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HADAMARD COMPOSITIONS OF GELFOND-LEONT’EV-SALAGEAN
AND GELFOND-LEONT’EV-RUSCHEWEYH DERIVATIVES OF
FUNCTIONS ANALYTIC IN THE UNIT DISK

M. M. Sheremeta. Hadamard compositions of Gelfond-Leont’ev-Saldgean and Gelfond-Leon-
t’ev-Ruscheweyh derivatives of functions analytic in the unit disk, Mat. Stud. 54 (2020), 115—
134.

For analytic functions

f(z —z—i—kaz and g(z —z—i—ngz

k=2

in the unit disk properties of the Hadamard compositions Dl"[ s] f= Dl”[ 519 and Dl"[ R] f= Dl"[ rY
of their Gelfond-Leont’ev-Salagean derivatives

Dl[s]f _Z-i—Z(llk]; 1) f k

and Gelfond-Leont’ev-Ruscheweyh derivatives

n lk 1ln
Diim /(= 7Z+Zln+k 1

are investigated. For study, generalized orders are used. A connection between the growth
of the maximal term of the Hadamard composition of Gelfond-Leont’ev-Saldgean derivatives
or Gelfond-Leont’ev-Ruscheweyh derivatives and the growth of the maximal term of these
derivatives of Hadamard composition is established. Similar results are obtained in terms of
the classical order and the lower order of the growth.

1. Introduction. For formal power series

f(z) =" frz* and I(z szz
k=0
(Ix > 0) the formal power series
Di' f(z frin2®
: kz k+n -
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is called the Gelfond-Leont’ev derivative ([1]). If I(2) = €* (i.e. Iy = 1/k!) then DI'f = f™ is
a usual derivative.
Let H be the class of analytic in the disk {z : |z| < 1} functions given by power series

z):Z—FkaZk (1)

with the radius of convergence R[f] = 1 and the operator Djg f(n > 0) be defined by

D?s}f(z) = f(Z), D[ls]f<z> = D[S]f(z) = Zf/(Z) and

D f(2) = Dy (D f(= z+2k”sz

The operator Dfy f is known as the Salagean derivative ([2]). For f € H

o0

n z d" - k—i—n—l
il () = o Z i

is called the Ruscheweyh derivative ([3]).
Combining the definitions of Gelfond-Leont’ev derivative with Salagean derivative and
Ruscheweyh derivative in [4] for f € H the following operators are defined

=Ll \"
Dl () = DD 1) =+ 3 (1) st @)
k=2
and
Dy f(2) = 20, D {z"1 f —z+z b 1l 2F (3)

ln—‘rk 1

The operator Dy is called the Gelfond-Leont’ev- Salagean derwatwe (|4]) and the operator
Dy g 18 called the Gelfond-Leont’ ev—Ruscheweyh derivative.

For power series (1) and g(z) = >, gx2" with the convergence radii R[f] and R[g] the

series
o0
z) = Z frgn?"®
k=0

is called [5, 6] the Hadamard composition. Obtained by J. Hadamard properties of this
composition find the applications (|6, 7]) in the theory of the analytic continuation of the
functions represented by power series. We remark also that singular points of the Hadamard
composition are investigated in the paper [8|.

For 0 <r < R[f] let M(r, f) = max{|f(2)| : |2| = 7} and p(r, f) = max{|fi|r* : & > 0}
be the maximal term of the power expansion of f and v(r, f) = max{n : |f,r™ = u(r, f)} be
its central index. A connection between the growth of the maximal terms of a derivative of
the Hadamard composition of two entire functions f and g and the Hadamard composition of
their derivative is studied by M. K. Sen (]9, 10]). The properties of compositions of Hadamard
for Gelfond-Leont’ev derivatives of analytic functions f and ¢ are investigated in [11]. For
entire functions f and ¢ it is proved ([11]) for example that if

0<11ml—k<ml—k<+oo

k—o00 (/C + )lk+1 ) (/{,‘ + 1)lk+1



HADAMARD COMPOSITIONS OF G-L-S AND G-L-R DERIVATIVES 117

then (i) 1)
1 D" D"
R AL LIR B
rteolny p(r, D (f % )
and (n+1) (n+1)
1 D" D"
lim —ln“(r’ L (‘];* l g>:(n—|—2)/\[f*g]—1,
rotoo IY p(r, D (f + g))

where o[f] is the order and A[f] is the lower order of the entire function f. If R[f] = 1,
Rlg] = 1 and R[f * g] = 1 then (|11])

(n+1) (n+1)
<n + 2) (1)[f * g] < lim 1 In* /L(T, Dl = Dl g)

n 4 26Ol #
s ln(l — T‘) M(T, Dl(n)<f . g)) < ( + 2)(9 [f g] + 1)

and

(n+1) (n+1)
D D
(n—|—2)/\(1)[f*g] < lim n /’L(ra l (n];* l g)
it —In(l —7) w(r, D" (f * g))
where o[f] is the order and A[f] is the lower order of the analytic function f in the unit
disk.

Naturally, the question arises of similar properties of the Hadamard compositions of the
Gelfond-Leont’ev-Salagean derivatives and the Gelfond-Leont’ev-Ruscheweyh derivatives.

< (n+2)AV[fxg] + 1),

2. Hadamard composition of two Gelfond-Leont’ev-Salagean derivatives. Let f €
H ge H neZ, and m € Z,. Then

n 11— L \"
(D1 f * Di1g19)(2 —Z+;( ) ( I ) grz" =

o+ 3 (M) gt = Dy <)o) ()
k=2

i. e. the study of the Hadamard composition of Gelfond-Leont’ev-Salagean derivatives of
two functions is reduced to the study of Gelfond-Leont’ev-Salageanthe derivative of the
Hadamard composition of these functions. For the Gelfond-Leont’ev-Saldgeanthe derivative
of the Hadamard composition the following statement is true.

