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In the paper, we use the adjoint operator method as well as technique of symmetric tensor
products to extended the Fourier transformation onto the spaces of so-called polynomial rapidly
decreasing test functions and polynomial tempered distributions. In such spaces it is possible to
solve some Cauchy problems, for example, infinite dimensional heat equation associated with
the Gross Laplacian.

Algebraic and differential properties of the polynomial Fourier transformation are investi-
gated. We prove some analogical to classical properties of this map. Unlike to the classic case,
the spaces of polynomial test and generalized functions have algebraic structure. We prove that
polynomial Fourier transformation acts as homomorphism of appropriate algebras. It is clear
that the classical analogue of such property is absent.

1. Introduction. Integral transformations of test and generalized functions have found
a wide range of applications in the theory of differential equations, mathematical physics
and other branches of mathematics. Various types of such transforms, their properties and
applications have been presented in |2, 11].

However, a numerous problems in applied mathematics require a polynomial (nonlinear)
generalization of distribution concept. Besides, an algebraic structure of a space of distri-
butions is desirable, which is needed, for example, in quantum field theory [1].

A new approach, that applies the theory of locally convex tensor products together with
techniques on symmetric tensor products, is proposed in the papers [5, 9] in order to obtain
different polynomial extensions of spaces of ultradifferentiable functions and ultradistributi-
ons. In such spaces it is possible to construct a functional calculus for functions of infinity
many variables [14] and to solve some Cauchy problems, for example, infinite dimensional
heat equation associated with the Gross Laplacian [13].

Note, that there are other known and widely used infinite-dimensional generalizations of
classical distribution spaces which are based on modern Gaussian analysis methods as well
as the concept of Gelfand triple (see e.g. [6, 8, 10]).

In [5, 15| the Fourier and Laplace transformations on the space of polynomial ultradi-
stributions are considered, in [15] an appropriate Paley-Wiener-type theorem is proved.
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In this paper, we extend the Fourier transformation on the spaces of polynomial rapidly
decreasing test functions and polynomial tempered distributions and prove some algebraic
and differential properties of the transformation.

It is known [16], that the Fourier transformation on the Schwartz space of rapidly decreasi-
ng functions (as well as on space of tempered distributions) has the following properties
D™F|[f] = F[@it)™f] and F[D™f] = (—is)™F[f], where D™ denotes the differentiation
operator of the order m € Z,. In the paper, we prove analogical properties with m = 1 for
(generalized) polynomial Fourier transformation (see Theorems 3, 4 and Corollaries 1, 2).
On the other hand, classical Fourier transformation maps a convolution of distributions (if
it exists) into a multiplication of respect images, i.e. F[f % g] = F[f]F[g]. In Theorem 6 and
Corollary 3 we prove the polynomial analogue of this property. The spaces of polynomial
test and generalized functions have another algebraic operation, so called Wick product (see
formulas (5) and (6)). It is proved, that (generalized) polynomial Fourier transformation acts
as homomorphism of appropriate algebras (see Theorem 7 and Corollary 4). It is clear that
the classical analogue of this property is absent.

2. Preliminaries and definitions. In what follows .Z(X,)) denotes the space of all
continuous linear operators acting from a locally convex space X to another such space ),
endowed with the topology of uniform convergence on bounded subsets of X'. Let £ (X)) :=
Z(X,X). The identity operator in .Z(X) always be denoted by Iy. The dual space X’ :=
Z(X,C) is endowed with strong topology. The pairing between elements of X’ and X we
denote (-, -).

Let X®" (resp. X ®”), n € N, be the usual (resp. symmetric) nth tensor degree of X,
completed in the projective tensor topology. For any z € X we denote 2" :== 1 ® --- @z €

—_————

X% n e N. Set X80 :=C, 2%0:=1€C,

Let S, be the Banach space of infinitely differentiable functions on R with the finite norm

loll, :=sup sup (1+t3)P2|D™p(t)], p€ Zy :={0}UN,
teR 0<m<p

where D™ denotes the differentiation operator of the order m € Z,. Each inclusion S,;; C
Sy, p € Z, is compact (see |16, 17]). So the Schwartz space S := mp€Z+ S, of all infinitely
differentiable rapidly decreasing functions on R we can endow with the topology of projecti-
ve limit lim pr, S, with respect to these inclusions. As a consequence we obtain that S is
Montel nuclear F'S-space, and its dual space S’ of tempered distributions is Montel nuclear
DF S-space (see [17]). Note that strong topology on &’ coincides with Mackey topology and
inductive limit topology (see [12, IV .4, IV.5]).

