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We established new sharp estimates outside exceptional sets for the logarithmic derivatives
dk log f(z)

dzk and its generalizations f(k)(z)
f(j)(z)

, where f is a meromorphic function f in the upper
half-plane, k > j ≥ 0 are integers. These estimates improve known estimates due to the
second author in the class of meromorphic functions of finite order. Examples show that size
of exceptional sets are best possible in some sense.

Estimates of the logarithmic derivative f ′

f
and its generalizations have many applications

in different branches of analysis and differential equations [12]–[13]. They are of particular
importance in the Nevanlinna theory, where the Lemma of the logarithmic derivative plays
an important role (see [2], [10], [11], [12], [15], [17],).

While in the mentioned results the integral means log
∣∣∣f ′f ∣∣∣ is estimated, in differential

equations one needs estimates of the mean values of
∣∣∣f ′f ∣∣∣ and uniform estimates of the logari-

thmic derivatives. The case of meromorphic or entire function f is well studied. For instance,
G. Gundersen [13] proved that for a meromorphic in C function f of finite order ρ one has

|f ′(z)/f(z)| < K|z|ρ+ε, z ∈ C \ E, (1)

where E is the set of disks with finite sum of radii. This result improved an old result of G.
Valiron ([19, p. 87]). Recent sharp uniform estimates of the logarithmic derivative (see e.g.
[3], [4]) are based on deep results due to J. Anderson and V. Eiderman. [1].

A counterpart of (1) for meromorphic functions in the unit disk was obtained in [5].
Similar sharp estimates with applications to complex differential equations can be found in
[6], [7]. One of the most general estimates covering both complex plane and unit disk cases
have been recently obtained in [8].

Let
C+(r0) = {z = reiθ : 0 6 θ 6 π, r0 6 r < +∞},

w(z), z ∈ C+(r0) be a meromorphic function. Consider Nevanlinna’s characteristics of w(z),
z ∈ C+(r0) [12, p.40]. Denote

A(r, w) = 1
π

∫ r
r0

(
1
t2
− 1

r2

)
(log+ |w(t)|+ log+ |w(−t)|) dt,

B(r, w) = 2
πr

∫ π
0

log+ |w(reiθ)| sin θ dθ,
C(r, w) = 2

∫ r
r0
c(t, w)

(
1
t2

+ 1
r2

)
dt,

(2)
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where log+ x = max(log x, 0), x > 0,

c(t, w) = c(t,∞) =
∑

r0<|bl|6t,06θl6π

sin θl,

is the counting function of poles, each pole bl = |bl|eiθl is counted due to its multiplicity,

S(r, w) = A(r, w) +B(r, w) + C(r, w), r0 6 r < +∞. (3)

We denote (see (2))
c(t, 0,∞) = c(t, w) + c(t, 1/w), (4)

i.e. c(t, 0,∞) is the counting function of zeros and poles of f .
It is well-known [12, p. 39–41], that

| log |f || = log+ |f |+ log+ |1/f |;

max
{
B(r, f) +B

(
r,

1

f

)
, A(r, f) + A

(
r,

1

f

)
, C(r, f) + C

(
r,

1

f

)}
< 2S(r, f) + const. (5)

The quantity

ρ[w] = lim
r→+∞

log+ S(r, w)

log r
(6)

is called the growth order of the function w(z), z ∈ C+(r0).
Though the unit disk is conformally equivalent to the half-plane C+ = {z : Im z > 0}, it

is impossible to transfer directly the mentioned results to functions meromorphic even in C+.
In [14] an example is constructed showing that there is no counterpart of the logarithmic
derivative lemma of Nevanlinna [12, p. 116, 137] for functions meromorphic in the upper
half-plane (cf. [10]). In particular, it follows that it is impossible to obtain an estimate of the
modulus of the logarithmic derivatives uniformly in arg z for such functions.

A. Z. Mokhon’ko proved that∣∣∣∣f ′(z)

f(z)

∣∣∣∣ < K|z|2(ρ+1+ε)

sin2 ϕ
, z = reiϕ ∈ C \ E, (7)

where E is the set of disks with finite sum of radii, K is some constant.
For meromorphic functions f(z), z ∈ C one can deduce from the inequality (1) the

estimate for |f (n)(z)/f(z)|, using the equality∣∣∣∣f (n)

f

∣∣∣∣ =

∣∣∣∣ f (n)

f (n−1)

∣∣∣∣ ∣∣∣∣f (n−1)

f (n−2)

∣∣∣∣ . . . ∣∣∣∣f ′f
∣∣∣∣ .

This method relies implicitly on a theorem stating that the growth category of f is not
less than the growth category of f ′ [12, p. 131, Theorem 2.3]. In its turn, in the proof of
this theorem the logarithmic derivative lemma is used, which has no counterpart for the
half-plane (see the previous remark).

Thus, we skip “quick” proof and start with an estimate for |dn log f(z)/dzn|, which is of
independent interest.

We apply the more powerful method of light points, which allows us to obtain better
results. Using Theorem 2, we deduce an estimate of the logarithmic derivative via growth
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characteristics of the function f outside an exceptional set. The estimates and the size of
exceptional set are related via a function-parameter ψ. It is impossible to avoid exceptional
sets, because the logarithmic derivative is unbounded in any neighborhood of a zero or a
pole of the function.

We denote D(z, σ) = {ζ ∈ C : |ζ − z| < σ}.