Lemma 1. If f € H, g € H,n € N and there exists lim /lk—1/lx = q then R[Dl’f[s](f*g)] >
q~" and if, moreover, klim V/|lgk| = 1 then R[D I[S](f * g)] =q"
—00

Proof. Indeed,

1 — L1 \"
:limk(lkl)fg<
RDj (7 ] m\/ ) o=
g(ﬁ,/l ) \/|fk, hm gk = (hm TE= 1) :
k—00 k I

1 ) lg—1 ' k/
> m {f 2= m m .

k—00 k
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Therefore, if there exists klim Vle-1/l = q then 1/R[D}'(f * g)] < ¢", and if, moreover,
H

klim Vlgkl =1 then 1/R[D},(f * g)] = ¢". Lemma 1 is proved. O

—00 )

Let E be the class of entire functions. From Lemma 1 it follows that if {/lx/l;_1 — o0
as k — oo then Dj'g(f xg) € E.If {/lg/ly—1 — 1 and ]}Lngo Vgl = 1 as k — oo then
Dl’f[s]( f *g) € H. In the sequel, we will consider only these two cases.

To study the growth of analytic functions, we will use generalized orders. For this purpose
by L we denote the class of continuous non-negative on (—oo,+00) functions a such that
a(z) = a(zg) > 0 for < zy and a(z) T +o0o as zg < ¥ — +oo. We say that o € L) if
a € L and a((1 +0(1))z) = (1 + o(1))a(x) as x — +oo. Finally, a € Ly, if & € L and
alcz) = (14 o(1))a(x) as © — +oo for each fixed ¢ € (0, +00), i. e. « is a slowly increasing
function. Clearly, L,; C L°.

2.1. The case klim N/l /lk—1 = +00. For a € L, f € L and an entire transcendental function
—00
(1) the quantities

_ _ = a(InM(r, [))
Qa,ﬁ[f] = Qa,ﬁ[ln M, f] = TEIJPOO W,

a(ln M(r
doslf] = dapln M, f] = lim W

are called ([12]) the generalized order and the lower generalized order, respectively. If we
substitute In u(r, f) or v(r, f) instead of In M (r, f) then we obtain the definitions of the

quantities g, g[ln p, f], Aaglln g, f] and A\, v, f1, Aaslv, f], respectively.

Lemma 2. Let o € Ly, € L° and W = 0(1) as © — +oo for each ¢ € (0,400).
Then .
gulf] = i (k)5 (). ®)

If, moreover, |fi/ fr+1| /* +o0 as kg < k — oo then

haalf] = lim a(b)/5 (0 i) 6)

Formula (5) is proved in [12], and formula (6) follows from the corresponding formula for
entire Dirichlet series proved in [13].
The following lemma is proved in [14].

Lemma 3. If « € Ly; and B € L° then 9o p[f] = 0ap[lnp, f] and Ao s[f] = [lnu fl. I
moreover, a(e”) € Ly and a(x) = o(B(x)) as x — +oo then g, gllnp, f] = 0aslv, f] and

Aagln e, f] = Aagly, fl.

Theorem 1. Let a(x) = ay(lnzx), oy € Ly, B € Ly and dﬁdl—;)) = 0(1) as ¢ — +oo for
each ¢ € (0,+00). Suppose that lim </|frgr| > 0 and
k—ro0

1 i 1 i
0<g=lim—Inln— < Iim — Inln — = Q < +o. (7)
hooo I lp_1 — k—ooln lk—1
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Then form >n > 1
— 1 u(r, Dyl (f * 9)) —  al(k)
lim al|ln - = —
r—+oo B(In7) pu(r, Dl,[s](f *g)) koo (1 In )
and if, moreover, |fi./ fes1| /1, gk/ k1] 21 and U111 /12 7 400 as ko < k — oo then

(1D () L at)
(1 M(T’DmS}(f*g)) _kl—>_ooﬁ(%lnll—k)' 9)

k—1

(8)

lim
rtoo B(InT)

Proof. Using the definitions of the maximal term and the central index, we have

Ll Dp g (72901

LDy (F59))

(T’Dz’f[s] (f*g))

n
pu(r, D (f * 9)) = ( ) | o7 6y (29) || Gt Dp g (g 77

Wlverpp (-1 \ [ Llotrom (regn -1\

Dils) Pis) v(r,D}! g (f*

“\ o Lo [ Fotopy5y 5090 90t g a5 <
V(T:DZ[S] (f*9)) V(T7DZ[S] (f*9)) , ,

Lilyer.Dp g (F+)
Lu(r.Dpg (159))

<

) u(r, s (f * 9))

and
Lilur, Dy (Fra)—1

L(r.Dm (149))

pu(r, Dilig)(f * g)) < ( ) pu(r, Dy (f * g)).-

Therefore, for m > n

o\ _ 0 Dis(Fx9)) _ ( bebpgueey | (10)
U —oulr, D (f+9)) T \ vy g (2901

and

Lu(r.Dp g, (F59))

lllu(r,Dl’f[S] (f*g))—1 ‘

lzl r, D™ * r, Dn *
(DR (f10) u(r, D (f * 9))

= —In(m —n) <Inln
Lilur.Dp g (Fra))—1 pu(r, D (f * 9))

Inln

From condition (7) it follows that ¢; Ink < Inln llll:_l <Q@iInkforevery 0 < ¢ <q¢<@Q<
Q1 < +oo and all k > ko(q1,Q1). Therefore, for all r > rg

p(r, DZ[S}(JC *9))

(T, Dms](f*g))
< Qi1 +o(1) Inv(r, Diig(f xg)), r— +oo. (11)

(1 +o(1)) Inv(r, Diig(f *g)) <Inln <

Since oy € L;, we obtain

IN

r, D" *
(14 o(1))ay(Inv(r, DmS](f x9))) <o (lnln ZET Di”gg; * z;;)

< (14 o(1))en (Inwv(r, Dy (f * 9)))



120 M. M. SHEREMETA

as r — +o00. The condition W = O(1) as & — 400 for each ¢ € (0, +00) implies that
a(x) = o(B(x)) as © — 400. Therefore, by Lemma 3 in view of the condition a(z) = a4 (Inx)
we get

0a,8[Dis)(f * 9))] = 0aplln s, Difs (f % 9))] = 0aplvs Dilfs)(f * 9))] <

— 1 pu(r, Dy (f * 9))
1 |
< rﬁlgloo ﬂ(lnr)a (n[t(7"7 Dﬁs](f*g)) :

< a,plV, Dl (f * 9))] = 0a,slln g, Dyl (f * 9))] = €a,[ Dl (f * 9))] (12)
and

Aas[Dr1s)(f * 9))] = Aapllnp, Difs (f * 9))] = Aaplv, Dis (f + 9))] <

_ 1 r, D *
< lim a|ln a i;l[s](f 9) <
r—+oo B(In ) pu(r, Dus}(f *g))

