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In this paper we study a special type of pseudo-Riemannian spaces — quasi-Einstein spaces
of constant scalar curvature. These spaces are generalizations of known Einstein spaces. We
obtained a linear form of the basic equations of the theory of geodetic mappings for these
spaces. The studies are conducted locally in tensor form, without restrictions on the sign and
signature of the metric tensor.

1. Introduction. E. Beltrami was the first to consider the question of geodesic mapping
of a surface V; into a surface E, as early as 1865 (|1]). He sought a solution for classical
problems of cartography known since Lagrange ([15]). In 1869 U. Dini (|2]) posed a general
problem of a possibility of geodesic mapping for a given surface V5 into V5. Actually he solved
this problem for Riemannian spaces, however he did it in such a complex way, that the
solution was improved since then on many occasions. In 1896 T. Levi-Civita (|16]) proposed
a particular formulation of the problem (implied by dynamics equations) and obtained main
equations in tensor form ([5]).

Thereafter tensor methods took the leading role in differential geometry. H. Weyl, L. P. Ei-
senhart, V. F. Kagan, G. I. Kruchkovich, A. S. Solodovnikov and others developed a coherent
theory of geodesic mappings of pseudo-Riemannian spaces that was invariant in relation to
the choice of coordinate system.

M. S. Syniukov pushed the research further by reduction of the problem to a study of
linear system of differential equations ([18]).

The linear form of basic equations of theory of geodesic mappings was simplified and
there was a solution found for the problem of cardinalities distribution for a geodesic class
of a given space (|12]).

Significant progress has been achieved in the study of special pseudo-Riemannian spaces,
Einstein spaces in particular ([11, 17]).

It appeared that four-dimensional Einstein spaces that differs from spaces of a constant
curvature, do not permit non-trivial geodesic mappings. This fact underlined the necessity of
a research on more general classes of spaces. The latter were built by adding to the internal
objects (Ricci tensor, Einstein tensor) both constructions made of internal objects ([13, 14]),
and some special vector fields (|7, §]).
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In this paper, following [6], we study spaces in which the Einstein tensor deviates from
zero by some bivector.

2. Basic equations of the theory of geodesic mappings. The one-to-one correspondence
between the points of pseudo-Riemannian spaces V;, with the metric tensor g;; and V,, with
a metric tensor g;; is called a geodesic mapping if any geodesic line in V,, is mapped into
a geodesic line in V.

If pseudo-Riemannian spaces V,, and V,, allow bijective geodesic mapping, we call them
spaces that are in geodesic correspondence, or spaces that belong to the same geodesic class.

A necessary and sufficient condition [16] for the pseudo-Riemannian spaces V,, and V,,
to allow geodetic mapping on each other is

I =Tl + 06! + 00, (1)
or, considering the covariant constancy of the metric tensor

Jijsk = 20185 + ©iGjk + ©jJiks (2)

where ¢, is some necessary gradient vector, Ffj, Fh are Christoffel symbols V,, and V/, respecti-
vely; 6" are Kronecker symbols; comma “* is the sign of the covariant derivative in respect
to connectivity of V,.

Equations (1) and (2) are equivalent, necessary, and sufficient conditions for pseudo-
Riemannian spaces V,, and V,, to be in geodesic correspondence.

A necessary condition for geodesic mapping is given by the equations:

R!

e = Rl + 00 — @y, Rij = Rij + (n— 1)y, (3)
where ¢;; = @; j — pip;, RW ws Liji are Riemann and Ricci tensors.

A geodesic mapping that differs from homothetic is called non-trivial.

The given pseudo-Riemannian space V,, permits a non-trivial geodesic mapping only in
the case when the system of differential equations has a solution in respect to the tensor
a;j = aj; # cg;; and the vector \; = \; # 0. It is a necessary and sufficient condition.

The linear form of the basic equations of the theory of geodesic mappings can be written
down as follows (|18, p.121])

@ijle = NiGjk + \jGik- (4)
nAij = Hgij + aai R — aap R’ h (5)

here o= )\a”@gaﬁ; R; = Rocjgai; R ij Rzgag
From the latter we will have ([18, p.123])

(n— i =2(n+ DAaRE + aes(2R% 7 — RV ). (6)
Solutions (2) and (4) are connected by relations
aij = €75 gaigp; N = €5 gai0s.

The system of equations (4), (5) and (6) gives a fundamental possibility to answer the
question: does a given pseudo-Riemannian space V,, allow geodesic mapping to pseudo-
Riemannian space V,,. The question is reduced to a study of integrability conditions of these
differential equations and their differential extensions ([12]).
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The purpose of our work is to obtain the form of basic equations of the theory of geodesic
mappings for quasi-Einstein spaces.

3. Basic equations of the theory of geodesic mappings of quasi-Einstein spaces.
Let us consider a geodesic mapping of quasi-Einstein spaces, namely pseudo-Riemannian
spaces V,,(n > 2) which satisfy the following condition

R
Rij = —gij + Uilj, (7)

where Uj; is a gradient vector by definition, i.e. U; = U; = 0,U. It follows from the definition
that the vector U; is, by necessity, an isotropic vector. Given (7), equation (|18, p.138|)

aale — aaleO‘ = O,

will take the form U;,U%a,; = U;a,U?.
From the last equality we have
U‘“am- = pUl (8)

where p défaagU‘*fﬁ, &% is some vector such that Uy, = 1.
Thus, we are proved

Theorem 1. If quasi-Einstein space V,, permits non-trivial geodesic mapping, then the
vector U; is the eigenvector of the tensor matrix a;;.