Theorem 1. Let f(z), z ∈ C+(r0) be a meromorphic function. Let (rν)
∞
ν=1 be an increasing

to +∞ sequence and ψ : (0,+∞) → (0,+∞) be such that ψ(rν+1) = O(rν−1) (ν → +∞).
Then for z = reiϕ, 0 < ϕ < π,∣∣∣dn log f(z)

dzn

∣∣∣ < Kr2νS(rν+1, f)

(rν−1 − rν−2)n+1 sinn+1 ϕ
+
W (z)

sinn ϕ
, rν−1 < r ≤ rν ,

where

|W (z)| ≤


K
c(rν+1, 0,∞)

ψ(rν+1)
log

c(rν+1, 0,∞)rν+1

ψ(rν+1) sinϕ
, n = 1,

K
(
c(rν+1,0,∞)
ψ(rν+1) sinϕ

)n
, n > 1,

, z ∈ C+(r0) \ E, (8)

for some set E ⊂
⋃
j D(zj, σj), a locally finite covering {D(zj, σj)}j≥1, and a constant K

depending on n and r0. Moreover, there exists ν0 ∈ N such that

∑
|zj |≤rν

σj < 12
ν+1∑
k=ν0

ψ(rk), ν → +∞. (9)

Choosing ψ(r) = εrτ , where τ ∈ (0, 1], 1 ≥ ε > 0, we obtain the following corollary.

Corollary 1. For any ε ∈ (0, 1], γ > 1, τ ∈ (0, 1], z = reiϕ, 0 < ϕ < π,∣∣∣dn log f(z)

dzn

∣∣∣ < Kγn+2S(γr, f)

(γ
1
2 − 1)n+1rn−1 sinn+1 ϕ

+
W (z)

sinn ϕ
,

and

|W (z)| ≤


K

ε

c(γr, 0,∞)

rτ
log

c(γr, 0,∞)r1−τ

ε sinϕ
, n = 1,

K
ε

(
c(γr,0,∞)
rτ sinϕ

)n
, n > 1,

, z ∈ C+(r0) \ Eτ , (10)

where Eτ ⊂
⋃
j D(zj, σj), the covering {D(zj, σj)}j≥1 is locally finite, the constantK depends

on n, r0 and γ, ∑
|zj |≤R

σj < εK0(γ)Rτ , r → +∞, (11)

with K0(γ) =
12γ

τ
2

1− γ− τ2
. In particular, if S(r, f) has order ρ, then

∣∣∣dn log f(z)

dzn

∣∣∣ ≤ ( |z|ρ+1−τ+ε

sin2 ϕ

)n
, z 6∈ Eτ .
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Corollary 2. If we write ψ(r) = (log r)−1−δ, δ > 0, then W (z) allows the following estimate
for z = reiϕ ∈ C+(r0) \ E0, 0 < ϕ < π and some positive constant K(δ) > 0:

|W (z)| ≤


Kc(γr, 0,∞)(log r)1+δ log

c(γr, 0,∞)r log1+δ r

sinϕ
, n = 1,

K
(c(γr, 0,∞)(log r)1+δ

sinϕ

)n
, n > 1,

, (12)

where E0 ⊂
⋃
j D(zj, σj), the covering {D(zj, σj)}j≥1 is locally finite, and∑

j

σj < K(δ). (13)

In particular, if S(r, f) is of order ρ, then∣∣∣dn log f(z)

dzn

∣∣∣ ≤ ( |z|ρ+1+ε

sin2 ϕ

)n
, z 6∈ E0, (14)∣∣∣f (n)(z)

f(z)

∣∣∣ ≤ ( |z|ρ+1+ε

sin2 ϕ

)n
, z 6∈ E0, (15)

where E0 satisfies (13).

Without loss of generality we assume that f(r0e
iθ) 6= 0,∞; 0 6 θ 6 π. Otherwise, we

can enlarge a bit r0 such that this assumption holds.
The proof of Theorem 1 relies on the following theorem.

Theorem 2. Let f(z), z ∈ C+(r0) be a meromorphic function. If z = reiϕ, r0 < |z| < s,
Im z > 0, then ∀n ∈ N ∣∣∣∣dn log f(z)

dzn

∣∣∣∣ < Ks2S(s, f)

(s− r)n+1 sinn+1 ϕ

(s
r

)n
+

+
K

sinn ϕ

∑
r0<|cq |<s

(
sin θq

(s− r)n
+

sin θq
|z − cq|n

)
+K, K = const > 0, (16)

where S(r, f) is the Nevanlinna characteristic of f(z), z ∈ C+(r0) (3), cq = |cq| exp(iθq) ∈
Zf ∪ Pf , Pf and Zf stand for the set of poles and the zero set of f , respectively.

Remark 1. If f(z), z ∈ C+(r0) has finite order ρ, then for arbitrary ε > 0 the previous
theorem implies ∣∣∣∣dn log f(z)

dzn

∣∣∣∣ < K|z|(n+1)(ρ+1+ε)

sin2n ϕ
, z /∈ E, (17)

where E =
⋃
qD(cq, |cq|−ρ−1−ε sin θq), is a set of disks with finite sum of radii centered at

zeros and poles of f , n ∈ N.

Combining (17) and Lemma 1, it is not hard to get∣∣∣∣f (n)(z)

f(z)

∣∣∣∣ < K|z|2n(ρ+1+ε)

sin2n ϕ
, z /∈ E. (18)
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Remark 2. If n = 1 both estimates (17), (18) coincide. If n = 2, 3, 4, ..., then they are
different.

Remark 3. For a meromorphic function f(z) in the angular domain {z : α 6 arg z 6 β,
|z| > r1}, relationships similar to (16)–(18) can be obtained by application Theorem 2 to the
function f1(z) = f(z1/keiα), k = π/(β−α), meromorphic in the closed domain {z : Im z > 0,
|z| > r0} (see [12, p. 41]). Note that estimates (16), (18) depend on ϕ = arg z.

One can apply estimate (18) in complex differential equations as Valiron’s inequality
([19]) was applied. Estimate (18) can be also used for investigation of asymptotic properties
of solutions in a neighborhood of a logarithmic singularity or in an angular domain.

