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We introduce a concept of entire functions having bounded index in a variable direction,

i.e. in a frame. An entire function F : Cn → C is called a function of bounded frame index in
a frame b(z), if there exists m0 ∈ Z+ such that for every m ∈ Z+ and for all z ∈ Cn one has
|∂mb(z)F (z)|

m!
≤ max

0≤k≤m0

|∂kb(z)F (z)|
k!

, where ∂0b(z)F (z) = F (z), ∂1b(z)F (z) =
∑n

j=1
∂F
∂zj

(z) · bj(z),

∂kb(z)F (z) = ∂b(z)(∂
k−1
b(z)F (z)) for k ≥ 2 and b : Cn → Cn is a entire vector-valued function.

There are investigated properties of these functions. We established analogs of propositions
known for entire functions of bounded index in direction. The main idea of proof is usage the
slice {z + tb(z) : t ∈ C} for given z ∈ Cn. We proved the following criterion (Theorem 1)
describing local behavior of modulus ∂kb(z)F (z+ tb(z)) on the circle |t| = η: An entire function
F : Cn → C is of bounded frame index in the frame b(z) if and only if for each η > 0 there exist
n0 = n0(η) ∈ Z+ and P1 = P1(η) ≥ 1 such that for every z ∈ Cn there exists k0 = k0(z) ∈ Z+,
0 ≤ k0 ≤ n0, for which inequality

max
{∣∣∣∂k0

b(z)F (z + tb(z))
∣∣∣ : |t| ≤ η} ≤ P1

∣∣∣∂k0

b(z)F (z)
∣∣∣

holds.

1. Introduction. In recent years, analytic functions of several variables with bounded
index have been intensively investigated. The main objects of investigations are such functi-
on classes: entire functions of several variables [2, 3, 4, 9, 19, 20], functions analytic in a
polydisc [10], in a ball [5, 6, 12] or in the Cartesian product of the complex plane and the
unit disc [11].

For entire functions and analytic functions in a ball there were proposed two approaches
to introduce a concept of index boundedness in a multidimensional complex space. They
generate so-called functions of bounded L-index in a direction, and functions of bounded
L-index in joint variables.

Let us introduce some notations and definitions.
Let R+ = (0,+∞), R∗+ = [0,+∞), 0 = (0, . . . , 0), b = (b1, . . . , bn) ∈ Cn \ {0} be a given

direction, L : Cn → R+ be a continuous function, F : Cn → C an entire function. We also

put ∂0bF (z) = F (z), ∂bF (z) =
n∑
j=1

∂F (z)
∂zj

bj, ∂
k
bF (z) = ∂b

(
∂k−1b F (z)

)
, k ≥ 2.
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An entire function F : Cn → C is called ([2, 3, 4]) a function of bounded L-index in a
direction b, if there exists m0 ∈ Z+ such that for every m ∈ Z+ and for all z ∈ Cn one has

|∂mb F (z)|
m!Lm(z)

≤ max
{ |∂kbF (z)|

k!
: 0 ≤ k ≤ m0

}
. (1)

One should observe that

∂kbF (z) =
k!

2πi

∫
|τ |=r

F (z + τb)

τ k+1
dτ ∀z ∈ Cn. (2)

In our previous investigations we consider that b is a constant vector, i.e. b does not
depend on variable z ∈ Cn. Now, let us suppose that b = b(z) = (b1(z), . . . , bn(z)) is some
entire vector-valued function of variable z.

Definition 1. An entire function F : Cn → C is called a function of bounded index in a
frame b(z), if there exists m0 ∈ Z+ such that for every m ∈ Z+ and for all z ∈ Cn one has

|∂mb(z)F (z)|
m!

≤ max
{ |∂kb(z)F (z)|

k!
: 0 ≤ k ≤ m0

}
, (3)

where

∂0b(z)F (z) = F (z), ∂1b(z)F (z) =
n∑
j=1

∂F

∂zj
(z) · bj(z), ∂kb(z)F (z) = ∂b(z)(∂

k−1
b(z)F (z))

for k ≥ 2.

