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A. 1. Bandura, Entire functions of bounded index in frame, Mat. Stud. 54 (2020), 193-202.

We introduce a concept of entire functions having bounded index in a variable direction,
i.e. in a frame. An entire function F': C" — C is called a function of bounded frame index in
a frame b(z), if there exists my € Z4 such that for every m € Z4 and for all z € C™ one has
O @I _ 9k F(2)]

m! ~ 0<k<mg k!
8’g(z)F(z) = Ob(z)(ﬁﬁ(_zl)F(z)) for k > 2 and b: C™ — C" is a entire vector-valued function.
There are investigated properties of these functions. We established analogs of propositions
known for entire functions of bounded index in direction. The main idea of proof is usage the
slice {z + tb(z): t € C} for given z € C™. We proved the following criterion (Theorem 1)
describing local behavior of modulus 8§(Z)F(z +tb(z)) on the circle |t| = n: An entire function
F: C"™ — C is of bounded frame index in the frame b(z) if and only if for each n > 0 there exist
ng =no(n) € Zy and Py = Pi(n) > 1 such that for every z € C™ there exists ko = ko(z) € Z,
0 < ko < ng, for which inequality

, where 9y ) F(z) = F(z2), 0y, F(2) = X0 OF (2) - b;(2),

j:l 82j

max{’@f,‘(’z)F(z + tb(z))‘ Lt < n} <P ‘8§?Z)F(z)‘

holds.

1. Introduction. In recent years, analytic functions of several variables with bounded
index have been intensively investigated. The main objects of investigations are such functi-
on classes: entire functions of several variables [2, 3, 4, 9, 19, 20|, functions analytic in a
polydisc [10], in a ball [5, 6, 12] or in the Cartesian product of the complex plane and the
unit disc [11].

For entire functions and analytic functions in a ball there were proposed two approaches
to introduce a concept of index boundedness in a multidimensional complex space. They
generate so-called functions of bounded L-index in a direction, and functions of bounded
L-index in joint variables.

Let us introduce some notations and definitions.

Let Ry = (0,400), R% =[0,+00), 0= (0,...,0), b= (by,...,b,) € C"\ {0} be a given
direction, L: C" — R, be a continuous function, F': C" — C an entire function. We also

put B F(2) = F(2),05F(z) = 3> 2@y 9k F(2) = (01 F(2)), k> 2
=1

0z;
j:
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An entire function F': C"* — C is called (|2, 3, 4]|) a function of bounded L-indez in a
direction b, if there exists mg € Z, such that for every m € Z, and for all z € C" one has

|Op F'(2)] |05 F (2)]
— ——— < k< .
mlL™(z) — max{ k! Osks mo} (1)
One should observe that
k! F(z+7b)
k . n
|7|=r

In our previous investigations we consider that b is a constant vector, i.e. b does not
depend on variable z € C". Now, let us suppose that b = b(z) = (b1(z),...,b,(z)) is some
entire vector-valued function of variable z.

Definition 1. An entire function F: C" — C is called a function of bounded index in a
frame b(z), if there exists mg € Z, such that for every m € Z, and for all z € C" one has

|95 F(2)]

m)!

105 F(2)

= max{ |

:ogkgmo}, (3)

where
0 1 — OF k k—1
ab(z)F<Z> = F(z), ab(z)F(Z) = Z _,(Z) ~b;(2), ab(z)F(Z> = 8b(z)(ab(z)F(Z))

for k > 2.

We denote O (:)F(2) = Oy, F(2).

The least such integer number mg, obeying (1), is called index in the frame b(z) of the
function F'(z) and is denoted by Ny, (F). If such my does not exist, then we put Ny(F') =
oo, and the function F is said to be of unbounded index in the frame b in this case. If
b(z) = (by,...,b,) is a constant vector then we obtain usual definition of bounded index in
the direction b.

If n =1 and b(z) = 1, then the definition matches with the definition of function of
bounded index introduces by B. Lepson [17] (see also [18]). In this case, N(f): = Ni(f).

The notion of boundedness of the L-index in direction uses the restriction of the function
to the slices {z° +tb: t € C}. For fixed b € C"\ {0} and 2° € C", using considerations
from the one-dimensional case, we obtain the estimates which are uniform in 2 € C". This
is a short description of the method.

2. Sufficient Sets. Now we prove several propositions describing a connection between
functions of bounded index in direction and functions of bounded index of one variable.
The similar results for entire functions of several variables were obtained in |2, 3, 7|, for slice
holomorphic functions in [8] . The next proofs use ideas from the mentioned papers. Denote

g:(t) = F(z + tb(z)).