< Aaslv, Dl (f * 9))] = Aaslln g, D6 (f * 9))] = Aa s D5 (f % 9))]- (13)

The assumptions Theorem 1 imply the conditions of Lemma 2. Therefore, if lim /| frgx| > 0
k—o0

then from (5) we get

008D} (f * g))] = k@ a(k)/B (% (m (h;ﬁ)n i |fki9k|)) -
_ Tm a(k)/3 (_lnl_k+()( )) — hm a(k )/5(11nl_k)

k—o0 lk 1 l k—1

because € Lg;. Therefore, (12) implies (8).

| fe/fesc1l 2L gk/grks1| 71 and Iy 1lk+1/l2 400 as kg < k — oo then |cx/cki1|

400 as ky < k — 0o, where ¢, = (llll#) frgr. Therefore, as above by Lemma 2 we obtain

[
gl D+ 9)] = lim alb/5 (717 )
and thus, (13) implies (9). O

Using equality (4), we can obtain various corollaries from Theorem 1. For example, the
following statement is true.

Corollary 1. Let n € Z, and j € N. If the conditions of Theorem 1 hold then

= pu(r, Df'ig)f * Di'\q19 R e a(k)
7“—1>IJPOO B(lnr) o Dt Dt a kglolo Ly e
u(r, vis) ] * D19 B3 In %)

l—1

and by conditions | fi/ fri1l /1, lgr/gks1] 2 1 and ly_1l1 /I 7 +o0 as kg < k — o0 a
similar formula is true for lim.

Remark 1. Choosing a(z) = In"z and f(z) = z* from the definitions of o, s[f] and
Aas[f] we get the definitions of the order o[f] = lim w and the lower order A[f] =

T—+00
lim w for entire function (1). The functions a(z) = In* 2 and B(z) = 2* do not
r—-+00

satisfy the hypotheses of Theorem 1.
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However, it is known (see for example [15, 16, 17]) that for entire function (1) o[f] =

lim 2Dl — iy EkCanqg if, moreover, |fil/|firi] S 00 as kg < k — oo then
r—400 nr k—soo — [kl
Alf) = lim =) — Jim Kk Therefore, (1) yields

r—~+00 k—o0

I 1 7"7 DTL k
Q1Q[Dﬁ5](f xg)] < lim —Inln i l,[S](f g))

< Aoy M G D (e gy = @il =9k

Moreover, as in the proof Theorem 1, we get o[D}'s(f * g))] lim L’“) Using (11),

- Esoo (k/lk—1
similar results can be obtained for lower limits. Therefore, by virtue of arbitrariness of ¢;
and ()1 we come to the next statement.

Proposition 1. Let m >n > 1, lim /| fxgr| > 0 and (7) hold. Then
k—o0

— _klnk = _lnlnu(r,DZf[S](f*g)) <Qlm Kk
k—oo In(ly, /lg_1) ~ r—+ooInr wu(r, Dl’:”[‘s](f xq)) — koo In(ly/lx_1)’

and if, moreover, | fv/ frs1l 1, lgr/gria] 21 and ly_1lyy1 /12 7 +00 as kg < k — oo then

kIn k 1 pu(r; Difjg (f % 9)) kink
lim —————— < lim — Inln . <@ lim ————.
quo In(lg/lg—1) = +5400 In7 p(r, Dﬁs](f *q)) QIH_OO In(l/li—1)

2.2. The case kh_)r{.lo $/lx/l,—1 = 1. Unlike entire functions for functions (1) with R[f] = 1
the maximal term can be bounded, and in order that w(r, f) 1 4+o0 as r 1 1 it is necessary
and sufficient that klggo |fx] = +oo. In the sequel, we will consider that klggo | fr] = 400,
]}Lrglo|gk] = 400, |fr| > 1 and |gg| > 1 for all k > k.

For a € L, f € L and the function (1) with R[f] = 1 the quantities

W e~ O _ g @M@ f)) @y 0 _ iy 0 M1, £))
Qa,ﬁ[f] T Qa,ﬁ[l Mv.ﬂ 17“T1 ﬁ(l/(l—?")), Aa,ﬁ[f} : )\a,ﬂ[l Ma.ﬂ %5(1/(1—7"))

are called ([18]) the generalized order and the lower generalized order, respectively. If here
we substitute Inu(r, f) or v(r, f) instead of In M (r, f) then we obtain the definitions of

the quantities QS?B [In u, f1, )‘((11)5 [In u, f] and )\2{23[”7 fl, )\S)ﬁ[u, f], respectively. The following
lemma is true.

Lemma 4. Let o € Lg;, € Ly and for each ¢ € (0, 4+00)

a(z/B~ (ca(r)))

o dIn B~ (ca(x))

1 li =1 14
—— dlnz D= a(x) (14)
Then )
W] = fm — | 15
2aslf] = 0 B 7o) )
If, moreover, |fi/frs1| /1 as kg < k — oo then
_ a(k
A [f] = lim &) (16)

koo B(K/ In | fi])
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Formula (15) is proved in [18|, and formula (16) follows from the corresponding formula
for Dirichlet series with finite abscissa of absolute convergence proved in [19, 20].
The following lemma also is proved in [14].

Lemma 5. If « € Ly, § € Ly and a(z) = o(f(x)) as x — 400 then Qal/)g[f] }g[lnu, f]

O
a?c)i )\(1) slf] = ()Iaﬂ[ln,u , f]. If, moreover, a(e*) € Lg; then Qé{%[lnﬂ, f] = ,)é;[u f] and
Aag[lnu,f] Ao slvs f1-
The following analog of Theorem 1 is hold.