We denote ∂b(z)F (z) ≡ ∂1b(z)F (z).

The least such integer number m0, obeying (1), is called index in the frame b(z) of the
function F (z) and is denoted by Nb(F ). If such m0 does not exist, then we put Nb(F ) =
∞, and the function F is said to be of unbounded index in the frame b in this case. If
b(z) ≡ (b1, . . . , bn) is a constant vector then we obtain usual definition of bounded index in
the direction b.

If n = 1 and b(z) ≡ 1, then the definition matches with the definition of function of
bounded index introduces by B. Lepson [17] (see also [18]). In this case, N(f) : = N1(f).

The notion of boundedness of the L-index in direction uses the restriction of the function
to the slices {z0 + tb : t ∈ C}. For fixed b ∈ Cn \ {0} and z0 ∈ Cn, using considerations
from the one-dimensional case, we obtain the estimates which are uniform in z0 ∈ Cn. This
is a short description of the method.

2. Sufficient Sets. Now we prove several propositions describing a connection between
functions of bounded index in direction and functions of bounded index of one variable.
The similar results for entire functions of several variables were obtained in [2, 3, 7], for slice
holomorphic functions in [8] . The next proofs use ideas from the mentioned papers. Denote
gz(t) = F (z + tb(z)).

Proposition 1. Let b : Cn → Cn be an entire vector-valued function. If an entire function
F : Cn → C has bounded frame index in the frame b(z) then for every z0 ∈ Cn the entire
function gz0(t) is of bounded index and N(gz0) ≤ Nb(z)(F ).
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Proof. Let z0 ∈ Cn. Denote gz0(t) = F (z0 + tb(z0)). As for all p ∈ N one has

g′z0(t) =
n∑
j=1

∂F (z0 + tb(z0))

∂zj
· bj(z0) = ∂b(z0)F (z

0 + tb(z0)), (4)

g
(p)

z0 (t) =
n∑
j=1

∂(∂p−1b(z0)F (z
0 + tb(z0)))

∂zj
· bj(z0) = ∂pb(z0)F (z

0 + tb(z0)), (5)

then by the definition of bounded index in the frame b(z) for all t ∈ C and p ∈ Z+ we obtain

|g(p)z0 (t)|
p!

=
|∂pb(z0)F (z

0 + tb(z0))|
p!

≤ max
{ |∂kb(z0)F (z0 + tb(z0))|

k!
: 0 ≤ k ≤ Nb(F )

}
=

= max
{ |g(k)z0 (t)|

k!
: 0 ≤ k ≤ Nb(F )

}
.

Hence, we obtain that gz(t) is of bounded index and N(g) ≤ Nb(F ). Proposition 1 is proved.

Remark 1. Treating F (z + tb(z)) as entire function of variable t for given z and applying
Cauchy’s formula, we obtain

∂kb(z)F (z) = g(k)z (0) =
k!

2πi

∫
|τ |=r

gz(τ)

τ k+1
dτ =

k!

2πi

∫
|τ |=r

F (z + τb(z))

τ k+1
dτ. (6)

Equality (5) implies that the proposition holds.

Proposition 2. Let b : Cn → Cn be an entire vector-valued function. If an entire function
F : C→ C has bounded index in the frame b(z) then

Nb(F ) = max
{
N(gz0) : z0 ∈ Cn

}
.

Proposition 3. Let b : Cn → Cn be an entire vector-valued function. An entire function
F : Cn → C has bounded index in the frame b if and only if there exists a number M > 0
such that for all z0 ∈ Cn the function gz0(t) is of bounded index with N(gz0) ≤ M < +∞,
as a function of variable t ∈ C. Thus, Nb(F ) = max{N(gz0) : z0 ∈ Cn}.