Remark 4. Unlike estimates (17) and (18) interplay between the system of disks D(zj, σj)
covering an exceptional set from Theorem 1 on one hand and the set of zeros and poles
Zf ∪Pf of f , on the other hand, is more complicated. In particular, zj not necessary belongs
to Zf ∪ Pf . However, we can always assume that every connected component of the open
set U =

⋃
j D(zj, σj) contains a point from Zf ∪ Pf (see [3, p.123]).

1. Preliminaries. We need some lemmas.

Lemma 1. Let f(z), z ∈ D be a meromorphic function in a domain D. Then we have for
n = 2, 3, . . .

f (n)(z)

f(z)
=

(
f ′(z)

f(z)

)n
+

∑
∑
qiq=n

Bi1...in−1

n−1∏
q=1

(
dq log f(z)

dzq

)iq
+
dn log f(z)

dzn
, (19)

where we sum up over all i1, . . . , in−1 such that 0 6 i1, . . . , in−1 < n,
∑
qiq = 1i1 + 2i2 +

· · ·+ (n− 1)in−1 = n; Bi1...in−1 are nonnegative.

Proof of Lemma 1. Branches of the multivalued analytic function Log f(z), z ∈ D, are
holomorphic in some small neighborhood of z, z 6= cq ∈ Zf ∪ Pf . If a disk {η : |η| < δ} is
such that {η : |η| < δ} ∩ (Zf ∪ Pf ) = ∅, then any branch log f(z) of Log f(z) in this disk
can be represented as a convergent series

log f(z + η)− log f(z) =
∞∑
j=1

1

j!

dj log f(z)

dzj
ηj. (20)

Thus

f(z + η) = f(z) exp
{ ∞∑

j=1

1

j!

dj log f(z)

dzj
ηj
}
, |η| < δ. (21)

Consider the series

f(z + η) = f(z) +
∞∑
j=1

1

j!
f (j)(z)ηj. (22)

It follows from (21) that

f(z + η) = f(z) exp

{
∞∑
j=1

ηj

j!

dj log f(z)

dzj

}
=
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= f(z)
∞∑
k=0

1

k!

{
∞∑
j=1

ηj

j!

dj log f(z)

dzj

}k

= f(z)
∞∑
n=0

Anη
n. (23)

Direct computations show that A1 = f ′(z)/f(z). For n = 2, 3, 4, . . . ,

An =
1

n!

(
f ′(z)

f(z)

)n
+

∑
i1,...,in−1

Bi1,...,in−1

n−1∏
q=1

(
dq log f(z)

dzq

)iq
+

1

n!

dn log f(z)

dzn
, (24)

where we sum up over all integers i1, i2, . . . , in−1 satisfying 0 6 i1, i2, . . . , in−1 < n, 1i1 +
2i2 + · · · + (n − 1)in−1 = n; the constants Bi1...in−1 are nonnegative. Relations (22), (23)
imply Anf(z) = 1

n!
f (n)(z), consequently, (24) (after the reassignment of the coefficients)

yields (19).

Suppose that f(z) z ∈ C+(r0) is meromorphic, cq = |cq| exp(iθq) ∈ Zf ∪ Pf .
Lemma 2. Let R > s > r0. Then

c(s, 0,∞) 6
R2sC(R, 0,∞)

2(R− s)(R + s)
. (25)

Proof of Lemma 2. It follows from the definition of C(r, f) that

C(R, 0,∞) = C(R, f) + C(R, f−1) > 2

R∫
s

c(t, 0,∞)

(
1

t2
+

1

R2

)
dt >

> 2c(s, 0,∞)

R∫
s

(
1

t2
+

1

R2

)
dt =

2(R− s)(R + s)

R2s
c(s, 0,∞).

Let
F (z, ζ) = log[(s2 − zζ)(z − ζ)(z − ζ)−1(s2 − zζ)−1], (26)

z, ζ ∈ U = {z : r0 6 |z| 6 s, Im z > 0}, z 6= ζ, be a branch of the multivalued function,
which will be specified in each case.

The derivation operator by internal normal to the boundary of U applied to ReF (z, ζ)
and f(ζ) with respect to the variable ζ is denoted by ∂/∂η.

The following Nevanlinna formula was established in [18].

Lemma 3. Let f(z) 6≡ 0 be meromorphic in U = {z : r0 6 |z| 6 s, Im z > 0}, and
f(z) 6= 0,∞ for |z| = r0. Then, for any simply connected open set V ⊂ U satisfying
V ∩ (Zf ∪ Pf ) = ∅ and any branch log f of Log f in V there exists a real constant C such
that for all z ∈ V we have

log f(z) =
i

2π

∫
[−s,−r0]∪[r0,s]

log |f(t)|
[
t+ z

t− z
− s2 + tz

s2 − tz

]
dt

t
+

+
1

2π

π∫
0

log |f(ζ)|
[
ζ + z

ζ − z
− ζ + z

ζ − z

]
ζ=seiθ

dθ − (27)

−
∑

r0<|am|<s

F (z, am) +
∑

r0<|bl|<s

F (z, bl) +Q(z, s),
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Q(z, s) =
r0
2π

π∫
0

[
log |f(ζ)|∂F (z, ζ)

∂η
− F (z, ζ)

∂ log |f(ζ)|
∂η

]
ζ=r0eiθ

dθ + iC, (28)

where am are zeros, bl poles of f(z), counted according their multiplicities.

Remark 5. In (27) F (z, am) and F (z, bl) denote some branches in V . In the integral (28)
we first choose an arbitrary branch F (z, r0), z ∈ V , then choose a branch on the semi-circle
|ζ| = r0, 0 ≤ arg ζ ≤ π which coincides with the previous one at ζ = r0. It is possible, because
f(ζ) 6= 0,∞ when |ζ| = r0.