Proposition 1. Let b: C* — C" be an entire vector-valued function. If an entire function
F: C" — C has bounded frame index in the frame b(z) then for every 2° € C" the entire
function g,0(t) is of bounded index and N(g,0) < Np(.)(F).
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Proof. Let 2° € C™. Denote g.o(t) = F(2° + tb(2°)). As for all p € N one has
"L OF(2° + tb(2°
g;() (t) = Z ( az. ( >> . bj(ZO) = ab(ZO)F<ZO + tb(ZO)), (4)
j=1 J

m (O F (2" +tb( 0)))

(p) Z

j=1 “

by(2°) = 000 F(2° + th(2)), (5)

then by the definition of bounded index in the frame b(z) for all ¢ € C and p € Z, we obtain

(p) O o F(2° + tb(2° OF o F(2° +tb(2°
|gz0 <t>| _ | b(ZO) ( ( ))| S max{’ b(zo) ( ( ))’ O S ]C S Nb(F)} —
p! p! k!
g% ()]
:maX{ AEaE ogk;ng(F)}.
Hence, we obtain that g.(t) is of bounded index and N(g) < Ny, (F'). Proposition 1 is proved.

O

Remark 1. Treating F'(z + tb(z)) as entire function of variable ¢ for given z and applying
Cauchy’s formula, we obtain

k! 9.(7) k! F(z+ 7b(2))
O F() =90 =55 | TGadr=g- | = —dr (6)

271 21
|T|="r |T|=r

Equality (5) implies that the proposition holds.

Proposition 2. Let b: C" — C" be an entire vector-valued function. If an entire function
F: C — C has bounded index in the frame b(z) then

Np(F) = max {N(g.0): 2°€C"}.

Proposition 3. Let b: C" — C™ be an entire vector-valued function. An entire function
F: C" — C has bounded index in the frame b if and only if there exists a number M > 0
such that for all z2° € C" the function g,o(t) is of bounded index with N(g.0) < M < +o0,
as a function of variable t € C. Thus, N,(F) = max{N(g.0): 2° € C"}.

Proof. The necessity follows from Proposition 1.

Sufficiency. Since N(g,0) < M, there exists max{N(g,o): 2° € C"}. We denote Ny, (F) =
max{N(g.0): 2° € C"} < +oo. Suppose that N, (F') is not the index in the frame b of the
function F'(z). It means that there exists n* > N (F') and z* € C" such that

Op . F (2 Open (="
195 F'( )|>maX{W; ogngb(F)}. (7)

n*|

Since for g.o(t) = F(z° 4 tb(2")) we have g(p) (t) = Op0)F (2% + tb(2%)), inequality (7) can

be rewritten as ) ®
(0 2(0
|gn—*'()| >maX{|ng¢I OS kSNb(F)},

but it is impossible (it contradicts that all indices N(g.,) are not greater than Ny (F)).
Therefore Ny (F, L) is the index in the frame b(z) of the function F'(z). Proposition 3 is
proved. O
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3. Local Behavior of functions of bounded index in frame. The following proposition
is crucial in theory of functions of bounded index. It initializes series of propositions which
are necessary to prove logarithmic criterion of index boundedness. It was first obtained by
G. H. Fricke [15] for entire functions of bounded index. Later the proposition was generalized
for entire functions of bounded [-index [16], analytic functions of bounded l-index [21], entire
functions of bounded L-index in direction [2], functions analytic in the unit ball with bounded
L-index in direction [6], functions analytic in a polydisc [10] or in a ball [12] with bounded
L-index in joint variables and for slice holomorphic functions [8].

Theorem 1. Let b: C" — C" be an entire vector-valued function. An entire function
F: C" — C is of bounded frame index in the frame b(z) if and only if for each n > 0
there exist ng = no(n) € Z, and P, = Pi(n) > 1 such that for every z € C" there exists
ko = ko(z) € Zy, 0 < ko < ny, for which inequality

max{‘@ﬁ((’z)F(z n tb(z))‘ Lt < 77} <P ‘8'];‘2Z)F(z)‘ ®)

holds.

Proof. Our proof is based on the proof of an appropriate theorem for entire functions of
bounded L-index in direction (|2], [3, p.20],[4, p.88-89]).

Necessity. Let Np(F) = N < +o0. Let [a], a € R, stands for the integer part of the number
a in this proof. We denote

q(n) = 2n(N +1)] + 1.
For z € C" and p € {0,1,...,q(n)} we put

sz, = max : < =—,0<EkE<N;,.
b (z,m) { a < 2L

Note that |t| < Joy <. It is clear that RP(z,n) is well-defined.