Proof. The necessity follows from Proposition 1.
Sufficiency. Since N(gz0) ≤ M , there exists max{N(gz0) : z0 ∈ Cn}. We denote Nb(F ) =
max{N(gz0) : z0 ∈ Cn} < +∞. Suppose that Nb(F ) is not the index in the frame b of the
function F (z). It means that there exists n∗ > Nb(F ) and z∗ ∈ Cn such that

|∂n∗

b(z∗)F (z
∗)|

n∗!
> max

{
|∂kb(z∗)F (z∗)|

k!
: 0 ≤ k ≤ Nb(F )

}
. (7)

Since for gz0(t) = F (z0 + tb(z0)) we have g(p)z0 (t) = ∂pb(z0)F (z
0 + tb(z0)), inequality (7) can

be rewritten as ∣∣g(n∗)
z∗ (0)

∣∣
n∗!

> max

{
|g(k)z∗ (0)|
k!

: 0 ≤ k ≤ Nb(F )

}
,

but it is impossible (it contradicts that all indices N(gz0) are not greater than Nb(F )).
Therefore Nb(F,L) is the index in the frame b(z) of the function F (z). Proposition 3 is
proved.
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3. Local Behavior of functions of bounded index in frame. The following proposition
is crucial in theory of functions of bounded index. It initializes series of propositions which
are necessary to prove logarithmic criterion of index boundedness. It was first obtained by
G. H. Fricke [15] for entire functions of bounded index. Later the proposition was generalized
for entire functions of bounded l-index [16], analytic functions of bounded l-index [21], entire
functions of bounded L-index in direction [2], functions analytic in the unit ball with bounded
L-index in direction [6], functions analytic in a polydisc [10] or in a ball [12] with bounded
L-index in joint variables and for slice holomorphic functions [8].

Theorem 1. Let b : Cn → Cn be an entire vector-valued function. An entire function
F : Cn → C is of bounded frame index in the frame b(z) if and only if for each η > 0
there exist n0 = n0(η) ∈ Z+ and P1 = P1(η) ≥ 1 such that for every z ∈ Cn there exists
k0 = k0(z) ∈ Z+, 0 ≤ k0 ≤ n0, for which inequality

max
{∣∣∣∂k0b(z)F (z + tb(z))

∣∣∣ : |t| ≤ η
}
≤ P1

∣∣∣∂k0b(z)F (z)∣∣∣ (8)

holds.

Proof. Our proof is based on the proof of an appropriate theorem for entire functions of
bounded L-index in direction ([2], [3, p.20],[4, p.88-89]).
Necessity. Let Nb(F ) ≡ N < +∞. Let [a], a ∈ R, stands for the integer part of the number
a in this proof. We denote

q(η) = [2η(N + 1)] + 1.

For z ∈ Cn and p ∈ {0, 1, . . . , q(η)} we put

Rb
p (z, η) = max

{
|∂kb(z)F (z + tb(z))|

k!
: |t| ≤ pη

q(η)
, 0 ≤ k ≤ N

}
.

Note that |t| ≤ pη
q(η)
≤ η. It is clear that Rb

p (z, η) is well-defined.
Let kzp ∈ Z, 0 ≤ kzp ≤ N, and tzp ∈ C, |tzp| ≤

pη
q(η)

, be such that

Rb
p (z, η) =

|∂k
z
p

b(z)F (z + tzpb(z))|
kzp!

. (9)

However, for every given z ∈ Cn the function F (z + tb(z)) and ∂kb(z)F (z + tb(z)) are
entire functions of the variable t. Then by the maximum modulus principle, equality (9)
holds for tzp such that |tzp| =

pη
q(η)

. We set t̃zp =
p−1
p
tzp. Then

|t̃zp| =
(p− 1)η

q(η)
, (10)

|t̃zp − tzp| =
|tzp|
p

=
η

q(η)
. (11)

It follows from (10) and the definition of Rb
p−1(z, η) that

Rb
p−1(z, η) ≥

|∂k
z
p

b(z)F (z + t̃zpb(z))|
kzp!