2. Proofs of the theorems.

Proof of Theorem 2. We differentiate (27) n times by z:

dn

dzn
log f(z) =

i

2π

∫
[−s,−r0]∪[r0,s]

log |f(t)|
[
t+ z

t− z
− s2 + tz

s2 − tz

](n)
z

dt

t
+

+
1

2π

π∫
0

log |f(ζ)|

([
ζ + z

ζ − z
− ζ + z

ζ − z

]
ζ=seiθ

)(n)

z

dθ−

−
∑

r0<|am|<s

F (n)
z (z, am) +

∑
r0<|bl|<s

F (n)
z (z, bl) +Q(n)

z (z, s). (29)

The following equalities are valid:[
t+ z

t− z
− s2 + tz

s2 − tz

](n)
z

=
2tn!

(t− z)n+1
− 2s2tnn!

(s2 − zt)n+1
, (30)

(
ζ + z

ζ − z
− ζ + z

ζ − z

)(n)

z

=
2ζn!

(ζ − z)n+1
− 2ζn!

(ζ − z)n+1
, (31)

(F (z, ζ))(n)z = −(ζ)n(n− 1)!

(s2 − zζ)n
− (n− 1)!

(ζ − z)n
+

(n− 1)!

(ζ − z)n
+
ζn(n− 1)!

(s2 − zζ)n
. (32)

On the arc {ζ : ζ = r0 exp(iθ), 0 < θ < π} the derivative by the internal normal at the point
ζ = ρeiθ has the form ∂F (z, ζ)/∂η = ∂F (z, ρ exp(iθ))/∂ρ. Therefore,

∂F

∂η

∣∣∣∣
ζ=r0eiθ

=
−z

s2eiθ − zr0
+

1

ze−iθ − r0
+

z

s2e−iθ − zr0
− 1

zeiθ − r0
. (33)

Differentiating (33) n times by z we arrive to

1

n!

(
∂F (z, r0e

iθ)

∂η

)(n)

z

= − s2eiθrn−10

(s2eiθ − zr0)n+1
− e−inθ

(r0 − ze−iθ)n+1
+

+
s2e−iθrn−10

(s2e−iθ − zr0)n+1
+

einθ

(r0 − zeiθ)n+1
. (34)

Let
r0 + 1 < |z| < s, s > max(2r0, r0 + 1). (35)
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Then |s2eiθ−zr0|, |s2e−iθ−zr0| > s2−sr0; |r0−ze−iθ| > 1, |r0−zeiθ| > 1. These inequalities
and (34) yield ∣∣∣∣∣

(
∂F (z, r0e

iθ)

∂η

)(n)

z

∣∣∣∣∣ < 4n!. (36)

Suppose that (35) holds and |ζ| = r0. Then |z − ζ| > 1, |z − ζ| > 1; |s2 − zζ| > s2 − sr0 =
s(s− r0) > sr0, |s2 − zζ| > s2 − sr0 > sr0, and (32) allows the estimate∣∣(F (z, ζ))(n)z

∣∣
|ζ|=r0

< 4(n− 1)! (37)

Since f(r0e
iθ) 6= 0,∞, we have | log |f(r0e

iθ)|| < K, |∂ log |f(ζ)|/∂η|ζ=r0eiθ < K, 0 ≤ θ ≤
π, K = const. Thus, (28), (36), (37), imply

|(Q(z, s))(n)z | < 4r0Kn!, K = const, (38)

where K does not depend on z and s.
Using the binomial formula and elementary calculation, we rewrite (31) in the form

1

2n!

(
ζ + z

ζ − z
− ζ + z

ζ − z

)(n)

z

=

∑n+1
j=0 C

j
n+1(−z)n+1−j(ζζ

j − ζζj)
(ζ − z)n+1(ζ − z)n+1

. (39)

Since xn− yn = (x− y)(xn−1 +xn−2y+ · · ·+xyn−2 + yn−1), the numerator in the right-hand
side of (39) can be represented as follows

(−z)n+1(ζ − ζ) +
n+1∑
j=2

Cj
n+1(−z)n+1−j|ζ|2(ζj−1 − ζj−1) =

= (ζ − ζ)

(
(−z)n+1 −

n+1∑
j=2

Cj
n+1(−z)n+1−j|ζ|2

j−2∑
p=0

ζ
p
ζj−2−p

)
. (40)

If ζ = seiθ, then ζ − ζ = 2i|ζ| sin θ. Therefore, combining (40) and the formulas

n∑
j=0

jCj
n = n2n−1,

n∑
j=0

Cj
n = 2n (41)

we estimate the numerator in the right-hand side of (39) (|z| < |ζ| = s),∣∣∣∣∣
n+1∑
j=0

Cj
n+1(−z)n+1−j|ζ|2(ζj−1 − ζj−1)

∣∣∣∣∣ <
< 2 sin θsn+2

(
1 +

n+1∑
j=2

Cj
n+1(j − 1)

)
< 2 sin θsn+2(n2n + 2).

Hence, taking into account (39), and the inequalities |ζ − z| > s sinϕ, |ζ − z| > s − r, we
have ∣∣∣∣∣

(
ζ + z

ζ − z
− ζ + z

ζ − z

)(n)

z

∣∣∣∣∣
ζ=seiθ

<
Ks sin θ

(s− r)n+1 sinn+1 ϕ
, (42)
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K = 4n!(n2n + 2) does not depend on s. The expression (30) is estimated similarly:

1

2n!