Theorem 2. Let m >n > 1, a(e®) € Ly, B € Lg; and (12) hold. Suppose that

lk—l/lk = ]{7, k — oo. (17)

e S B iy e T
erl B(1/(1—r)) ( \/ (r, Dy [S](f*g))) = {Qa,g[f]aga,ﬁ[g]} (18)

and if, moreover, | fy/ fus1] 21, lgr/gria] 21 and ly_1lps1 /12 21 as kg < k — oo then

e A — L p(r, D (f * 9))
s Ao lol} < T g7y ( \/ oDy T 9) )
< min{max{\}[f], o'} [g]}, max{A\} (g, oL 5[ £]}}. (19)

Proof. From (10) for m > n we get

oDy (490 -1 e \/u(r , Dl (f * 9)) _ Ll g (7r9) -1
LD (149)) -

Then

plr, Dl (f*9)) = lutrppg (rea))

Since in view of (17) there exist 0 < ¢ < Q) < 400 such that ¢k < l1l;_1/l; < Qk, hence we

obtain
( Dt (f * 9))

dln yp—(ca@)) 1 a5 ¢ — 400 for each ¢ € (0, +00), we have

We remark that since lim s

T—r—+00

a(x) = o(f(z) and B cale)nz o () 45 5 — 400 for each ¢ € (0,4+00). Therefore, in view of

xT

the condition a(e”) € Ly; by Lemma 5 we get

oDy (f % 9))] = o4 [n i, D (f % 9))] = ;;[V,D" (f )] <

_ 1 [, Dty (f =
Slﬁ%lﬁ(l/(l—r»“( \/ i T+
< o\ 4[v, Dt (f * 9))] = ol 5lnpu, Difigy (f * 9))] =

05 s [Dits (f * 9))] (21)

and

A (f * 9))] = A4l g, Dy (f * 9))] = A4 [v, Dy (f + 9))] <
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< lim | m\/ p(r, Dt (f * 9))
o B(L/(1— 7”)) pu(r, D q(f*9))
< AU, Dt (f * 9)] = ALy [n o, DJg (£ g>>] = A5Dis (f * 9))]. (22)

Since l1lg_1/lx > gk > 1, |fx| > 1 and |gg| > 1 for all & > ko, we have ( e =) fellgk| =

|fr| and, similarly, (1’“ ™ fellge] > |gk| for all & > ko. Therefore, p(r, Dl s(f*x9) =

(1 + o(1))pu(r, f) and ;L(r Dp'ig(f *g)) = (1+0(1))u(r,g) as r 1 1. Therefore, by Lemma 5
we get

oL [D g (f * 9))] > max{ol 5[ £, o5 [g1}. AL S (D (f * 9))] = max{AUL[£1, AVL[g]}. (23)

On the other hand, if QS)B[f] < 400 and Q(l) l[g] < +oo then by Lemma 4 In|f| <

Wk)/m) and In |g| < Wk)/m) for every o, € (g&%[f],%—oo), 09 € (QS%[Q],%—OO) and all

k > kg. Therefore, since m
Lilk—1 2 N
+1In|fi| +In|gi| < nln(l;Qk) + 4 <
’ k‘ ’ k| ( 1 ) —1<a(k)/g1) B_I(Oé(k)/QQ)
(24 o(1)k
) k — o0,
~ B Ha(k)/ max{e1, 02})

whence it follows that QS)B[D{L[S]( f*9))] < max{pi, 02}, i. e. in view of the arbitrariness of
01 and 0, we get

— 0 as x — 400 for each ¢ € (0, +00), we obtain

nln

o 5D} (f * 9))] < max{olh[f], ol hla]}- (24)
Inequalities (21), (23) and (24) yield (18).
If ‘fk/fk+1| / 1, ‘gk/gk+1| /l 1 and lk 1lk+1/l]3 /l 1 as ]{ZO < k' — X0 then |Ck/Ck+1| /‘

+o00 as kg < k — oo, where ¢, = (lllk )" frgr- Since In|fy,| < W for every A €

()xszg[f], +00) and some sequence (k;) T +o00, as above, we have by Lemma 4

Do (ps . a(k;)
Ao s D5y (f * 9))] < ]Loo B(k;/ | fr, gx,])
(1)

in view of the arbitrariness of A\ and g, we get )\aﬁ[Dl"[S](f xg))] < max{)\(al’)ﬁ[ f1s 00,5191}
Similarly, /\S,,)B[DZ[S]( fx9)] < max{)\((;)ﬁ[ , Qa 5[ ]}. Therefore,

S max{)\, Q2}7

ALIDE g (f * 9))] < min{max{ AL, [f], ol 5lg]}, max{A{,[g], o141} (25)
Inequalities (22), (23) and (25) yield (19). O

Remark 2. Choosing a(z) = 8(z) = In" z from the definitions of QS/)B[ f] and )\S};[ f] we get

the definitions of the order
—IntIn M(r, f))

W[f] = lim
U= =)

and the lower order

+
AV[f] = lim In™ In M(r, f))
1/ )
for function (1) with R[f] = 1. The functions a(z) = B(z) = In" x do not satisfy the
assumptions of Theorem 2.
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Now we have (|21])
AV < AT, f] <AV +1, oD < oVl £ < P[]+ 1
We remark also that (|21, 22])

- U Ty
Ql[f]_l—a*[f]’ ol —kh_>r£10 Ink '
and if | fx|/|fxs1] /1 as kg < k — oo then
W _slf] e InTIn|f
M=o e i =g
From (20) we obtain
. 1)1 n ET. 1 ,u(r, Dlrjl[S](f * g))
= me P Pk (= ) < B =) ™ o Dy v )
< (m—n) (oM [Dtg(f = g)] + 1) (26)
and
@Dy — 1 u(r, Dy (f * 9))
< (m —n)AV[Difg (f * 9)] +1). (27)

Since lylx—1/lx > gk > 1, | fg] > 1 and |gx| > 1 for all & > kg, we have

. — It (nIn(le /1) + [ fi] + In]gi)
o [Dl,[S](f*g)] = ]}i{go - nk =

— In" min{ngInk,In .
{ q |fk|} — [f],

> lim
T k—oo Ink

i. E o’ [D}g)(f * g)] = max{a*[f], @*[f]} and, similarly, a.[Df'q)(f * )] > max{a.[f], a.[g]},

whence

DR x0) 2 e B (g1, 01

and similarly AD[f % g] > max{\D[f], AO[g))}, provided |fy/fesa| /1, lge/gisa| /1 and
lkfllk+1/l]§ /‘ +00 as ]Co <k — o0.