.
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Therefore,

0 ≤ Rb
p (z, η)−Rb

p−1(z, η) ≤

∣∣∣∂kzpb(z)F (z + tzpb(z))
∣∣∣− ∣∣∣∂kzpb(z)F (z + t̃zpb(z))

∣∣∣
kzp!

=

=
1

kzp!

1∫
0

d

ds

∣∣∣∂kzpb(z)F (z + (t̃zp + s(tzp − t̃zp))b(z))
∣∣∣ ds. (12)

For every analytic complex-valued function of real variable ϕ(s), s ∈ R, the inequality
d
ds
|ϕ(s)| ≤

∣∣ d
ds
ϕ(s)

∣∣ holds, where ϕ(s) 6= 0. Applying this inequality to (12) and using the
mean value theorem we obtain

Rb
p (z, t0, η)−Rb

p−1(z, t0, η) ≤

≤ 1

kzp!

1∫
0

∣∣∣∣ dds∂kzpb(z)F (z + (t̃zp + s(tzp − t̃zp))b(z))
∣∣∣∣ ds =

=
|tzp − t̃zp|
kzp!

1∫
0

∣∣∣∂kzp+1

b(z) F (z + (t̃zp + s(tzp − t̃zp))b(z))
∣∣∣ ds =

=
|tzp − t̃zp|
kzp!

∣∣∣∂kzp+1

b(z) F (z + (t̃zp + s∗(tzp − t̃zp))b(z))
∣∣∣ =

= (kzp + 1)|tzp − t̃zp|
|∂k

z
p+1

b(z) F (z + (t̃zp + s∗(tzp − t̃zp))b(z))|
(kzp + 1)!

, (13)

where s∗ ∈ [0, 1]. The point t̃zp + s∗(tzp − t̃zp) belongs to the set{
t ∈ C : |t| ≤ pη

q(η)
≤ η

}
.

Using the definition of index boundedness in frame, the definition of q(η), inequalities
(11) and (13), for kzp ≤ N we have

Rb
p (z, η)−Rb

p−1(z, η) ≤
|∂k

z
p+1

b(z) F (z + (t̃zp + s∗(tzp − t̃zp))b(z))|
(kzp + 1)!

(kzp + 1)|tzp − t̃zp| ≤ η
N + 1

q(η)
×

×max

{
|∂kb(z)F (z + (t̃zp + s∗(tzp − t̃zp))b(z))|

k!
: 0 ≤ k ≤ N

}
≤ η

N + 1

q(η)
Rb
p (z, η) ≤

≤ η(N + 1)

[2η(N + 1)] + 1
Rb
p (z, η) ≤

1

2
Rb
p (z, η)

It follows that Rb
p (z, η) ≤ 2Rb

p−1(z, η).
Hence,

max

{ |∂kb(z)F (z + tb(z))|
k!

: |t| ≤ η, 0 ≤ k ≤ N

}
= Rb

q(η)(z, η) ≤



198 A. I. BANDURA

≤ 2Rb
q(η)−1(z, η) ≤ 22Rb

q(η)−2(z, η) ≤
≤ · · · ≤ 2q(η)Rb

0 (z, η) =

= 2q(η) max

{
|∂kb(z)F (z)|

k!
: 0 ≤ k ≤ N

}
. (14)

Let kz ∈ Z, 0 ≤ kz ≤ N, and t̃z ∈ C, |t̃z| = η
L(z)

be such that

|∂kzb(z)F (z)|
kz!

= max
0≤k≤N

|∂kb(z)F (z)|
k!

,

and
|∂kzb(z)F (z + t̃zb(z))| = max{|∂kzb(z)F (z + tb(z))| : |t| ≤ η}.

Inequality (14) implies

|∂kzb(z)F (z + t̃zb(z))|
kz!