To define the locally convex space P,(S’) of all continuous n-homogeneous polynomials
on 8’ we use the linear topological isomorphism P,(S") ~ (S'®") described in [4]. Indeed,
for any functional p, € (8" let us define an n-homogeneous polynomial P, € P,(S’) by
the formula

Pu(f) = (pu ), fES (1)
The space P,(S’) will be endowed with the locally convex topology b of uniform convergence
on bounded subsets of §’. By definition Py(S’) := C. Define the space P(S’) of all continuous
polynomials on &’ as complex linear span of all P,(S’), n € Z,, and endow it with the
topology b. Let P’(S’) be its strong dual space. In what follows we use the notations
I(S) = 8" and I'(S):= x

neZ
nely +
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where @ and x denote direct sum and cartesian product respectively. Note that we consider
the case when the elements of the direct sum consist of finite but not fixed number of addends.

From the results of the article [9] it follows that there exist the following linear topological
isomorphisms

Yo Po(S) — 8P, W,: Po(S) — &, (2)

and

T:PS) —T(S), U:P(S) — I(S). (3)

Elements of the spaces P(S’) and P’(S’) we call the polynomial rapidly decreasing test
functions and polynomial tempered distributions respectively. In what follows elements of
the spaces I'(S) and I'(S’) will be respectively written as

@pn— (Po, P1s- - sPms0,...) and X Uy = (Ug, Up, ..oy Upy ... )

nEZy

for some m € N, where p; € S®* and wuy € S@"“', k € Z.. To simplify, we write (pn) and
(un) instead of @?:0 pn and X,ez, u, respectively.
Note that the following systems of elements

{(e™):pesy, {(f™): fes] (4)

are total sets in the spaces I'(S) and I'(S’) respectively.
The spaces P(S’) and P’(S’) are multiplicative algebras with respect to the convolution
type operations

PoQ:= Y iPm-Qn_m and UoV =

TLEZ+ m=0

X ZU Vi (5)

HEZ+

respectively, where

P: Z Pn? Q: Z Qn, P7QEP(S,)7 PH’Q”EP”(S/)’

neZ4 neZ4
U= x U, V= x V., UV eP(S), UV, € P.(S).
nely nely

Note, that in the above formulas P,, - Q,_,, and U,, - V,,_,, denote the usual pointwise
multiplication of polynomials.

The direct sum I'(S) and the cartesian product I'(S’) are local convex algebras with
respect to the convolution type operations

poq = @ ipnﬂ@qnm and wov:=

n€Zy m=0

X Zum@)vn m (6)

nEZ+

respectively, where p = (pn), q = (qn), p,q € I'(S), pn,aqn € SEn = (un), v = (vn),
u,v € (S, up,v, € N

Note that, the convolution type operations (5), (6) play an inportant role in stochastic
analysis, they are called the Wick product in the literature (see, e.g., [3, 7]).
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The mappings (3) act as algebraic isomorphisms, i.e.
T: {P(S), o} — {T(S), o}, V:{P(S), 0o} — {I(S), o}

3. Polynomial generalization of the Fourier transform. As is well known the usual
Fourier transformation

F: 8 €o(t)— [Fyl(&) = e o) dteS

7 he

acts as continuous bijection from the space S onto itself. Let F' € .Z(S’) be the generalized
Fourier transformation on the space &', i.e. the map defined by the formula ( F'f p) =

([, Fo), [€S, peS. . .
For each natural n we define the operators F®" € £ (8%") and F'®" € Z(S'®") as linear
and continuous extensions of mappings

0D ... 00, — Fp®..0Fp, ¢ €8, i=1,...,n,
LR ... 8f, — FALR...QFFf, fieS, i=1,...,n,

respectively, and let F®0 := [®0 .= [ by definition.
We define the operators F'® € Z(T'(S)) and F'® € Z(I'(S")) as follows:

F® = x Fe: T(S)3p=(p,) +— F:=(F"p,) €T(S),
nesy
F'®:= x F*: D) 3u=(un) — F:=(Fu,)ecl(S),

neZy
where p,, € S@”, u, € 8°n,

Theorem 1. The following diagrams

dn /Qn
Pul8) — "= P(S) Pul(8) — L= Pu(S)
;T T [ Th ULt | Ty N RV
N T - el
Sl®n Sl®n

uniquely define linear continuous operators Fiy" € £ (P,(S')) and F5" € £ (Py,(S)), which
are adjoint to each other.