(
t+ z

t− z
− s2 + tz

s2 − tz

)(n)

z

=
t(s2 − zt)n+1 − s2tn(t− z)n+1

(t− z)n+1(s2 − zt)n+1
. (43)

We write the numerator on the right-hand side of (43) in the form

t

n+1∑
j=0

Cj
n+1(−zt)n+1−js2j − s2tn

n+1∑
j=0

Cj
n+1(−z)n+1−jtj =

=
n+1∑
j=0

Cj
n+1(−z)n+1−j(tn+2−js2j − s2tn+j) =

= ts2

(
n+1∑
j=2

Cj
n+1(−zt)n+1−j ((s2)j−1 − (t2)j−1

))
− (−z)n+1tn(s2 − t2) =

= (s2 − t2)

(
ts2

n+1∑
j=2

Cj
n+1(−zt)n+1−j

j−2∑
k=0

(s2)j−2−k(t2)k − (−z)n+1tn

)
. (44)

Since |z| 6 s, |t| 6 s, using (44), (41), we deduce

|t(s2 − zt)n+1 − s2tn(t− z)n+1| < (s2 − t2)|t|s2n(n2n + 2). (45)

For z = reiϕ, t ∈ R, |t| 6 s, we obtain

|s2 − zt| > s(s− r), |z − t| > r sinϕ, |z − t| > |t| sinϕ. (46)

Thus, (43), (45), (46) imply∣∣∣∣∣
(
t+ z

t− z
− s2 + tz

s2 − tz

)(n)

z

∣∣∣∣∣ 6 |t|sn+22n!(n2n + 2)

rn(s− r)n+1 sinn+1 ϕ

(
1

t2
− 1

s2

)
. (47)

We write (32) in the following form

(F (z, ζ))
(n)
z

(n− 1)!
=

(
ζn

(s2 − zζ)n
− ζ

n

(s2 − zζ )n

)
+

(
1

(ζ − z)n
− 1

(ζ − z)n

)
. (48)

We reduce the expressions on the right-hand side of (48) to common denominator. Since
ζ = |ζ| exp(iθ); z = r exp(iϕ); |ζ|, |z| < s, we get

|s2 − zζ|, |s2 − zζ| > s(s− r), |ζ − z| > r sinϕ. (49)

We then show that at least one of the inequalities

|s2 − zζ| > s2 sinϕ, |s2 − zζ| > s2 sinϕ

holds. In fact, since 0 < ϕ < π, 0 < θ < π, the points zζ = r|ζ|ei(ϕ+θ), zζ = r|ζ|ei(ϕ−θ) lie in
different half-planes with respect to the line Λ = {z : z = teiϕ, ϕ = const, −∞ < t < +∞}.
Without loss of generality, we may assume that the points s2 and zζ lie from both sides of the
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line Λ. Then |s2−zζ| is greater than the distance from s2 to Λ. Therefore, |s2−zζ| > s2 sinϕ.
Combining this with (49) and with the equalities xn − yn = (x − y)(xn−1 + xn−2y + · · · +
xyn−2 + yn−1), ζ − ζ = 2i|ζ| sin θ, we obtain the following estimate for (48)∣∣∣(F (z, ζ))(n)z

∣∣∣ < n!2n
sin θ

sinn ϕ

(
1

(s− r)n
+

1

|ζ − z|n

)
. (50)

It follows from (29), (38), (42), (47), (50) that

1

K

∣∣∣∣dn log f(z)

dzn

∣∣∣∣ < sn+2

πrn(s− r)n+1 sinn+1 ϕ

∫
[−s,−r0]∪[r0,s]

| log |f(t)||
(

1

t2
− 1

s2

)
dt+

+
s2

(s− r)n+1 sinn+1 ϕ

1

πs

π∫
0

| log |f(seiθ)|| sin θdθ+

+
1

sinn ϕ

∑
r0<|cq |<s

(
sin θq

(s− r)n
+

sin θq
|z − cq|n

)
+ 1, K = const. (51)

By the definition of the Nevanlinna characteristic (3), (5), and (51) we obtain (16).

Proof of Theorem 1. We denote

W (z) :=
K

sinn ϕ

∑
r0<|cq |<s

(
sin θq

(s− r)n
+

sin θq
|z − cq|n

)
+K,

where K is the constant from (16). Then, according to Theorem 2 we have∣∣∣∣dn log f(z)

dzn

∣∣∣∣ < Ks2S(s, f)

(s− r)n+1 sinn+1 ϕ

(s
r

)n
+W (z), (52)

z = reiϕ ∈ C+(r0), r < s, 0 < ϕ < π.
We define

G∗ν = {ζ ∈ C+(r0) : rν−1 ≤ |ζ| ≤ rν , Im ζ ≥ 0},

Gν = {ζ ∈ C+(r0) : rν−2 < |ζ| ≤ rν+1, Im ζ ≥ 0}, ν ≥ ν0,

where ν0 is the least natural satisfying the inequality 2ν0 ≥ r0. For a fixed z we denote
also G+

ν (z) = {ζ ∈ Gν : ϕ1/2 ≤ arg ζ ≤ π − ϕ1/2}, where ϕ1 = min{ϕ, π − ϕ}, z = reiϕ,
G−ν (z) = Gν \G+

ν (z).
We then define a discrete measure λν , ν ≥ ν0 on C in the following way

λν(F ) =
∑

cq∈F∩Gν

sin θq,

where F ⊂ C. A point z ∈ G∗ν is called light, if for an arbitrary σ > 0

λz(σ)
def
= λν(D(z, σ)) =

∑
|ck−z|≤σ
ck∈Gν

sin θk < bνσ, (53)
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where bν = c(rν+1,0,∞)
ψ(rν+1)

. We may suppose that λν(Gν) > 0, otherwise all points of G∗ν are light.
If z is not light, we say that it is heavy, i.e. for some σz > 0 one has λν(D̄(z, σz)) ≥ bνσz.