= max

{
|∂kzb(z)F (z + tb(z))|

kz!
: |t| ≤ η

}
≤

≤ max

{
|∂kb(z)F (z + tb(z))|

k!
: |t| ≤ η, 0 ≤ k ≤ N

}
≤

≤ (2)q(η)

∣∣∂kzb(z)F (z)∣∣
kz!

.

Hence,

max
{
|∂kzb(z)F (z + tb(z))| : |t| ≤ η

}
≤ 2q(η)|∂kzb(z)F (z)|.

Thus, we obtain (8) with n0 = Nb(F ) and

P1(η) = 2q(η).

Necessity is proved.
Sufficiency. Suppose that for each η > 0 there exist n0 = n0(η) ∈ Z+ and P1 = P1(η) ≥ 1
such that for every z ∈ Cn there exists k0 = k0(z) ∈ Z+, 0 ≤ k0 ≤ n0, for which inequality
(8) holds. We choose η > 1 and j0 ∈ N such that P1 ≤ ηj0 . For given z ∈ Cn, k0 = k0(z) and
j ≥ j0 by Cauchy’s formula for F (z + tb(z)) as a function of one variable t

∂k0+jb(z) F (z) =
j!

2πi

∫
|t|=η

∂k0b(z)F (z + tb(z))

tj+1
dt.

Therefore, in view of (8) we have

|∂k0+jb(z) F (z)|
j!

≤ 1

2π

∫
|t|=η

|∂k0b(z)F (z + tb(z))|
|t|j+1

|dt| ≤

≤ 1

ηj
max

{
|∂k0b(z)F (z + tb(z))| : |t| = η

}
≤ P1

ηj
|∂k0b(z)F (z)|,
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Hence, for all j ≥ j0, z ∈ Cn

|∂k0+jb(z) F (z)|
(k0 + j)!

≤ j!k0!

(j + k0)!

P1

ηj

|∂k0b(z)F (z)|
k0!

≤ ηj0−j
|∂k0b(z)F (z)|

k0!
≤
|∂k0b(z)F (z)|

k0!
.

Here we used that j!k0!
(j+k0)!

≤ 1. Since k0 ≤ n0, the numbers n0 = n0(η) and j0 = j0(η) are
independent of z and t0, this inequality means that the function F has bounded index in the
frame b(z) and Nb(F ) ≤ n0 + j0. The proof of Theorem 1 is complete.

The following assertion is an analog of propositions established for the L-index in direction
[2, 6]. It is a consequence of the previous theorem.

Corollary 1. Let b : Cn → Cn be an entire vector-valued function. An entire function
F : Cn → C is of bounded index in the frame b(z) if and only if F is of bounded index in
the frame αb(z), where α ∈ C.

Proposition 4. Let b : Cn → Cn be an entire vector-valued function, α : Cn → C \ {0}
be an entire function and an entire function F : Cn → C be of bounded index in the frame
b(z). If either α(z) = exp(

∑n
j=1 zj) or Nb(F ) ∈ {0, 1}, is true then F is of bounded index

in the frame α(z)b(z).

Proof. In the case α(z) = exp(
∑n

j=1 zj) we have ∂α(z)
∂zj

= α(z) for j ∈ {1, . . . , n}. Therefore,
∂kαb(z)F (z) = αk∂kb(z)F (z), and we can repeat considerations from previous proof, replacing
α by α(z).

If Nb(F ) ∈ {0, 1}, then in Theorem 1 inequality (8) holds with n0 ∈ {0, 1} (see its proof).
But for such n0 = 0 one has

∂0αb(z)F (z) = α0∂0b(z)F (z) = F (z)

and for n0 = 1 one has

∂1αb(z)F (z) =
n∑
j=1

∂F

∂zj
(z) · α(z) · bj(z) = α

n∑
j=1

∂F

∂zj
(z) · bj(z) = α∂1b(z)F (z).