Let k7 € Z, 0 <kl < N,and t; € C, || < %, be such that

kz
Oy F'(2 + t5b(2))]

b —

(9)

However, for every given z € C" the function F(z + tb(z)) and 6ﬁ(z)F(z + tb(z)) are

entire functions of the variable . Then by the maximum modulus principle, equality (9)
holds for 7 such that [t3] = p—Z). We set t7 = ’%lt;. Then

q(
~ _ (p=1n
+#] = , 10
=) 1o
~ 5l
2 — 7| = Pl _ . 11
= hl=5, q(n) )
It follows from (10) and the definition of RY (z,7) that
k2 ~
|0,y F'(2 + £5b(2))]

R;Ll('zv 77) 2 Lz
'
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Therefore,
b b ‘8 F(z +t;b(z ‘ ‘3 Fz—i—tzb( ))‘
0< R)(z,m) —R)_1(2,m) < = _
2l
1
1 d kp 1z z Tz
i) ‘8b(z)F(z + (T + s(t: — tp))b(z))‘ ds. (12)

0

For every analytic complex-valued function of real variable p(s), s € R, the inequality
Lp(s)] < | L )| holds, where ¢(s) # 0. Applying this inequality to (12) and using the
mean value theorem we obtain

Rb(’z t0777> - Rbfl(zat()an) S

P

ds =

< k;/‘ja’“z F(z+ (£ + s(t; — £2))b(2))

t,—t ~
=‘ka, |/\a’“ SR+ @+ sl — T)b(2))| ds =

_ It
kp

k+1

Fz+ (8 + 5 (= B)b(2) | =

by F(2+ (4 s*(t; — 15))b
(k1 || (2 + (t; + 5*(t; — 1;))b(2))|

CEm] ’ (13)

where s* € [0, 1]. The point tz + s*(t; tz) belongs to the set

{te(C It < <—77)<n}.

Using the definition of index boundedness in frame, the definition of ¢(n), inequalities
(11) and (13), for k7 < N we have

kp+1

Ia b() F(2+(t2+8( —£)b(2))] . o~ N+1
6{;Z (z tz s —%VZZ) b(z
xmax{| Flet +/<;! = 4)) ())|: ogk:gzv}g ]Z(Z)l P (2,m) <
n(N +1)

b 1 b
—[Qn(N+1)]+1Rp( n) < 5 )

=50

It follows that RP(z,7) < 2Rp_,(z,1n).
Hence,

F%@F@+m@m
max

y :\ﬂémOSkSN}ZR&M&mé
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b
< 2Ry (2 (z,m) < 2° Rq(n 2(2,1) <
< 2Rz =

ok F(z
:2‘1(”)max{‘b('z;€¢: OSkSN}, (14)

Let k., €Z,0<k, <N, and t, €C|t|— 7 be such that

057 F ()] \3ﬁ(z)F(Z)!
k! 0<k<N k! ’
and B
07y F (2 + £:b(2))] = max{|0f7, F (= + th(2))|: [t] < n}.
Inequality (14) implies

O PG+ BB [l Pt mE)]
il - hax il Ffth=m

oF F(z+1tb
Smax{l b(2) (zk' ()]

:MSmOSkSN}S

< (n) ‘3EEZ)F(Z)|
- k! )

Hence,
max {957 F(= + th(=))]: [t <n} <2003l F(2)].
Thus, we obtain (8) with ng = Np(F') and

Pi(n) = 9a(n)

Necessity is proved.

Sufficiency. Suppose that for each n > 0 there exist ng = ng(n) € Z, and P, = Pi(n) > 1
such that for every z € C" there exists kg = ko(2) € Z4, 0 < ko < ng, for which inequality
(8) holds. We choose n > 1 and j, € N such that P, < n/. For given z € C", ky = ko(z) and
J > jo by Cauchy’s formula for F'(z 4+ tb(z)) as a function of one variable ¢

: k
akoﬂF( ) Fil Op(o) F (2 + tb(Z))dt
b 27 it '
[tl=n
Therefore, in view of (8) we have
]61’3(()5]]? / ]8{2‘32 z+tb(z))] il <
]' 27T |t|j+1 -
[tl=n

1
< max {0, Fz + )]s i =n} < 1ok Pl
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Hence, for all j > jy, z € C"

S FEN ko PR _ P _ 10, FC)
(ko +7) = (J+ ko) ko! - k! - ko! '

Here we used that (jf]fo) < 1. Since kg < ng, the numbers ng = ng(n) and jo = jo(n) are

independent of z and ¢y, this inequality means that the function F' has bounded index in the
frame b(z) and Ny(F') < ng + jo. The proof of Theorem 1 is complete. O

The following assertion is an analog of propositions established for the L-index in direction
[2, 6]. Tt is a consequence of the previous theorem.

