

1

3

)
,

and the restrictions of measures µj to Is for all j > s coincide with µs. Hence there exists a
weak limit µ of the measures µs, and µ is translation bounded. Also, we have

suppµ ⊂
⋃
n∈Z

(n− 1/3, n+ 1/3).

Besides, if x ∈ suppµ \ Is, then µ(x) is the mass at the point x of some shift of the measure
TkhTkh−1

· · ·Tkj+1
Tkjµs, where kh, kh−1, . . . kj+1, kj are some integers such that

kh > kh−1 > · · · > kj+1 > kj > s.

Consequently,
µ(x) ≤ 1/(2kj) < 1/(2s),

and we obtain (5).
Furthermore, take a function f ∈ Cc(R). Without loss of generality suppose that supp f ⊂

[−1/6, 1/6], hence the support of the function f(x − ·) for every fixed x ∈ R intersects no
more than one of the intervals (n− 1/3, n+ 1/3) for n ∈ Z. The above definition of almost
periodicity for g ∈ Cu(R) is equivalent to the usual one (see, for example, [4]):

∀ε > 0 ∃L = L(ε) ∀a ∈ R ∃τ ∈ (a, a+ L) ∀x ∈ R |g(x+ τ)− g(x)| < ε.

Therefore we will check that for any ε > 0 there is s ∈ N such that for all x ∈ R and
τ = p3s, p ∈ Z,

|(f ? µ)(x+ τ)− (f ? µ)(x)| < ε.

If
[x− 1/6, x+ 1/6]

⋂⋃
n∈Z

(n− 1/3, n+ 1/3) = ∅,

then for any integer τ

[x+ τ − 1/6, x+ τ + 1/6]
⋂⋃

n∈Z

(n− 1/3, n+ 1/3) = ∅

as well, and
(f ? µ)(x+ τ) = (f ? µ)(x) = 0.

Otherwise, there is a unique n ∈ Z such that

[x− 1/6, x+ 1/6] ∩ (n− 1/3, n+ 1/3) 6= ∅.
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If this is the case, then it is enough for all x ∈ (n− 1/2, n+ 1/2) to check the estimate∣∣∣∣∣∣∣
∫

|z−n|<1/3

f(x− z)(Sτµ)(dz)−
∫

|z−n|<1/3

f(x− z)µ(dz)

∣∣∣∣∣∣∣ < ε. (17)

Obviously, it is enough to prove this inequality for n ∈ Is (with ε/2 instead of ε). In this
case the restriction of µ to (n− 1/3, n+ 1/3) coincides with the restriction to this interval
of the measure µs. If n + τ ∈ IN , then the restriction of µ to (n + τ − 1/3, n + τ + 1/3)
coincides with the restriction to this interval of the measure

SτTkhTkh−1
· · ·Tkj+1

Tkjµs

for some
kj < kj+1 < · · · < kh−1 < kh

such that s < kj, kh ≤ N . Set

q = (2kj)(2kj+1) . . . (2kh−1)(2kh), η = rkj + rkj+1
+ · · ·+ rkh−1

+ rkh ,

and for each point y ∈ suppµs ∩ (n− 1/3, n+ 1/3)

A(y) = {z ∈ R : |z − y| ≤ η, z + τ ∈ suppµ}.

Since supports of the measures

µs, Tkjµs, Tkj+1
Tkjµs, . . . Tkh−1

. . . Tkj+1
Tkjµs, TkhTkh−1

. . . Tkj+1
Tkjµs

are mutually disjoint, it follows that #A(y) = q and

TkhTkh−1
· · ·Tkj+1

Tkjδy =
1

q

∑
z∈A(y)

δz.

Therefore, ∑
|z−n|<1/3

f(x− z)µ(z + τ) =
∑

|y−n|<1/3

µ(y)

q

∑
z∈A(y)

f(x− z),

and we have∑
|z−n|<1/3

f(x− z)µ(z + τ)−
∑

|y−n|<1/3

f(x− y)µ(y) =
∑

|y−n|<1/3

µ(y)

q

∑
z∈A(y)

[f(x− z)− f(x− y)].

By (16), |z − y| ≤ η < rs/s, hence for s sufficiently large |f(x − z) − f(x − y)| < ε. Also,∑
|y−n|<1/3 µ(y) = 1. Thus we obtain (17).
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