Proof. Tsomorphisms (2) imply that above diagrams are commutative. So, linear mappings
FRr =", o F®" oY, and F5’" := ¥ 1o [’®" 0 ¥, uniquely can be defined by the following
equalities (see formula (1))

[ER"P,] (f) = (pn, " %), f€ S, PoePu(S),

[F;)(@”Un} (©) == (U, FE"®™), e 8, U, € Pu(S),

where p, := T, P, € 8" ~ (8" u, := U, U, € & ~ (§&nY.
What is left to show that the operators F®" and F’®" are continuous. Note, that these
operators are mutually adjoint, i.e.
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where 1® ... @ f, €S®", 01 ® ... D0, €S, fie S, 0, €S,i=1,...,n.

The continuity of the Fourier transformation on S is well known (see [16]): for any m € Z,.
there exists a constant C,,, such that ||Fpl|, < Cpnll@llmi2- So, for any continuous seminorm
G ®...Qqg, on S®" there exist constants C,, ..., C; and indexes my,,...,m; i =1,... k,
such that

k
(@1 ® ... @ ) (F= @) =inf > [[Fps, i, - 1 F i, s, <
=1

k
< ianCnH%'J mi+2 Ci @i [, +2 = Cp1 @ ... @ pa) (),
i=1
where the infimum is taken over all representations of an element ¢ € S®" in the form
=" pn® @, 0, €S,i=1,....k j=1,...,n. It implies the continuity of the
operator F®": S — S®",
The symmetrization projector

n A ~~ 1
5n;8® 9(,01®®S0n'_>901®®90n ZJZLPU(D@@SOJ(TL)’

where the sum is taken over all permutations o of the set {1,2,...,n}, is continuous. It easy

to see, that s, o F®" = F®" o, since the set of symmetric tensors is invariant with respect

to the action of the operator F®". Hence, the restriction F®": §%" — §¥" is continuous.
The proof of continuity of the adjoint operator F'®": §®" — §'®" ig similar. O

Theorem 2. The following diagrams

F3 F2

P(S) ————=P(S) P(S") PUS")

ik v |x Wgw vt |o

LS ———1(8), 0(Ss) —"1(8)

uniquely define linear continuous operators Fy € £ (P(S')), Fp' € Z(P'(S')), which are
adjoint to each other.

Proof. Isomorphisms (3) imply that above diagrams are commutative. So, linear mappings
FF :=T"10F?07Y and Fy := ¥~ ! o [’® o ¥ uniquely can be defined by the following
equalities
FSP = F3"p, F2U:= x FZ"U,,
P n;m P P ety 7
where
P=Y P,eP(S), P,ePuS), U= x U,eP(S), Uy € PulS)

neL
neEZy +

Theorem 1 implies the following equalities

(U, F3P) = <n€><Z+ Un, Y F"Po)y = > (U, FE"P,) =

TLEZ+ TZEZ+

= N (FE"U,, P,) = P P) = (FRU,P
Z< 7" Uns Po) <ne><z+ P Unvz w) = (Fp’U. P),

neEZy nel4
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therefore the operators Fjj and Fj® are mutually adjoint.

In the proof of the Theorem 1 we have shown continuity of the operators Fj3" and Fp™".
Hence, from the definitions of locally convex topologies of direct sum and cartesian product
it follows the continuity of the operators F§ € £ (P(S')) and Fp’ € Z(P'(S')). O

The mapping Fjy € Z(P(S')) (respectively Fi' € Z(P'(S'))), defined in Theorem 2,
we will call (respectively generalized) polynomial Fourier transformation.