Hence, by Theorem 1 (∀η > 0) and for n0(η) ∈ {0, 1} (∃P1(η) ≥ 1) (∀z ∈ Cn) (∃k0 =
k0(z) ∈ Z+, 0 ≤ k0 ≤ n0), and the following inequality is valid

max
{
|∂k0b(z)F (z + tb(z))| : |t| ≤ η

}
≤ P1|∂k0b(z)F (z)|. (15)

Since ∂kα(z)b(z)F (z) = αk(z) · ∂kb(z)F (z) for k ∈ {0, 1}, inequality (15) is equivalent to the
inequality

max
{
|α(z)|k0|∂k0b(z)F (z + tb(z))| : |t| ≤ η

}
≤ P1|α(z)|k0|∂k0b(z)F (z)|

as well as to the inequality

max

{∣∣∂k0α(z)b(z)F(z + t

α(z)
α(z)b(z)

)∣∣ : |t/α(z)| ≤ η/|α(z)|
}
≤ P1|∂k0αb(z)F (z)|.

Denoting t∗ = t
α(z)

, η∗ = η
|α(z)| , we obtain

max
{
|∂k0α(z)b(z)F (z + t∗α(z)b(z))| : |t∗| ≤ η∗

}
≤ P1|∂k0α(z)b(z)F (z)|.

By Theorem 1 the function F (z) is of bounded index in the frame α(z)b(z).
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Using Fricke’s idea [14], we obtain a modification of Theorem 1.

Theorem 2. Let F : Cn → C be an entire function, b : Cn → Cn be a entire vector-valued
function. If there exist η > 0, n0 = n0(η) ∈ Z+ and P1 = P1(η) ≥ 1 such that for all z ∈ Cn

there exists k0 = k0(z) ∈ Z+, 0 ≤ k0 ≤ n0, for which the inequality holds

max{|∂k0b(z)F (z + tb(z))| : |t| ≤ η} ≤ P1|∂k0b(z)F (z)|,

then the function F has bounded index in the frame b(z).

Proof. Our proof is based on the proof of appropriate theorem for entire functions of bounded
L-index in direction [13].

Assume that there exist η > 0, n0 = n0(η) ∈ Z+ and P1 ≥ 1 such that for every z ∈ Cn

there exists k0 = k0(z) ∈ Z+, 0 ≤ k0 ≤ n0, for which

max{|∂k0b(z)F (z + tb(z))| : |t| ≤ η} ≤ P1|∂k0b(z)F (z)|. (16)

If η > 1, then we choose j0 ∈ N such that P1 ≤ ηj0 . And for η ∈ (0; 1] we choose j0 ∈ N
obeying the inequality j0!k0!

(j0+k0)!
P1 ≤ 1. This j0 exists because

j0!k0!

(j0 + k0)!
P1 =

k0!

(j0 + 1)(j0 + 2) · . . . · (j0 + k0)
P1 → 0, j0 →∞.

Applying Cauchy’s formula to the function F (z+tb(z)) as a function of complex variable
t for j ≥ j0 we obtain that for every z ∈ Cn there exists integer k0 = k0(z), 0 ≤ k0 ≤ n0, and

∂k0+jb(z) F (z) =
j!

2πi

∫
|t|=η

∂k0b(z)F (z + tb(z))

tj+1
dt.

Taking into account (16), one has

|∂k0+jb(z) F (z)|
j!

≤ 1

ηj
max

{
|∂k0b(z)F (z + tb(z))| : |t| = η

}
≤ P1

ηj
|∂k0b(z)F (z)|. (17)

In view of the choice of j0 for η > 1 and for all j ≥ j0 we deduce

|∂k0+jb(z) F (z)|
(k0 + j)!

≤ j!k0!

(j + k0)!

P1

ηj

|∂k0b(z)F (z)|
k0!

≤ ηj0−j
|∂k0b(z)F (z)|

k0!
≤
|∂k0b(z)F (z)|

k0!
.

Since k0 ≤ n0, the numbers n0 = n0(η) and j0 = j0(η) are independent of z, and z ∈ Cn

is arbitrary, the last inequality means that the function F is of bounded index in the frame
b(z) and Nb(F ) ≤ n0 + j0.