Next, we show that the set of light points in G∗ν is open in in G∗ν . For fixed ν ∈ N,
z ∈ G∗ν consider the function λz(σ). Since λν is a discrete measure with suppλν ⊂ Gν

and z ∈ G∗ν , λz(σ) is a nondecreasing step function with finitely many jumps at points
0 < σ1 < σ2 < · · · < σm ≤ rν + rν+1, where the number of jumps m depends only on z, ν
and f . Moreover, λz is continuous from the right, and λz(σ) = 0, 0 ≤ σ < σ1 provided that
z is light.

Therefore, by (53) and the definition of σj, 1 ≤ j ≤ m,

sup
σ>0

λz(σ)

σ
= max

1≤j≤m

λz(σj)

σj
= Dz < bν .

We choose δ ∈ (0, (1 − Dz
bν

))σ1, so that σ1
σ1−δ <

bν
Dz

. Then for any w ∈ D(z, δ) and σ > 0
we have

λν(D̄(w, σ))

σ
≤ λν(D̄(z, σ + δ))

σ
=
λz(σ + δ)

σ
≤

≤ sup
σ>0

λz(σ + δ)

σ + δ

σ + δ

σ
≤ Dz

σ1
σ1 − δ

< bν .

So, w is a light point, and consequently the set of light points from G∗ν is open in G∗ν .
We cover all heavy points z by open disks of the radius 2σz centered at z. Then, by

Ahlfors-Landkof lemma [16, Chap.III, Lemma 3.2, p.246], there exists an at most countable
subcovering of multiplicity not greater than 6 by disks D(zk,ν , 2σzk,ν ). Taking into account
that the set of heavy points is closed in G∗ν , as the complement to an open set, we conclude
that the set of heavy points is compact. Therefore, there exists a finite subcovering
{D(zk,ν , 2σzk,ν )}

Nν
k=1. Further, by the definition of a light point we deduce

Nν∑
k=1

σzk,ν ≤
1

bν

Nν∑
k=1

λν(D̄(zk,ν , σzk,ν )) ≤
6

bν
λν

( Nν⋃
k=1

D(zk,ν , 2σzk,ν )
)
≤

≤ 6

bν
λν(Gν) ≤

6

bν
c(rν+1, 0,∞) = 6ψ(rν+1).

Let us estimate the exceptional set of heavy points. For R ∈ (rm−1, rm], m ∈ N we have

∑
|zk,ν |≤R

σk,ν ≤
m∑

ν=ν0

Nν∑
k=1

σzk,ν ≤
m∑

ν=ν0

6ψ(rν+1). (54)

Let z be light. We write the sum∑
cq∈Gν

sin θq
|z − cq|n

=

( ∑
cq∈G+

ν (z)

+
∑

cq∈G−ν (z)

)
sin θq
|z − cq|n

≡
∑
1

+
∑
2

. (55)

It follows from the definition of a light point from G∗ν that sin θq ≤ bν |z − cq|. Thus, in
the first sum in (55) we have

2rν+1 ≥ |z − cq| ≥
sin θq
bν
≥ sin(ϕ1/2)

bν
.
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Since λz(t) < bνt, by properties of the Stieltjes integral

∑
cq∈G+

ν (z)

sin θq
|z − cq|n

≤
∫

G+
ν (z)

dλν(τ)

|τ − z|n
≤

2rν+1∫
sin

ϕ1
2

bν

dλz(t)

tn
=

=
λz(t)

tn

∣∣∣∣2rν+1

sin
ϕ1
2

bν

+

2rν+1∫
sin

ϕ1
2

bν

nλz(t)

tn+1
dt <

bν
(2rν+1)n−1

+

2rν+1∫
sin

ϕ1
2

bν

nbν
tn
dt.

If n > 1 the last estimate yields

∑
cq∈G+

ν (z)

sin θq
|z − cq|n

≤ bν
(2rν+1)n−1

− n

n− 1

bν
tn−1

∣∣∣∣2rν+1

sin
ϕ1
2

bν

≤ n

n− 1

bnν
sinn−1 ϕ1

2

≤

≤ 2

sinn−1 ϕ1

2

(c(rν+1, 0,∞)

ψ(rν+1)

)n
. (56)

If n = 1, then

∑
cq∈G+

ν (z)

sin θq
|z − cq|

≤ bν + bν log
2bνrν+1

sin ϕ1

2

≤ c(rν+1, 0,∞)

ψ(rν+1)

(
1 + log

2rν+1c(rν+1, 0,∞)

ψ(rν+1) sin ϕ1

2

)
. (57)

The second sum in (55) allows the following estimate

∑
cq∈G−ν (z)

sin θq
|z − cq|n

≤ 1

rn sinn ϕ1

2

∑
cq∈G−ν (z)

sin θq ≤
c(rν+1, 0,∞)

rn sinn ϕ1

2

. (58)

Observe, that sin ϕ1

2
= | sinϕ|

2 cos
ϕ1
2

≥ | sinϕ|/2. Then
Inequalities (56)–(58), the assumptions ψ(rν+1) = O(rν−1) (ν → ∞) and n > 1 imply

that for the light points from G∗ν , (rν−1 ≤ rν) we have

∑
cq∈Gν

sin θq
|z − cq|n

≤ K
cn(rν+1, 0,∞)

(ψ(rν+1) sinϕ)n

(
sin

ϕ1

2
+
(ψ(rν+1)

r

)n)
≤ K

cn(rν+1, 0,∞)

(ψ(rν+1) sinϕ)n
. (59)

Finally, taking into account Lemma 2 and (5) we obtain

∑
|cq |≤rν−2

sin θq
|z − cq|n

≤
∑

|cq |≤rν−2

sin θq
(rν−1 − rν−2)n

=
c(rν−2, 0,∞)

(rν−1 − rν−2)n
≤

≤
r2ν−1C(rν−1, 0,∞)

(rν−1 − rν−2)n+1
≤
r2ν−1(2S(rν−1, f) +O(1))

(rν−1 − rν−2)n+1
. (60)

The statement of Theorem 1 now follows from (52), (54), (59) and (60).