On the other hand, In | f;| < k** and In |g| < k°2 for every oy € (a*[f], 1), s € (a*[g], 1)
and all k& > kg. Therefore,

In(nQInk) + In* (ko 4 ko2)
In &

i. e. in view of the arbitrariness of a; and as we get o[Dj'g(f * 9)] < max{a”[f], a"[g]}.
Similarly we obtain a.[D}'(g (f * g)] < max{a.[f], a.[g]}, whence as above we get

oVID} ) (f * 9)] < max{o™[f], oW g]},
ADID] g (f * g)] < min{max{AV[f], oV [g]}, max{AV[g], oV [f]}}.

Therefore, in view of (26) and (27) we get the following statement.

O‘*[D?,[S}(f *g)] < k@o < maX{abO‘?}’



HADAMARD COMPOSITIONS OF G-L-S AND G-L-R DERIVATIVES 125

Proposition 2. Let m >n > 1 and (17) hold. Then
1 1 1 u(r, D1 (f * 9))
(m — TL) max{Q( )[f]a Q( )[g])} 11}%1 ln(l/(l _ 7“)) n ,u(r, Dly’l[s](f * g))
< (m —n)(max{o"M[f], 0V ]g))} + 1).

and if, moreover, |fv/ fis1l 1, lgr/gka] 21 and ly_1lyy1 /12 7 +00 as kg < k — oo then

m — n) max{\" (1) im 1 nN(T7 Dlr,rfs]<f*g))
( ) max{A[f], AV[g])} < lm (11— 7)) ™ . Dy * 9) <

< (m — n)(min{max{AW[f], o [g]}, max{AV[g], OV [f]}} + 1).

<

3. Hadamard composition of two Gelfond-Leont’ev-Ruscheweyh derivatives.
Let fe H, ge Hand n € N. Supposethatklim Y l’“l—;l:q. Then ¢ lliﬁ%q" as k — 0o
—00 n+tk—

and, as in the proof of Lemma 1, we get the following statement.

Lemma 6. If f € H, g € H, n € N and there exists lim Sl 1/lk = q then R[D R](f*g)]
g~ " and and if, moreover, klim /|lgx| = 1 then R[D} L[R] (f xg)] =
—00

From Lemma 6 it follows that if {/l/lx_1 — oo as k — oo then D}'g(f % g) € E, and if
VU /li—1 — 1 as k — oo then D}'p (f * g) € H. As in Section 1, we consider only these two
cases.
3.1. The case klim Y/l /-1 = +00. Since equation (4) is not satisfied for the Hadamard
—00

composition of Gelfond-Leont’ev-Ruscheweyhen derivatives, more variants arise in the study
of the properties of these compositions. Let us start with an analogue of Theorem 1.

Theorem 3. Let the functions a and 3 satisfy the assumptions of Theorem 1. Suppose that
lim {/|fxgx| > 0 and (7) holds. Then for m >n > 1

k—o0

lim

1
r—+00 ﬂ( )

and if, moreover, |fv/ fir1] 1, lgr/gra] /1 and ly_1ly1 /12 7 +00 as kg < k — oo then

lim L afln al Dn[R](f *9)) = lim —a(k)
A Bl \ " i D (F e 9) |

Proof. Using the definitions of the maximal term and the central index, we have

llu(r,Dp, . (£29))-
ulr, Di (f * 9)) = 5 "

V(erle[R] (f*9)) —

|f1/r l[R f*g)||erD" (f*g))lr
(1D gy (F9)) =1

nly(r, D7y (F19))+m=1 linli(r Dy (19)) - v(r,D} g (f*9) <

|f1/ (r.D7 5y (590 || G, Dp gy (P [P0 =

l l TD" (f*g))—l—n ll TD" (f*g))+m 1
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lnlu(r,Dﬁ[R] (f*g))+m—1

<77 pw(r, Ditey(f % 9)),
m V(r,Dle[R](f*g))+n71

lmlu(r,Dl”"[R] (f*g))+n—1

n V(T,DmR](f*g))+M7l

pu(r, D'y (f % 9))-

Thus,
bnlur.Dp 1y (729))+m—1 _ 1l Dl (f*9)) Inly(r, D (£19)) +m—1

= m < (28)
lmly(r,DmR](f*g))-&-n—l ,U/(n Dl,[R] (f * g)) lmly(r,Dl’f[R](f*g))—i-n—l

In view of (7) for every 0 < ¢y < ¢ < Q < Q1 < +0o we have k% < Inl, — Inl,_; < k% for
all k > ko(q1,@1). Therefore,

by, D7y (Fr)bm—1 = LDy (729))4n-1 =
= In by Dy (Frg)+m—1 = o Dp o (rrg)) 4m—2 + oo F
Tl pp  (£ra) +m—(m—n) = 0Ly Dp L (Frg))tm—(m—n)—1 <
< (v(r, D (f % 9)) +m = 1@ 4+ (v(r, Dy (f % 9)) +m — (m —n))? =
= (m —n)(1 +o(1))v(r, D}'p (f * g, = foo.

Similarly, as r — +o0
In lV(T,DZf[R](f*g))er—l —In lv(r,D{f[R](f*g))Jrn—l > (m—mn)(1+o(1))v(r, DZ[R](f % g)).

Therefore, from (28) we obtain (11) with Dy (g instead of D; [g. Inequalities (11) imply (12)
and (13) with Dy g instead of Dy g). Finally, if lim {/|frgx| > 0 then by Lemma 2
k—o0

— | 1 ) — (1 Uy )
w8l D) * = lim a(k —1In +In = lim a(k —In—1],
ou i+ )] = [ )/ (=t ) = T (/5 (g
and, similarly,
: 1 l
Ao Dy (f  9))] = lim a(k)/8 ( ~In— ).
k—o0 k lk—l
O
Remark 3. Using the proof of Proposition 1 we get the following statement.
Proposition 3. Let m >n > 1, lim {/|fxgx| > 0 and (7) hold. Then
k—o0
— klnk pu(r, Dy gy (f * 9) klnk

lim ———— < lim —Inln <Q lim —————,
7,55 In(ly,/lx—1) ~ r—+oo Inr pu(r, Dy (f % 9)) — ¢ k—oo In(lg/li—1)

and if, moreover, |fk/fk+1| AL |gk/gk+1| /1 and lk—llk—i-l/ll% /' +o0 as kg < k — oo then

knk 1 p(r, Dy gy (f * 9) kink
lim ———— < lim —1Inln : <Q lm ———,
qkzo In(lg/lp—1) = +5100 In7 w(r, DmR](f xq)) — Qk—>—oo In(lg/lk—1)
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The following theorem is an analogue of Corollary 1.

