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We show that if points of supports of two discrete "not very thick” Fourier transformable
measures on locally compact abelian (LCA) groups tend to one another at infinity and the
same is true for the masses at these points, then these measures coincide. The result is valid
for discrete almost periodic measures on LCA groups too. Also, we show that the result is false
for some discrete "thick” measures. To do this, we construct a discrete almost periodic measure
on the real axis, whose masses at the points of support tend to zero as these points approach
infinity.

1. Introduction. It was proved in [1], that if points of supports of two discrete "not very
thick” Fourier quasicrystals tend to one another at infinity and the same is true for the
masses at these points, then these quasicrystals coincide. This result is based on the fact
that Fourier quasicrystals are almost periodic tempered distributions. Earlier P. Kurasov and
R. Suhr (|2]) showed that if zeros of two holomorphic almost periodic functions in a strip
get closer at infinity, then the zeros sets of these functions coincide. It is natural to expect
the same effect for other almost periodic objects, in particular, for discrete transformable
measures on locally compact abelian (LCA) groups (see, for example, 3] or [5]), which in a
sense can be regarded as analogs of quasicrystals for LCA groups.

To formulate our results we need some definitions.

Let G be a locally compact second countable o-compact Abelian group, which is not
compact, G be the group of characters on G, C,(G) be the space of uniformly conti-
nuous bounded functions on G with sup-norm ||.||o, C.(G) be its subspace of all compactly
supported continuous functions, and K»(G) be the span of the set {f1x fo: fi, fo € C.(G)}.
We will consider Radon measures on G, i.e. complex-valued o-additive measures p on the
algebra of Borel sets in G whose variation || is bounded on every compact subset of G' and
for any € > 0 and Borel set A C G there is a compact set K. C A such that |u|(A\ K.) < e.
We will say that a measure p on G with support A is discrete, if for each A € A there is a
neighborhood A + U of A such that (A4 U) N A = {A}. If this is the case, we will write

p=> pNdr, n)eC,
AEA
where 0, means the unit mass at the point A. A measure p on G is called translation bounded

if for all compact sets K C G we have

sup |p| (K +t) < oo. (1)
teG
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A measure y is Fourier transformable if there is a measure ji on G such that for all g € K,(G)
i) (19) = (i,9),
i) g € LY(|al).

Here g is the Fourier transform of g, and § is the inverse Fourier transform.

Fourier transformable discrete measures were considered in a series of papers [5]-[9].

A function g € C,(G) is almost periodic if the closure of the family of translates
{g(- — t) }+ec is a compact subset of C\,(G). A Radon measure p on G is almost periodic
if for each function f € C.(G) the function f * u is almost periodic on G.

By #A denote a number of points of the finite set A.

Let DM be the class of discrete Radon measures p on GG with the property

Sug#{(fBJrU) N supp pi} < 00 (2)

for some neighborhood U of 0. Also, we say that discrete measures
p=> pnNo and v => v(y)s,
AEA ~ver

come close to infinity, if there is a bijection o between A = supp p and I' = supp v with the
property: for any € > 0 and any neighborhood V' of 0 there is a compact K such that

AeA\KoroA)el'\K = A—oa(\) €V and |u(N\) —v(oc(N))| <e.

Theorem 1. If translation bounded Fourier transformable measures pu, v € DM with
supports A, T', respectively, have pure point measures ji,v and come close to infinity, then
the measures ji, v coincide.

Note that translation bounded Fourier transformable measure p is almost periodic if and
only if /i is pure point measure (see [3|, [5]). Therefore, the above theorem follows from the
following one.

Theorem 2. If almost periodic translation bounded measures pu, v € DM with supports
A, T, respectively, come close to infinity, then they coincide.