4. Auxilary operations. Let D' € Z(S’) be the operator of generalized differentiation, i.e.
the map defined by the formula ( D'f, o) = —( f,Dp), f € S’, ¢ € S, where D denotes the
operator of usual differentiation in S. Let us extend the operators D € Z(S) and D’ € Z(S’)
onto the spaces I'(S) and I'(S’) respectively. Namely, define the operators D € .2 (I'(S)) and
D' € Z(T'(S')) by the following formulas

Dp = EP D™, p=(p*") €I(S), ¢€S,

neZy

D'u:= x Di®ngen 4 — (f¥) er(s), res,

neZy

where D19 and D'{®}0 are null operators and

Dl en . — ngiz@(j—l) ® Dp ®@ o neN

j=1
D/{®}nf®n — Zf@(jfl) ® D'f ® f®(nfj)’ neN.
j=1

Let us define the operator M € Z(S) of multiplication on the independent variable by
M:S 5 ¢(t) — —itp(t) € S and let M’ € Z(S') be its adjoint map, i.e. (M'f, o) =
(f,Myp), f €8, ¢ €S. Next we extend these operators onto the spaces I'(S) and I'(S’) in
analogous way. Namely, define the operators M € .Z(I'(S)) and M’ € .Z(I'(S")) by

Mp = @ M®ngen (90®”) cel'(S), ¢es,

nely
Mu:= x Mo = (") eT(S), feS,
nEZ+
where M{®10 and M"{®}0 are null operators and
Mk en . — Z U Mo ® o) peN

=1

M/{@}nf@n = Zf@(j—l) ® M/f ® f(X)(n—j)7 n e N
7=1

The following commutative diagrams

Dp

'P(S,)4MP>'P(S’) 'P/(S/) D% M% ,P/(S/>

v |x v f|e vt || o] (7)

0(S) —2M-1(s), ns) 2. r(s)
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uniquely define linear continuous operators Dp := T~ 'oDo T € Z(P(S')), Mp := Tt o
Mo € Z(P(S)),Dp:=U oD oW e Z(P'(S)) and M}y := ¥ oM oW € Z(P'(S)).

5. Differential properties.

Theorem 3. For any elements p € I'(S) and u € I'(S’) the following equalities are valid
DIF®p) = FEMp], D/[F®u] = F'*[Mu]. ®)

Proof. It easy to see, that for any ¢ € § we have

DIPA©) = —= [ (<t p(t)de = LM
FIDA) = —= [ et = - [ oyar = -pirgl

It follows

(D'[F'fl,p) = —(F'f, Do) = —(f, F[Dy]) = (f, M[F]) = (M'f, Fp) = (F'[M'f], ),

so, D'[F'f] = F'[M'f].
It is clear, that we only need to check the equalities (8) on total subsets (4) in I'(S) and
['(S'). Let p = (¢®") and u = (f®") with ¢ € S and f € .

Then we have

D[F®p] = ]D)[ @ F@mgp@”] = }D)[ @ (FSD)‘@”} — @ D{®}n(Fg0)®n _

neEZ4 neEl4 neEl4

06 @Y (Fe)*U Y @ DIFyl & (et =

neN j=1

=0e P i(FsO)®(j‘1) ® FIMp| @ (Fp)*09) =

neN j=1

—06 @S 0 0 Mg e 50D =00 PG = Py,

neN j=1 neN

and

D[Feu] =1 | x Fenfen] | x (Ff)] = x pieh(ppsn

n€Z+ n€Z+ ’VZEZ+

—OXXZ ®(31®D[F/f]®(F/f>®(,

nEN

=0x x Z (F'f)20-D @ F'[M'f] @ (F'f)&n=1)

nEN

=0x X F’®“Zf®ﬂ Do M fo fon=9) =0x x Fe ) fon — prony).

neN neN
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Corollary 1. For any elements P € P(S’) and U € P'(S’) the following equalities are valid
Dp[FEP] = FEMpP], D,[FRU] = FEM,U].
Theorem 4. For any elements p € I'(S) and u € I'(S’) the following equalities are valid
F®[Dp] = —M[F®p], F®D'u] = —-M'[F"®u).