Proof of Corollary 1. Let γ > 1, rν = γν/2.
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Taking into account that rν+1 = γrν−1 ≤ γr, r/γ ≤ rν−1 for z ∈ Gν we obtain

|W (z)| ≤ K
bnν

ε sinn ϕ
=
K

ε

(c(γr, 0,∞)

rτ sinϕ

)n
, n > 1,

|W (z)| ≤ K

ε

c(γr, 0,∞)

rτ
log

c(γr, 0,∞)

sinϕ
, n = 1.

We estimate the exceptional set for R ∈ (rm−1, rm], m ≥ ν0,∑
|zk,ν |≤R

σk,ν ≤
m∑

ν=ν0

12εγ
τν
2 ≤ 12ε

γ
τm
2

1− γ− τ2
≤ 12εγ

τ
2

1− γ− τ2
Rτ .

Proof of Corollary 2. Inequalities (12) and (13) can be obtained similar to that in
Corollary 1. Further (12) implies (14). It follows from (14) that (

∑
qiq = n, |z| = r, z /∈ E),∣∣∣∣∣

n−1∏
q=1

(
dq log f(z)

dzq

)iq ∣∣∣∣∣ < K

n−1∏
q=1

rq(ρ+1+ε)iq

sin2qiq ϕ
= K

r(ρ+1+ε)
∑
qiq

(sinϕ)
∑

2qiq
= K

r(ρ+1+ε)n

sin2n ϕ
. (61)

An application of Lemma 1 and (61) yield∣∣∣∣f (n)(z)

f(z)

∣∣∣∣ < K
rn(ρ+1+ε)

sin2n ϕ
, z /∈ E,

where E satisfies (13).

3. Examples.
Example 1. Consider the function f1(z) = ez

ρ , z ∈ C+(1), where ρ > 1, and the branch
of the power function is chosen such that iρ = eiπρ/2. Since f1 is nonvanishing, C(r, f1) = 0,
and standard calculations yield S(r, f1) ∼ K1(ρ)rρ−1, r → +∞ (cf. Example 2).

Obviously,∣∣∣dn log f1
dzn

∣∣∣ = |ρ(ρ− 1) · · · (ρ− n+ 1)||z|ρ−n, ρ 6∈ {2, 3, . . . , n− 1}.

On the other hand, Theorem 1 gives the estimate∣∣∣dn log f1
dzn

∣∣∣ ≤ K
rρ−n

sinn+1 ϕ
, z = reiϕ ∈ C+(1).

Example 2. Consider the Mittag-Leffler function Eρ(z), for ρ ∈ (1
2
,+∞) \ {1} (see e.g.

[9]). A. A. Gol’dberg proved ([11]) that for all q > 0 there exists P > 0 such that∣∣∣E ′ρ(z)

Eρ(z)

∣∣∣ ≤ P |z|ρ−1, |z| → ∞, z 6∈
⋃
k

D(λk, q|λk|1−ρ),

where {λk : k ∈ N} is the zero sequence of Eρ(z) ordered according to increasing moduli. It
is known ([9, p.156]) that λn satisfies the following asymptotics (α = 1/ρ)

λn = eiπα/2(2πn)α
(

1− 1

4ρ2n
+O∗

( log n

n2

)
+ i

log n

ρ22πn
+ iO∗

( 1

n

))
, n→∞, (62)

|λn| = (2πn)α
(

1− 1

4ρ2n
+O

( log2 n

n2

))
, n→∞, (63)
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where O∗(·) = O(·) stand for real values. The following asymptotics of Eρ(z) is well-known.

Eρ(z) =

ρe
zρ +O

(
1
z

)
, | arg z| ≤ π

2ρ
,

O
(

1
z

)
, π

2ρ
≤ | arg z| ≤ π,

z →∞.

It allows us to compute its characteristics

A(r, Eρ) ∼
1

π

∫ r

1

(t−2 − r−2)tρ dt =
2rρ−1

π(ρ2 − 1)
, r → +∞, (64)

B(r, Eρ) ∼
2

πr

∫ π
2ρ

0

Re(rρeiρθ) sin θ dθ =
2rρ−1

π

∫ π
2ρ

0

cos ρθ sin θ dθ, r → +∞. (65)

The equality (62) implies c(r, Eρ) ∼
sin π

2ρ

2π
rρ, r →∞. Consequently,

C(r, Eρ) ∼
sin π

2ρ

π

∫ r

1

(
tρ−2 +

tρ

r2

)
dt =

2ρ sin π
2ρ

π(ρ2 − 1)
rρ−1, r →∞.

So, S(r, f) ∼ K2r
ρ−1 as r →∞, where K2 = K2(ρ) is a positive constant.