Points A € A, v € T" can be combined into lumps:

Theorem 3. Let supports A, I" of discrete almost periodic translation bounded measures
1, v decompose into lumps

A=JAe T={JTa ANAw=2, T,NTy=2 Va#d,
acA acA

such that for some neighborhood U of 0
sup#{a: (x+U)N (A, UT,)} < o0, (3)

zeG

and for every neighborhood V and € > 0 there is a compact set K C G such that the
implication is valid

(AUT)NK =2 = (AUD,) Ca+V Ve e (AUL,) and  |p(Ay) —v(Dy)| <e; (4)

then the measures i and v coincide.
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Next, we show that the theorems may be wrong for discrete measures outside of DN.

Theorem 4. There is a positive discrete translation bounded almost periodic measure . on
G = R such that
p(A) -0 as A\ — oo, A€ suppu. (5)

We see that the discrete measures p and 2u are almost periodic, translation bounded,
and come close to infinity, but do not coincide.

2. Proof of Theorem 2. Assume that the measures  and v do not coincide. Then there
is a point a € G such that p(a) # v(a). Without loss of generality suppose that a = 0. Take
a compact symmetric neighborhood U of zero such that

Un(AuTl) = {0}.
Using (2) and reducing U, if necessary, we find N € N such that for all z € G
#{(x+U)NA} <N,  #{(xz+U)NT}<N. (6)
Furthermore, since the function
T1+ T+ FT3vg2, T €G VY,

is continuous on G*V*2 and 0 € G has a basis of compact and symmetric neighborhoods, we
get that there exists a compact neighborhood V' of zero such that V= —V and all algebraic
sums

Vi=V+V+.---4+V (ktimes, k=1,...,3N +2)
are compact and symmetric subsets of U. Put
pi(x) =m(V)  pv *pyy,)(x), j=1,...,N.
Here m(V') means the Haar measure of the set V, and
pa(z)=1 xz€ A and pa(x)=0 x¢A.
Clearly, for all j = 1,..., N we have ¢; € C.(G) and
pi(r) =1for x € V3,1, ;(z)=0forx & V5,11, 0<yp;(z)<lforallzedG. (7)

The functions (p — v) * ¢, are almost periodic and (pu*¢; —v*¢;)(0) = p(0) — v(0) # 0 for
all 5. Also, we have

(u=v)xpi(@) = > gile=NpN)— > @il@ =] < |pl@+U)+Hp|(z+U).

Since U is a compact subset of G, it follows from (1) that for some C' < 0o and for all j

sup (1 — v) x p;)(x)] < C. (8)

zelG
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Put

N
V() = [[((n=v) *¢))(@).

j=1

This function is almost periodic on G and

W(0) = (u(0) — v(0))" #0. (9)

Fix b € G, suppose that A — v € V and for some i, 1 <7 < N,

@i(b—A) # @i(b— 7).
Then we get either
A€b+ (Vairi \ Vaic1), 7 €0+ (Vaira \ Vaia),
or

v € b+ (Vi \ Vaiz1), A€ b+ (Vo \ Vaisa).

Hence, in both cases we have for j > ¢

A y€eb+ Vi and @;(A—0b)=¢pj(y—b) =1
and for 7 <1

Ay Eb+ Vi and @;(A—b) = ¢;(y —b) =0.

Thus, for every pair {\, o(\)} such that A — o(\) € V there is no more than one index 4,
1 <i < N, such that

i(A—=b) # @i(a(A) —b).

Also, if A or y belong to b 4+ V3x1, then both A and ~ belong to b + V3,2 C U. By (6), a
number of pairs {\, o(A)} in the set U is less than N, hence there is at least one index j
such that for every pair

{N oM} cbo+T, A—o(A) eV, XeA,

we have
pi(b=X) = @;j(b—a(})).
If, besides this, |u(A) — v(a(N))| < &, then, by (6),

((xp;—vxe)®) =] D @b =Nu) = ¢;(b—a(N)r(o(N)| < Ne,

A€x+V3j+1

and by (8),
’ |W(b)| < NeCN7L. (10)

Since pu and v come close to infinity, we see that for the neighborhood V' there is a compact
set K C G such that

AeA\KoroA)el'\K = A—c(A) eVand [u(N)—rv(oc(N)| <e.
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Hence, if b ¢ K + U, then under conditions
AE A7 {)‘7J<)\)} - (b + V:?N—i—l)a
we have
AN K, A—a(N) eV, (X)) —v(e(N)] <&,

hence we obtain (10).