Theorem 4. Let the functions « and 3 satisfy the conditions of Theorem 1, n € N and
j € N. Suppose that lim {/|frgi| > 0 and (7) holds. Then

k—o00

_ Dy * D” _
lim ! Q (ln plr, D ]f R]g)) lim &

r—+oo B(Inr) pu(r, D, ﬂf x* D' g) ko0 B( L1 lkl_:)
and if, moreover, |fi./ fes1| /1, lgn/grsa1| 21 and ly_1lgs1 /12 7 400 as ko < k — oo then

1 r, D" * D7
ol pu(r, Dy f * Dy (gy9) — lim 1oz(k’)

u(r, Dln[—;%]f*Dl[R 9) )

??‘I»—A

lim
r—too B(InT)

Proof. Since (D f * Dy 9)(2) = z + Z (lk 11") frgrz®, we have

+Ek—1

p(r, D f * Dirg) =

2

lu( f*D g)— 1

1L[R)Y D7 * D™

= l |f1/(7“ f*Dl [R | |gy('r' f*Dl [R]g) |TV(T l,[R]f l,[R]g) —
n+l/(r,Dl7[R]f*Dl7[R]g)—1

Ll 0\ Lyl ?
_ nby(r,D f*Dl (r)Y g)+n+ji—1 n+j V(T,D;:‘[R]f*DZ?[R]g)—l «
l’n+j lz/(r Dp [R]f*Dl,[R]g)+n_1 ZV(T,DZ[R]f*Dle[R]g)—i-n—&—j—l
u(r,Dl”[R]f*Df[R]g)
XN futr.Dp gy 1107 3g0) | 9060, D gy 207 g0 7 =

2
lnlu(r Dy f*D g)+n+j—1
’ L[R)Y J + +
< [ Dy = Dyl
n+j V(r,Dl’[R]f*Dl’[R]g)—i—n—l

and, similarly,

p(r, Df[*]'{]f*D

RS = A\ Tl e

l l n+j n+j
ntj ) ( n+j v(r,D} R]f*Dl [B?]g)—i-n—l
. [R]f*Dn R]g)+n+j71

2
) pu(r, Dle[R]f*Dln,[R]g)-
Thus,

2 2
<l nl, v(r, D] F*D] [ 9)Fnti— 1) < p(r, DnR]f * D' R]g) < lnlu(r,D;f[R]f*Dl’j[R]g)+n+j—1 (29)
o, D"Jr]f*D”+ g) '

o+ lV(T D} F*D] [ 9)+n—1 Z"HZ”(T’DZ[R]f*Dle[R]g)"'n_l

(7)Y

Since in view of (7) k% <Inl, —Inly_; < k9 for every 0 < ¢; < ¢ < Q < Q1 < +00 and all
k > ko(q1,@1), as in the proof of Theorem 3, we obtain

(1+o0(1))jv(r, DZ[R]f * DZ[R]Q) <Inlyq, D}
< (1 +0(1))jv(r, Diig f * DZ[R}Q)le T — +00.

([P @) +nti—1 T In lu(r,D;j[R]f*D;f gn—1 <

[R]

Therefore, (29) yields

w(r, Dy [R}f * Dy "RY 9)

ulr, D} f + D) 9)

(1+o(1))g1 Inv(r, D}’ [Rf*Dl [R]g)) <Inln <



128 M. M. SHEREMETA

< (140(1))Q Inv(r, D' \p)f * DZ:‘[R}g), r — 400, (30)

i. e. we obtain (11) with Dy gy f * Dj' g9 instead of D{f[s]( f % g). This inequalities imply (12)
and (13) with Dp' (g f * Dj' )9 instead of Df[s](f % g). Finally, if lim {/|frgx] > O then by
’ ’ ’ k—ro0

Lemma 2

0u oD + Digal = Jit a5 (70 220 4t ) = i a(0)/5 (1 ;).

lllk 1 ’fk||gk| k—o0 le—1

and, similarly,

n n . 1 I
Aas[Dlg f * Dyl = lim a(k)/B ( In = ) :
k—oco k—1

Remark 4. Using (30), as in the proof of Proposition 1 we get the following statement.

Proposition 4. Let n € N, j € N, lim {/|frgx| > 0 and (7) hold. Then

k—o0
—  klnk 1 Dy g f* Dy —  klnk
g lim _nmR < lim — Inln i R]f R]g) < @ lim —n,
k—00 ln(lk/lk_l) r—+oo In 7 (7’ Dn+]f * D”J’]_{J]g) k—00 1H<lk/lk_1)

and if, moreover, |fy/ fis1] 1, lgr/ gkl 21 and ly_1lyy1 /12 7 +00 as kg < k — oo then

T, D" * D”
g lim ﬂ < lim Llnl a nf]f nf]g) < Q lim klnk .
bmvoo (Ui /le=1) ™ rorgoo In7 pu(r, Dy, ]f * Dy 9) f—oo IN(1i/lj—1)

Theorem 5. Let the functions a and [ satisfy the conditions of Theorem 1, n € N and
j € N. Suppose that hm /| fegr| > 0 and (7) holds. Then

(0% ln = hm T —
(7" D"+]f * D"Jr 9) k—00 5(% In ;- be_)

k—1

-
rtso B(InT)

and if, moreover, | fi/ fus1| /1, |9k/ k1] A1 and lLe_1les1 /17 7 +00 as kg < k — oo then

lim L alln ulr Dy [R](f *9)) = lim —a(k’)
vsoo Bnr) "\ (e, DY DEfg) ) oo B(EIn )

lk—1

Proof. As above, we have

Inlu(r, Dy (29)) -1

lV(erﬁ[R] (f*g))+n_

" v(r,DT *
pu(r, Dz,[R](f *g)) = (r. D} g (F9)) _

|fV(7‘Dl [R f*9)||gV TD” (f*g))|

I Lol ’
nly(r,Dp oy (Fr9))+ni—1 ( n+ V(ﬁD{f[R](f*g))—1> y

g slutr.Dp g (Pl Dp oy (729 =1\ bo(r.Dp g (Frg)) b1

7Dn
X |f1/(7’,DZf[R](f*g) ‘ |gV(T,DZ[R](f*g)) ’T'V(r lv[R](f*g)) <
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1,1 ‘
b (r, Dy (F59)) k=1

ulr, D} f + D) g).