If η ∈ (0, 1), then (17) implies for all j ≥ j0

|∂k0+jb(z) F (z)|
(k0 + j)!

≤ j!k0!P1

(j + k0)!

|∂k0b(z)F (z)|
ηjk0!

≤
|∂k0b(z)F (z)|
ηjk0!

or in view of the choice of j0

|∂k0+jb(z) F (z)|
(k0 + j)!

ηk0+j ≤
|∂k0b(z)F (z)|

k0!
ηk0 .
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Since ∂pηb(z)F (z) = ηp∂pb(z)F (z), one has

|∂k0+jηb(z)F (z)|
(k0 + j)!

≤
|∂k0ηb(z)F (z)|

k0!
.

Thus, the function F has bounded index in the frame ηb. Then by Theorem 1 the function
F is of bounded index in the frame b(z). Theorem is proved.

Acknowledgments. The author cordially thanks Prof. Oleh Skaskiv for his idea of the
concept of bounded index in variable direction (frame). Without his insistence and tips the
manuscript would have been only in thoughts for a long time.

This research was funded by the National Research Foundation of Ukraine, 2020.02/0025,
0120U103996.

REFERENCES

1. Bandura A., Skaskiv O., Boundedness of the L-index in a direction of entire solutions of second
order partial differential equation, Acta Comment. Univ. Tartu. Math., 22 (2018), no.2, 223–234, doi:
10.12697/ACUTM.2018.22.18

2. Bandura A. I., Skaskiv O. B., Entire functions of bounded L-index in direction, Mat. Stud., 27 (2007),
no. 1, 30–52 (in Ukrainian)

3. Bandura A., Skaskiv O. Entire functions of several variables of bounded index, Lviv: Publ. I.E.
Chyzhykov, 2016, 128 p.

4. Bandura A., Skaskiv O. Asymptotic estimates positive integrals and entire functions, Lviv-Ivano-
Frankivsk, Publ. O.M. Goliney, 2015, 108 p. (in Ukrainian)

5. Bandura A., Skaskiv O. Analytic functions in the unit Ball. Bounded L-index in joint variables and
solutions of systems of PDE’s. – Beau-Bassin: LAP Lambert Academic Publishing, 2017. – 100 p.

6. Bandura A., Skaskiv O. Functions analytic in the Unit ball having bounded L-index in a direction, Rocky
Mountain J. Math., 49 (2019), no. 4, 1063–1092. doi: 10.1216/RMJ-2019-49-4-1063

7. Bandura, A.I.; Skaskiv, O.B. Sufficient sets for boundedness L-index in direction for entire functions,
Mat. Stud., 30 (2008), 177–182.

8. Bandura A., Skaskiv O., Slice holomorphic functions in several variables with bounded L-index in di-
rection, Axioms, 2019, 8 (2019), no. 3, Article ID 88, doi: 10.3390/axioms8030088

9. Bandura A., Skaskiv O. Asymptotic estimates of entire functions of bounded L-index in joint variables,
Novi Sad J. Math., 48 (2018), no. 1, 103–116. doi: 10.30755/NSJOM.06997

10. Bandura A., Petrechko N., Skaskiv O. Maximum modulus in a bidisc of analytic functions of bounded
L-index and an analogue of Hayman’s theorem, Mat. Bohemica, 143 (2018), no.4, 339–354. doi:
10.21136/MB.2017.0110-16

11. Bandura A. I., Skaskiv O. B., Tsvigun V. L. The functions of bounded L-index in the collection of
variables analytic in D× C, J. Math. Sci., 246 (2020), no. 2, 256–263. https://doi.org/10.1007/s10958-
020-04735-y

12. Bandura A., Skaskiv O. Sufficient conditions of boundedness of L-index and analog of Hayman’s
Theorem for analytic functions in a ball, Stud. Univ. Babeş-Bolyai Math. 63 (2018), 483–501. doi:
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