Next, let G = U, K, where K, C K, are compact sets. Fix z € G, and suppose
—z € K. Take a sequence b,, ¢ K,,+K+U. We have b, +x € K +U for all n > j, therefore,
by (10), for every « € G there is j = j(z) such that

|U(x +b,)| < NeCN71 n >3 (11)

By the definition of almost periodicity, the close of the set {W(-+b,)},en is a compact subset
of C,(G). Therefore, there is g € C\,(G) such that an infinite number of functions V(- + b,)
satisfy the condition

sup |U(zx +b,) — g(z)| < e.
el

Using (11), we obtain
lg(z)| < e(1+NCNY) vz ed.

In particular, |g(=b,)| < e(1 + NCN=1) and |¥(0)] < £(2 + NCV~1), which contradicts to
(9) for sufficiently small e.

3. Proof of Theorem 3. By (3), take N € N and a compact symmetric neighborhood U
of zero such that
N>sup#{a: (x+U)N (A, UT,) # @} (12)
zeG
As in the previous proof, suppose that 1(0) — v(0) # 0 and
Un(AUT) = {0}.

As above, take the sets V,V} and the functions ¢;(x), ¥(z) satisfying conditions (7), (8),
and (9). Fix b € G, suppose that

ALUT, CV4+2x  VzeA,UT,, (13)
and for some o € Aand ¢, 1 <i <N,
(Aa Ura) N (b+ V:”»iJrl\VISifl) 7é . (14)

Then we get
Aa U Fa C b + (‘/31'4-2 \ ‘/32'—2)'

Hence, we have for j > ¢
AU, C V3140 and  ¢j(b—y)=1 Vye A, UTl,,
and for j < i

(A UT) N (Vaj1+0) =2 and  ¢;(b—y)=0 VyeA,Ul,.
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Thus, for every a such that (13) satisfies, there is no more than one index i, 1 < i < N such
that (14) take place. Also, if (A, UT',) N (b+ Vsni1) # &, then

AUT, Cb+ Vayio Cb+U.

By (12),
#{a: (b+ Vayi2) N(ALUT,) # @} <N,

hence there is at least one index j such that for all @ € A under condition (13) we have
(AgUT) N0+ Va1 \Vajm1) =@ and VAEA, VyeTl, ¢;(b—A) =¢;(b—n).

If, besides this, |pu(As) — v(Ly)| < &, then, by (12),

(1 xpj —v* ;) (0)] = Yo o= N - D> eib—yv(y)| < Ne,

AEAN(b+V3j41) yelN(b+Vaj41)

and, as above,

|W(b)| < NeCNTL, (15)

Next, take a compact set K C G such that implication (4) satisfies for the same ¢ and the
neighborhood V. Hence, if

b K+, A, UT, C b+,
then
(ALUT)NK =9, A UL, CV+zx Ve (A,UT,), |puAs)—rvl.)|<e,

and we get (15). The end of the proof is the same as in the proof of Theorem 2.
4. Proof of Theorem 4. Take r, = 2-*+D?* and put

k k
1
Tk:% (]le—rkj/k—i_jzlsrk]/k) , ]{521727.‘.7

where S; means the shift by ¢, i.e., for a measure u on R we have Siu(A) = p(A —t) for
A CR. Put

to =60, 1 = o+ (S—1+ S1)Tipo = do + (1/2)(0-1—r, + 0—14py + O1—py + F140y ),
Ui = Ur—1 + (S_gk—l -+ Sgk—l)Tk/uLk-,l, k=23,....