Following A. A. Gol’dberg, for a given η ∈ (0,min{π − πα/2, πα/2}), we consider the
angle W = {z : πα/2− η < arg z < πα/2 + η}. For z ∈ W the following asymptotics

Eρ(z) = ρez
ρ − a

z
+O

( 1

z2

)
, a =

1

Γ(1− α)
, z →∞, (66)

and
E ′ρ(z) = ρ2zρ−1ez

ρ

+O(
1

z2
), z →∞ (67)

hold. It follows from (62) that given q0 > 0 there exists R0 > 0 such that for |λn| > R0 (62)
holds and the disks D(λn, q|λn|1−ρ), 0 < q < q0 are pairwise disjoint. Let n0 ∈ N be such that
|λn0| > R0. Let {qn} be a decreasing sequence of positive numbers with qn ≤ q0, which will
be specified later. At the moment we assume that max{|λn|−2, |λn|−ρ} = o(qn) as n → ∞.
For a point ζ ∈ ∂D(λn, q|λn|1−ρ) we have ζ = λn + q|λn|1−ρeiθ, θ ∈ [0, 2π], 0 < q ≤ qn. Using
the relation ([11])

ρeλ
ρ
n =

a

λn
+O

( 1

λ2n

)
, n→∞,

and the fact that | exp{ρqeiθ + O(λ−ρn )}| > K3 for n ≥ n0, 0 < q ≤ qn, 0 ≤ θ ≤ 2π, where
K3 = K3(ρ) is a positive constant, we deduce

|E ′ρ(ζ)| =
∣∣∣ρ2ζρ−1eζρ +O

( 1

ζ2

)∣∣∣ ≥
= ρ2|ζ|ρ−1| exp{λρn + ρqeiθ +O(λ−ρn )}|+O(|ζ|−2) =

= ρ2|ζ|ρ−1
∣∣∣ a
λn

+O
( 1

λ2n

)∣∣∣| exp{ρqeiθ +O(λ−ρn )}|+O(|ζ|−2) ≥ K4|ζ|ρ−1

|λn|
, n→∞, (68)

where K4 is a positive constant.
On the other hand, | exp{ρqeiθ +O(λ−ρn )}− 1| = O(qn), 0 < q ≤ qn. A. Gol’dberg proved

([11, p.24]) that

Eρ(ζ) =
a

λn

(
exp{ρqeiθ +O(λ−ρn )} − 1

)
+O

( 1

λ2n

)
+O

( 1

λρ+1
n

)
.
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The latter relationships imply |Eρ(ζ)| = O
(

qn
|λn|

)
, 0 < q ≤ qn, ζ ∈ ∂D(λn, q|λn|1−ρ) as

n→∞.
Combining this with (68) we obtain∣∣∣E ′ρ(ζ)

Eρ(ζ)

∣∣∣ ≥ K5
|ζ|ρ−1

qn
, ζ ∈ D(λn, qn|λn|1−ρ), n→∞. (69)

Let now {qn} be chosen such that qn → 0 and max{|λn|−2, |λn|−ρ} = o(qn) as n → ∞.
Consider the set

F =
{
ζ : |ζ| > R0,

∣∣∣E ′ρ(ζ)

Eρ(ζ)

∣∣∣ ≥ K5
|ζ|ρ−1

qn
,
1

2
(|λn|+ |λn−1|) ≤ |ζ| <

1

2
(|λn|+ |λn+1|)

}
.

Then F ⊃
⋃∞
n=n0

D(λn, qn|λn|1−ρ), and

∑
|λn|≤r

qn|λ|1−ρ =

n(r)∑
n=n0

(qn + o(1))2πn
1−ρ
ρ ∼ 2πρqn(r)(n(r))

1
ρ ∼ (2π)1−αqn(r)r, r →∞.

Note that qn can be tend to zero arbitrarily slow, which shows sharpness of the estimate of
exceptional set in Corollary 1 for ψ(r) = r.
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of complex LDE’s, submitted preprint.
Available at arXiv: https://arxiv.org/abs/1905.07934

9. M. A. Efgrafov, Asymptotic estimates and entire functions, Мoscow, GITTL, 1957, 160 p. (in Russian)
10. M. A. Fedorov, A. F. Grishin, Some questions of the Nevanlinna theory for the complex half-plane, Math.

Physics, Analysis and Geometry (Kluwer Acad. Publish.) 1 (1998), no.3, 223–271.
11. A. A. Goldberg, An estimate of modulus of logarithmic derivative of Mittag-Leffler function with appli-

cations, Mat. Stud. 5 (1995), P.21–30. (in Ukrainian)
12. A. A. Goldberg, I. V. Ostrovskii, Value distribution of meromorphic functions. Translated from the

1970 Russian original by Mikhail Ostrovskii. With an appendix by Alexandre Eremenko and James K.
Langley. Translations of Mathematical Monographs, 236. American Mathematical Society, Providence,
RI, 2008.



LOGARITHMIC DERIVATIVE ESTIMATES OF FUNCTIONS IN THE HALF-PLANE 187

13. G. Gundersen, Estimates for the logarithmic derivative of a meromorphic function, plus similar esti-
mates, J. London Math. Soc.(2) 37 (1988), 88–104.

14. Гольдберг A.A. Лемма Неванлинны о логарифмической производной мероморфной функции,
Мат. Заметки. 17 (1975), No 4, 525–529; Engl. transl. Gol’dberg, A.A. Nevanlinna’s lemma on
the logarithmic derivative of a meromorphic function. Mathematical Notes 17, 310–312 (1975).
https://doi.org/10.1007/BF01105380.

15. M. Jankowski, An estimate for the logarithmic derivative of meromorphic functions, Analysis. 14 (1994),
185–194.

16. N.S. Landkof, Foundations of Modern Potential Theory, Berlin, Springer-Verlag, 1972. 424 p.
17. J. Miles, A sharp form of the lemma of the logarithmic derivative J. London Math. Soc. 45 (1992),

243–254.
18. Мохонько А.З. Оценка модуля логарифмической производной функции, мероморфной в угловой

области, и её применение, Укр. мат. журн. 41 (1989), №6, 839–843; Engl. transl. Mokon’nko A.Z.
Estimation of absolute value the logarithmic derivative of function, meromorphic in angular domain,
and its application, Ukr. Math. J. 41 (1989), No 6, 839–843.
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