— ]2
Lo gl Dp gy (P +n=1 (. Dp y (F29))—1

On the other hand,

2
ln+jl ( Dn f Dn+]] ) 1 )
X

v(rw(r, D"Jr f*D"+]] )+n+ji—1

v(r, D]l f*D1 h9)

u(r, DS < Ditg) — (

|fu('r‘ DI F<D} ) ||9y r Dy D g )|7” hIE]
li l n+j n+j \_ l n+j n+j _ lnl n+j n+j oy _
- +J l/(rD f*Dl [R]g) 1 V(T’Dl,[R]f*Dl,[R]g)+n 1 V(T‘,Dl Rf*Dl R]g) 1
2
ll/(r D fxDp H g)4nj—1 l v(r Df[gff*D?[}J]an—l
v(r, D”Jr f*D"ﬂ 9)
X|fo Df“gf*pf[g]gﬂ|9V(TDZ”[J;{J]f*D"+ ol7 LA <
l2+ l n+j n+j l n+j
n+j u(r,D f*D g)—1v(r, D™ f*D g)+n—1 n
= ll Rl]2 L n o pu(r, Dl,[R](f *g)).
Dn+] f*D;L[Jg]g)—i-n—&-j—l
Therefore,
2
! lu(’r‘D (D} [ 9)+n+i-1 <
2 <
Lol rD}' [ F*D] i 9)— 1l r. D} F*D] [ g)4n—1
pir, D (Fx9) I, D (P 4mti—1 (31)
T ulr, DR * DIR9) T B lnp (29 tn v Dp gy (£a) -1
As in the proof of Theorem 3 we have
D (Fra)) i1
v(r, Z[R] xg))+n+j—
In— T = Iy, Dy (Fr)) b=t = WL Dp o (£rg)) 417+
V(Tle’[R](f*g))‘i'n_l V(Tle’[R](f*g))_l
10l ppy (Frg)tnki—1 — Wl op (a1 S (4 27) (14 o(1)v(r, Dy (f * 9)%
and, similarly,
li(r,Dn+j D™ gV fntj—1
In : LA ll[R] > (n+25)(1+0(1))v(r, D”Jr]f*D”Jr g
v(r.D] (3 2D} (50) -1 v D} i £+D] () +n =1
as 7 — +00. Therefore, (31) implies
M(T Dy it ](f*g))
1+o0(1 lny'r’D D"+ <1n1n <
< (14 0(1)QiInv(r, Df g (f * g), r— +OO- (32)
O

The further proof of Theorem 5 is the same as the proof of Theorems 3 and 4.
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Remark 5. Using (32), as above we get the following statement.
Proposition 5. Let n € N, j € N, lim {/|frgx| > 0 and (7) hold. Then

k—o0

— klnk — 1 p(r, Dy (f * 9)) —  klnk
qglim ———— < lim — Inln <Qlim ———,
k—o0 ln(lk/lk_l) r—+oo In 7T (fr DnJr]f * l)"+ ) k—o00 ln<lk/lk_1)

and if, moreover, |fi./ fes1| /1, lgk/ gk 21 and U111 /12 7 400 as ko < k — oo then

klnk 1 r, Dy * klnk
¢lim ——% < lim —1Inln a nj[R](f i)) <Q lim ——=%
oo (L /lg—1) — +Siec Inw p(r, Dy Jf * D, Rj]g) koo (1 /lk—1)

3.2. The case klim /Ui /lk—1 = 1. As above, we will consider that
—00
klim | fr] = +o0, klim lgr| = 400, |fi| > 1 and |gx| > 1 for all k > k.
—00 —00

Theorem 6. Let m > n > 1 and the functions « and [ satisfy the conditions of Theorem 2.
Suppose that (17) holds. Then

S 1 . pu(r, DﬁR (f*9)) _ (1) (1)
G ( \/ DT g)) Mol geslol
and if, moreover, | fi/ fre1l /L, |gk/gk+1] /1 and le_1lpr /IR /1 as ko < k — oo then
max{ A0 [ AW —_ 11 Dl (f +9))
el Aaslalh = I Gy =y ( \/ W Dl (F9)) ) =
< min{max{\ ;[f], o} }[g]}, max{A\{}[g], o\ 4 [f1}}.

Proof. In view of (17) there exist 0 < ¢ < < 400 such that ¢k <1/l < Qk. From (28)
we obtain

bnlu(r.Dp 1 (£29))+n-1 _ p(r, D (f * 9)) _ bl (v, D (F9)) 41
lnlu(r,Dl’f[R](f*g))er—l N ,u(r Dln[R}(f g)) 1 lu 7,D[% gy (F%9))+m— 1,

whence

M(Tv DT[R](f * g))
N(Tv DZ[R](f * g))

< (14 0(1) = (Qu(r, Dfjn(f * )™, 711,

T, D] (f %
v D+ 9) < \/ Al e fﬁ N <QuiDiinr ) @

(1 o(1) a0 D+ 9) ") < <

for some 0 < ¢; < Q1 < +oo and r € [rg, 1), that is (20) holds with ¢, Q); instead of ¢, @ and
Dy gy (f * g) instead of D} (f * g). Therefore, (21) and (22) hold with D}'p(f * g) instead

of DZ[S](f % q).
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Since ly_1/lx > gk > 1, |fi| > 1 and |gx| > 1 for all k& > ky, we have l"l’“‘l [ fellge| =

lotn

w(gk)™ fr| = | fx| and, similarly, Inlis—1 fk gi| > |gk| for all k& > ky. Therefore, as in the proof
[

of Theorem 2 we get (23) with DMR](f * g) instead of Dj i (f * g).

On the other hand, for p; > Q&I%[f] and o > Q( ) 8l

have

g], as in the proof of Theorem 2 we

Ll n k k
oy Ml gl < I (@B + o s T B e e S

< (24 o(1))k
~ 87 (a(k)/ max{oi, 02})

whence, as above we get (24) and, similarly, (25) with D}'p,(f * g) instead of D} (f * g).
Thus, in (18) and (19) you can put D}y (f * g) instead of D} (f * g).