Proof. For any elements p = (¢®") and u = (f®") with ¢ € S and f € &' from the
respective total subsets (4) we have

Fe[Dp| = F® [0 oy D{@}%@n] ~ 08 @ FeDEnen

neN neN

=0& EB Fen Z o0 @ Dy @ =9 =

neN j=1
= 08P D (Fp)°U™ @ F[Dy| @ (Fp)*") =
neN j=1
=00 P> (Fe)?U ) @ M[Fy] @ (Fp)* ) = 0@ @ M1 (Fy)*" = ~M[F®p),

neN j=1 neN

It easy to check that for any f € S’ and ¢ € S the following is true

(F'[D'fl, ) = (D'f, Fp) = —(f, D[Fp]) = —(f, F[Mp]) = —(F'f, Mp) = —(M'[F' f], ).
It implies

FeD] = [0 x x DI pen] =0 x pronpior pon

neN neN

—0x x F/@nzj@(jﬂ) Q D’f Q f®(nfj) _

N
ne =1

=0 x X i(F’f)®(j1) ® F/[D/f] Q (F/f>®(nfj) _

neN <
=0 x S(FH @ MF ] (F)*) =
neN =

= —0x x MEImpeEnfon — _N[FPu).

neN

]

Corollary 2. For any elements P € P(S’) and U € P'(S’) the following equalities are valid
FPDpP| = —Mp|FFP], Fp'DRpU] = —-Mp[F5U].

6. Algebraic properties. Let £’ C &' be the space of generalized functions with compact
supports. Denote I'(E') := X ez, £®". It is clear that I'(€) C I'(S").
In [16] it is proved the following assertion.
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Theorem 5 ([16]). Let f € & and g € &'. Then f x g € S’ is well defined, moreover
F'[fx gl = F'[f]- F'[g].

Let us generalize this property onto the space I'(S’).
For elements ( f®”), (g®”), f,g € 8, from total subset of I'(S") we define two operations

() @ (¢7") = ((fx9)™") and (f*) © (¢°") == ((/ - 9)™")

and extend them on I'(S’) by linearity and continuity. Note, that these operations are not
well defined on whole space I'(S’). But the following result is true, it is a consequence of the
Theorem 5.

Theorem 6. Let v € I'(S') and v € I'(E"). Then u ® v € I'(S’) is well defined, moreover
F®lu®v] = F®u] © F®[v].

Proof. It is enough to prove the assertion only on the elements of total subsets (4). Let
u=(f") €I(S"), v=(¢®") € D(&'), where f € &', g € £. Then

Fu@v] = x Fe(fxg)™" = x (F'[f=g])*" = x (F'[f]-F'[g])*" = F"*[u] © F**[v].

neEl4 nel4 neEl4

O

Using the second of the diagrams (7) we can “extend” the operations ® and ® onto the
space P’(S’) of polynomial distributions.
Corollary 3. Let U € P'(S") and V € P'(E"). Then U®V € P'(S’) is well defined, moreover
FRUe V] = FRU] @ EZ[V].

Remind, that spaces I'(S) and I'(S’) are topological algebras wit respect to operations
(6). Polynomial generalization of the Fourier transformation acts as a homomorphism on
these algebras. Namely, the following assertion is valid.

Theorem 7. The mappings F® and F'® are homomorphisms on algebras {I'(S),o} and
{I'(8"), o} respectively, i.e.

FPpoql=F®poF®, Vp,qel(S),
F®luov] = F®Puo F'®, VYu,vel(S).

Proof. The following equalities

Fepogl = F®|:@ng®k®w®nk] @F®n[2¢®k®w®nk]:

TLEZ+ k=0 HEZJr
= P S (Fe)#B(Fp)*h = Fopo Fq,
TLEZ+ k=0
F®luov] = F’®[ Zf®k®g (n— k)] - % F/®n[2f®k®g®(n—k)] _
neZy =0 neZy PR

— X Z F/ ®k F/ ) (TL k) — F/®u<>F/®’U,
neZy =0

are valid for any p = (¢®") € I'(S), ¢ = (¢v®") € I(S), u = (f*") € I(S), v = (¢°") €
['(S'), where p, € S, f,g € S'. ]
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Using the formula (5) following assertion can be proved analogically as the Theorem 7.

Corollary 4. The mappings F}; and F° are homomorphisms on algebras {P(S'), -} and
{P'(S'), -} respectively, i.e.

10.
11.

12.
13.

14.

15.

16.
17.

FE[P-Q) = FEP-F2Q, VP,QcPS),
FRIU-V]=F2U-F2V, YU,V eP(S).
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