Corollary 1. Let b: C" — C" be an entire vector-valued function. An entire function
F: C" — C is of bounded index in the frame b(z) if and only if F' is of bounded index in
the frame ab(z), where o € C.

Proposition 4. Let b: C* — C" be an entire vector-valued function, o : C" — C\ {0}
be an entire function and an entire function F': C" — C be of bounded index in the frame
b(z). If either a(z) = exp(D_j_, 2;) or Np(F) € {0,1}, is true then F' is of bounded index
in the frame a(z)b(z).

Proof. In the case a(z) = exp(D_7_, z;) we have 8;55) = a(z) for j € {1,...,n}. Therefore,
8§b(z)F (2) = akﬁﬁ(z)F (2), and we can repeat considerations from previous proof, replacing
a by a(z).

If Np(F) € {0, 1}, then in Theorem 1 inequality (8) holds with ng € {0, 1} (see its proof).
But for such ng = 0 one has

agb(z)F<Z) = Oéoag(z)F(Z) = F(2)

and for ng = 1 one has

G Z FECRICRICE S RO R Gl

— j=1

Hence, by Theorem 1 (¥n > 0) and for ny(n) € {0,1} (3Pi(n) > 1) (Vz € C") (ko =
ko(2) € Z4, 0 < ky < ng), and the following inequality is valid

max {05, F(= + tb(2)|: |1l <0} < Py F(2)]. (15)

Since 8 o F(2) = af(z) - 8,’;(Z)F(z) for £ € {0,1}, inequality (15) is equivalent to the
1nequahty

mac {a(2) [0k, F(= + tb(2)) | |1l <n} < Pila()]"]0k ()|

as well as to the inequality

s {08 P (= + ~a(bE)] - 1/alo)] < wla(a) | < Aoy P

we obtain

i S N/
Denoting t* = oo T = e

max {050, ) F(2 + a(2)b()]: 8] < 0" b < PrUOK . F(2).

a(z)b

By Theorem 1 the function F'(z) is of bounded index in the frame «a(z)b(z). O
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Using Fricke’s idea [14], we obtain a modification of Theorem 1.

Theorem 2. Let F': C" — C be an entire function, b: C" — C" be a entire vector-valued
function. If there exist n > 0, ng = ng(n) € Z; and P, = P(n) > 1 such that for all z € C"
there exists ko = ko(2) € Z, 0 < ko < ng, for which the inequality holds

mas {128, Pz + 1b(2): 1] < n} < Rulal, FE)]
then the function F' has bounded index in the frame b(z).

Proof. Our proof is based on the proof of appropriate theorem for entire functions of bounded
L-index in direction [13].

Assume that there exist n > 0, ng = no(n) € Z, and P; > 1 such that for every z € C"
there exists ko = ko(2) € Z4, 0 < ko < ng, for which

max{9f2, F(= + tb(2))|: [t <n} < PO}, F(2)]. (16)

If > 1, then we choose jo € N such that P, < 7/°. And for 5 € (0;1] we choose jo € N
obeying the inequality (]?O!k‘)! P, < 1. This j, exists because

0+ko)!
jolko! k! .
SO p= : : P =0, jo— 0.
Got ko)l '~ GotDGo+2) - Got ko) o

Applying Cauchy’s formula to the function F(z+tb(z)) as a function of complex variable
t for j > jo we obtain that for every z € C" there exists integer ko = ko(2), 0 < ko < ng, and

. | ok F(z + tb(z
ak0+]F(Z> _ j_ / b(z) ( ( ))dt

b 2 it
[t|=n
Taking into account (16), one has
O3 F@I _ 1 P
P < ma {Jof P+ b)) =} < ol FOL (1)

In view of the choice of j, for n > 1 and for all j > j, we deduce

BTFCN _ ko AIBLFEN 0 FEL_ 05 FE)
(ko +5)! — (G+k)n k! T kol o kol

Since kg < ng, the numbers ng = ng(n) and jo = jo(n) are independent of z, and z € C"
is arbitrary, the last inequality means that the function F' is of bounded index in the frame
b(Z) and Nb(F) S Mo —|—j0.

If n € (0,1), then (17) implies for all j > 7o

ATFC _ g, 1 PG _ 8, Fo)
(ko +7)' = (G + ko) nike! T mik!

or in view of the choice of j,

Oy F(2)] _ O F(2)]

_P\w 7 ko
(ko + 4)! - Eo! '
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Since O}, F'(z) = nP0p ) F'(2), one has

nb(z)

|ak0+jF(z)| < |a7];€)(z)F(Z)|
(ko +J4)! — ko! '

Thus, the function F' has bounded index in the frame nb. Then by Theorem 1 the function
F' is of bounded index in the frame b(z). Theorem is proved. O
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