We need to show that a weak limit p of the measures pu; exists and has all the properties
declared in the theorem.
First, for N > 2 we have

o0 [e%s} ' 0 ' 1 P
= 97NN ToNEE(NEDT o 9m NEN T g2NT o= <ML (16
2ot 2 SR CES

Also note that for any z, 2’ € R we get

Vy,y € suppTi(0p + 0x) - y#y = |y —y'| > min{|z — 2’| — 2ry, re/k}.
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Since

h
SZrki <rs/s for s<k;
i=j

the supports of the measures p1, and Ty, Tk, , ... Tk,,, Tk, s are disjoint. Then inequality (16)
for N =1 implies that )", r, < 1/3, therefore

2 3’2+3

(1—35 1 3°—-1 1)
supp ps C Iy = — )

and the restrictions of measures 1 to I for all 7 > s coincide with ps. Hence there exists a
weak limit p of the measures p,, and g is translation bounded. Also, we have

supp it C U(n— 1/3,n+1/3).

ne”L

Besides, if € supp i\ Is, then p(z) is the mass at the point = of some shift of the measure
Ty, Thpy + Ty T p1s, where kp, k1, ... kjy1, kj are some integers such that

k‘h>l€h,1>"'>kj+1>l€j>5.

Consequently,
ule) < 1/(2k;) < 1/(29),

and we obtain (5).

Furthermore, take a function f € C.(R). Without loss of generality suppose that supp f C
[—1/6,1/6], hence the support of the function f(x — -) for every fixed z € R intersects no
more than one of the intervals (n — 1/3, n+1/3) for n € Z. The above definition of almost
periodicity for g € C,(R) is equivalent to the usual one (see, for example, [4]):

Ve>0 dL=Le) YaeR 3Ire€(a,a+L) VeeR |glz+7)—g(x) <e.

Therefore we will check that for any € > 0 there is s € N such that for all x € R and
T =p3% p €,
[(frp)(z+7) = (fxp)(x)] <e
If
e —1/6, 2+ 1/6][ || J(n—1/3, n+1/3) = 2,

neL

then for any integer 7

w+7-1/6,z+7+1/6][ || Jn—1/3, n+1/3) =2

neL

as well, and
(f*p)(@+7)=(f*p)(z)=0.

Otherwise, there is a unique n € Z such that

[z —1/6, 2+ 1/6]N(n—1/3, n+1/3) # @.
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If this is the case, then it is enough for all z € (n — 1/2,n 4+ 1/2) to check the estimate

[t~ [ - o) <= (17)

|z—n|<1/3 |z—n|<1/3

Obviously, it is enough to prove this inequality for n € I; (with /2 instead of ¢). In this
case the restriction of p to (n —1/3, n+1/3) coincides with the restriction to this interval
of the measure p,. If n + 7 € Iy, then the restriction of p to (n +7—1/3, n+ 7+ 1/3)
coincides with the restriction to this interval of the measure

S, Thy—y -+ Theyy T s

for some
kj <kjp < - <kpo1 <k

such that s < k;, k, < N. Set
= (2k;)(2kj11) . .. (2kp—1)(2kp), N =Tk +Thyyy + 0 F Ty, + Tk,
and for each point y € supp us N (n —1/3, n+1/3)
Aly) ={2€R: [z —y|<n, z+7 €suppu}.
Since supports of the measures
psy  Tipvs,  Thyy Tioptsy oo Doy oo T T tbss T Ty -+ Ty Ty s

are mutually disjoint, it follows that #A(y) = ¢ and

T Ty, Ty Tk Z J,.

zeA

Therefore,

Z flz —2)u(z+7) Z #ly) Z flz —2),

|z—n|<1/3 ly—n|<1/3 2€A(y)

and we have

Z fle—2)u(z+1) Z flx—y) Z H

|z—n|<1/3 ly—n|<1/3 ly—n|<1/3

Z [f(z—2) = flz—y)].

1 .caw

By (16), |z — y| < n < rg/s, hence for s sufficiently large |f(x — z) — f(z — y)| < €. Also,
> y—nj<1/3 #(y) = 1. Thus we obtain (17).
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