Let us prove the following theorem.

Theorem 2. If quasi-Finstein space V,, permits non-trivial geodesic mapping, then the
vectors U; and \; are mutually orthogonal, that is U*)\, = 0.

Proof. Differentiating (8) with respect to (4) we obtain
Uo"jam- + U“)\agij + )\ZUJ = p,jUi + ,OUM-. (9)

Because of the isotropy of the vector U;, by multiplying (9) on it and contracting it, we have
2U*\U; = 0, since U; is not a zero vector, then the theorem is proved.

Let us now consider the question about non-trivial geodesic mapping of quasi-Einstein
spaces of constant scalar curvature. O

Let us prove the following theorem.

Theorem 3. If the quasi-Finstein space of constant scalar curvature allows non-trivial
geodesic mapping, the vector \; satisfies the conditions

A @ =T, (10)

a]?

here \;,“ =\, % = )\i,aﬁgaﬁ, and T Is some invariant.

Proof. Differentiating

Aoi Ry + o Ry = MNigjk + NijGie — MejGit — Akidits (11)
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where \;; = \; ;, according to (4), we obtain

)\oaR?klgim + Aiijk:l + )\aR?]glgjm + )\ijikl + a'oziR?khm + Qg %Lm =
= NimGik + Njm8ik — NeimGjl — AkjmYil-
Contracting the latter by [ and m, we have
AaRS + AaR5; + NiRjk + N R + a2 Ry 5+ a8 Ry 5 =

= Aai, " ik T Aoy “Gik — Mkig — Ak

Given that R%

ik = Rijk — Rigj and (7), we obtain

Ao ]O-éki + )\aRZ-Ofgj + )\iRjk + AjRik: + Uj(pkUi + pULk — )\iUk) — pUiUk,j—i—
+Ui(peUj + pUj e — AjUk) = pUUsi = Xy “ ik + Aoy " Gik — Mkig — Ajii-

Or, just like that,

AaRy + AaRiy; + ARk + Aj R + U;(prUi — NUyg) + Ui(peU; — N\;Uy) =
= i, "Gk Aoy “Gik — Meig — Akja-
Alternating the last equality by 7, k, we obtain
(6% R « «
iy + 2UUip — 2U3Ukps + —(Agik = i) = Aaj"Gik = Aok 9ii- (12)
Multiplying (12) by A* and contracting by 4, we get
AN = Ay = 0.

This implies (10), where 7 is some invariant such that 7= Asa, @pf: and 7' is a vector,
which satisfies the condition A\,n® = 1. [

Given (10), equation (12) takes the form
N R
4)‘04Rik:j + QUJUZpk — QUZUka + (E — T) ()\]gzk - )\kgw) =0. (13)
Multiplying (11) by A, and contracting by [ with respect to (13), we obtain
« R « (6%
2a; poa U U — 2pp; U U; + (5 — T) (Njaix — A gjx) + 205 paUrU; — 2ppiUp U+
R « « o
+ (5 - T> ()\,-ajk - )\aaj gzk) =4\ )\aigjk + 4\ )\ajgik - 4)\]%)\] - 4)\@)\1 (14)

Let us alternate the last equality by j and k. Then we replace the indices ¢ «+— k in the
resulting expression and summarize the result with (14). We have

R R
Q(G?Pa - ppi)UkUj + A ((E - T) ajr + 4)\kj) = (4\"Nai + (ﬁ - T) )\aa?)gjk- (15)
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We contract with ¢7%, then
R
AN N + (— — T> Aol = 4pN;,

n

1 /(R
dp=—{|—— o + 4 | g°°.
= () e r)

Given this, we write (15) in the form

where

R
Q(G?pa - ppl)Uk‘Uj + )\z ((E - 7') Qg + 4)\]@ — 4,u gk]) =0.

Contracting the latter equality with 7°, we obtain

(% - r) i+ ANe; — A gy — 4 CURU; = 0. (16)
Here
2(a%pa — ppa)n” 2 —4c
It is easy to see that
_ R(n+3)
T n(n—1)

And then (16) will take the final form
R 1
)\kj = UGk + makj—i- CUkUj. (17)
Differentiating (17), we have
R 1 1 1
Aijk = ki + m()‘igjk + Aigie)+ ¢ UilUj+ c Ui U+ cUiUjy.

Contracting by ¢, j, we obtain

2R

N = — k.

g " Aapr = Npg + nn—1) "
After using the Ricci identity for quasi-Einstein spaces
R

9" (Aask — Aaks) = E)\lm
we get
2R
i = ——\; 18

Thus, the theorem is true

Theorem 4. If quasi-Finstein space V,, of constant scalar curvature permits non-trivial
geodesic mappings, then conditions (17), (18) are satisfied.

Conclusions. We defined a form of a system of basic equations for geodesic mappings of
quasi-Einstein spaces.
The developed methods of research can be applied in the theory of conformal mappings
([3]) and in the theory of holomorphically projective mappings of Kéhlerian spaces (|4, 9]).
A further research is needed in order to shed new light on the pseudo-Riemannian spaces
that result from geodesic mapping of a quasi-Einstein space.
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