In

k — oo,

Remark 6. For the usual orders the following proposition is true.
Proposition 6. Let m >n > 1 and (17) hold. Then

m — n) max{ o™ 1) m 1 . u(r, Dl"fR](f 9))
( Jmax{o™[f], o [g])} < Tim /=9 ™ e Dy (7 9)

< (m —n)(max{o[f], 0V [g])} +1).

and if, moreover, |fi./ fes1| /1, lgk/grs1] 21 and U111 /12 7 400 as ko < k — oo then

m — n) max{ A\ (1) im 1 n“(r Dm[R](f*g))

< (m — n)(min{max{A\V[f], oM [g]}, max{\V[g], o[ f ]}} +1).

The proof of Proposition 6 is the same as that proof of Proposition 2. We just note
that, since In(l,qk)" < zl:i% < In(l,Qk)", we get a*[D}'(p(f * g)] = max{a”([f],@"[f]} and

Qi [DZ[R](JC * g)] = max{a.[f], au[g]}.
The following theorem holds for Dl’f[ Rl f* D{f[ Rl g).

Theorem 7. Let the functions o and [ satisfy the assumptions of Theorem 2, n € N and
j € N. Suppose that (17) holds. Then

n+j n+j
— 1 ,| w(r, D, [R]f * D, [R]g) (1) (1)
llm e —— 8 4 J = maX{Qa [f]’ga [g]}
rit /(1 —7)) u(r, Dy f * Dy 9) g el

and if, moreover, |fv/ fis1] 1, lgr/ gkl /1 and ly_1lpy1 /12 21 as kg < k — oo then

0 ¢ 1t DYE S = D)
max{A, 5[ f], A [ I} < 11}%111 B(1/(1— r))a u(r, Dy "wf * Dl,[R]g)

< min{max{ A 5[f], o{s[g]}, max{\% g, ol 5[]}
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Proof. From (29) we get

(ln+jly(r,D;j[R]f*D;f[R]g)+n—1) _ u(r, D, [Jlﬁgf * D), [Jg]g) (lnﬂll,(r,pn[ﬂ]f Dt )+n—1>
—_ //L .

<

lnll/(nDl’j[R]f*D{f[R]g)+n+jfl (r, Dl,[R]f * Dl,[R]ﬂ) Inl,, (r Dl”[tg f*D"+ o) Fnti—1

whence in view of (17) as usual we get
s PG Dy * Dio)

1+ o(1)) 52 (qu(r, D} g f * Dty 9)™ =
(1+o(1)) 2 (qv(r; Dy Lir)9) p(rs Dfig £+ Dylgy9)

I n
< (1+0(1)) =52 (gv(r, Dy f + D)™, v 11,

n

(7’ Dn+]f*Dn+ )
plr Dy f * Dijgg)

< Quw(r, DI f * D}9)

qv(r, Diig f * DlT,L[R]g) <X L,[R] 1,[R]Y

for some 0 < ¢; < Q1 < +oo and 7 € [rg, 1). The further proof of Theorem 7 is the same as
the proof of Theorem 6. O]

We also note that by the usual method it is not difficult to prove the following statement.
Proposition 7. Let n € N, j € N and (17) hold. Then

' . . 1 pu(r, DZ[R]f*Dln[EJ )
29 maX{Q( )[ ] ( )[ ])} < erl ln(l/(l _ 7’)) In M("’ Dl [R]f * Dl 8] g) <
< 2j(max{o"[f], 0" [g])} + 1).

and if, moreover, |fi./ fxi1| 1, gk grr1] 21 and U_1ley1 /12 1 as kg < k — oo then

1 p(r, DZ‘%f*Df[}j} )
2j max{A\"V[f], A"[g])} < lim ! -
{AY[f] [9])} o In(1/(1=7r))  pu(r, DMR}f*Dl,[R} 9)

< 2j(min{max{AV[f], 0" [g]}, max{aV[g], OV [f]}} + 1).

Finally, from (31) we obtain

n n+
Ll Dp g (P -1l Dp g (Fegn) =1 (s DY f o+ Dy g)
al? v(r, D (f9)+n+j—1 o Dl,[R](f*g))
2 .
< ln+]ll/(r D?[gf*D;lig]g) 1lV(r,DZEg]f*D?['gg)+n 1
— l l2 s ) ?

v(r,Dy’ [R]f*DZTR]]g)-l-n—l-j—l
whence in view of (17)

b n niai o T DZZ[JFI*’LJ]f*DnR]g)
(L+ o(1) 2 (av (7, Dijsy (f  9)))"™* < (. DY (f % 9)
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< QU DI f + Dige)™ ¥, 11,

p(r, D}’ R]f * D’”]g)
(1, DY (f % 9))

qiv(r, Dl (f*9)) < "3 << Quw(r, DI f D)

for some 0 < ¢; < Q1 < 400 and 7 € [rg, 1).
Therefore, using the applied methodology above, we easily arrive at the correctness of
the following two statements.

Theorem 8. Let the functions o and [ satisfy the assumptions of Theorem 2, n € N and
j € N and (17) hold. Then

. 1 o (r D{L[*Rﬂ] f = D"g] q) W 1)
l - J — max

and if, moreover, | fu/ fus| /1, lgk/gker] /1 and l1lesn /I 21 as ko <k — oo then

n+j
AW )\(1) Tim 1 n+2; p(r, D l R f * D J[R] g)
el Al < B sara—m \ \ He D)) ) =

< min{max{)\((lly)ﬁ 1f], QS};[Q] H max{)\s’)ﬁ[g], Q((ll)g [f1}}
Proposition 8. Let n € N, j € N and (17) hold. Then

pu(r, DI f % D"Jr 9)
n ) max{ o I 2
(n + 25) max{o™[f], oV [g])} < 1m In(1/(1 _T))l u(r, Dl’[R](f*g))

< (n+ 2j)(max{o™[f], o'V [g))} + 1).

and if, moreover, |fi/ fes1| 1, gk grr1] /1 and U_1ley1/I2 21 as kg < k — oo then

n ) max (1) im L n wlr, Dn+]f Dn+ 9)
( +2j) {)‘ [ ] [ ])} < erl 111(1/(1 _ 7‘)) (7’, Dl,[R](f *g))

< (n+ 2j) (min{max{AV[f], o0 [g]}, max{AW[g], oV [f]}} + 1).
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